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Abstract: Present work studies with the special (, )-metric, defined
2 2
byL=cia+c,B+c; % + % Using the Chern and Shen’s lemma, we

obtained the conditions for the special (a, §)-metric to be the Finsler
metric. Also, we have proved that a Douglas space of second kind with
this metric is conformally transformed to a Douglas space of second
kind.
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1. Introduction

The theory of Finsler spaces with (a, 8)-metric have contributed to the
development of Finsler geometry. The notion of («, 8)-metric was introduced
by M. Matsumoto'® as a generalization of Randers metric F = a + 8, where
a is a Riemannian metric and g is a one-form. There are various types of
(a, B)-metrics, such as Kropina metric, Matsumoto metric, square metric and
exponential metric.

S. Basco and M. Matsumoto® proposed the idea of Douglas space as a
generalization of Berwald space and the Douglas space of second kind was
introduced by I. Y. Lee®. It is well known that a Finsler space with (a, 8)-
metric is a Douglas space!? if the Douglas tensor D;; iq Vanishes identically or
the quantities

(1.1) DY = G'(x,y)y’ — 6/ (x, )y,

are hp(3), where hp(n) denotes the homogeneous polynomials in y* of degree

n. 1. Y. Lee® found the conditions for a Finsler space with a Matsumoto metric
to be a Douglas space of second kind.
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The conformal theory of Finsler spaces was introduced by M. S. Kneblman®
and it was investigated in detail by M. Hashiguchi®. Later on, many
researchers’? found conformally invariant tensors in the Finsler space with
(a, B)-metric under conformal g-change. Many geometers have studied the
conformal transformation of Douglas space with special (a,pf)-
metriC86,11,13,15-17_

In the present paper, we consider a special (a B)-metric L, defined by

2
(1.2) L—cla+cz[>’+c3ﬁ +ﬁ—

on a manifold M with dimension n > 2, and ¢; {i = 1,2,3} are real constants.
Firstly, we find the conditions that the above metric to be a Finsler metric.
Also, we have proved that a Douglas space of second kind with above metric
is conformally transformed to a Douglas space of second kind. Further, we
obtained some results which prove that a Douglas space of second kind with
certain (a, §)-metrics such as Randers changed Square metric, singular

square metric, and L = 8 + %2~ is conformally transformed to a Douglas
space of second kind.

2. Preliminaries

Suppose M™ is a differential manifold of dimension n. Suppose L(a, B) is a
positively homogeneous function of @ and 8 of degree one in M™, where a =

/ai,.(x)yiyf is a Riemannian metric and g = b;(x)y" is a one-form. The space

F™ = (M™, L(a, B)) is known as a Finsler space with an (a, §)-metric and the
space R™ = (M™, a) is the Riemannian space associated with the Finsler space
F™. We will use the following symbols :

i — ir 2 _ 4TS
b* = a'"b,, b% = a"*b, by,
ZTU b + b] \iy ZSU = bi:j - bj:i!
sj =a! TSy sj = bysj.

The geodesics of an n-dimensional Finsler space F™ = (M™, L) are given by
the system of differential equations4 :

dazxt _axt
] — b —ci — — ==
dtz dtz y + Z(G y G y ) 0 y dt

in a parameter t, where the spray function G!(x, y) is given by
2G'(x,y) = g (y"9,0,F — 0,F),

i) L?
and F = -

9 .
here aj = 50’ 6]- —W,



Conformal change of the Finsler space 137

It is well known? that a Finsler space F™ becomes a Douglas space if and only
if the Douglas tensor

l]k Guk (n+1) (Gl]ky + Gljak +G kah + leah ’

vanishes identically, where G} = 0, Gl is the hv-curvature tensor of the

Berwald connection BT,

ij

Now, differentiating (1.1) with respect to y?, y4,y" and y*, we have D pqrs =
0, which are equivalent to

(2.1) Do = (n+ 1)D}g,r = 0.

Thus, the Finsler space F™ together with the condition DY
Douglas space®.

Again, differentiating (1.1) by y™ and contracting m and j in the obtained
equation, we have

(2.2) D" = (n+ 1)G' — GI'y'.
Furthermore, differentiating (2.2) with respect to y?,y/ and y4, we get the
condition (2.1).

Definition 2.1: A Finsler space F™ is said to be a Douglas space of second
kind if D™ = (n + 1)G' — G[*y', isa hp(2) 8.
According to M. Matsumoto®, the spray function G(x, y) of the Finsler space
F™ with an (a, B)-metric is written in the form

pars = 0 results a

(2.3) 2Gt =y{, + 2B},
where
. al Laa i bi
(2.4) Bl =Tl + Lyl - e (L~ Sy,
« _ @B(oola—2asolp) 5 ;5 o2 2
(2-5) ¢ = 2(B%Lg+ay?Lyg) ' v'=ba B

y]-ik are Christoffel symbols, the vector B! is the difference tensor, y¢, =
Ve ()yy* is hp(2), and g" are the inverse of the metric tensors g;;.
Differentiating (2.3) w.r.t. y/ and y* success?vely. We get G}_z ¥$; + B} and
Gj, = Vjx + Bjy respectively, where Bj, = 9, Bj, and B; = 9;B".

Definition 2.2: A Finsler space F™ with an (a, 8)-metric becomes a
Douglas space if and only if 1
(2.6) BY:= BiyJ — By,
are hp(3).
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Equation (2.4) yields

2.7) BY = 2L (sky) — sjy') + 1= 7 (biy — biyl).

Again, differentiating (2.7) by y™ and then by contracting m and j, we get
im — (n+1)aLBs(i) a{(n+1)a*QLgab'+By? Ay'iroo

(2.8) B = B + vy

a?{(n+1)a?QLgLaab'+By'Yso  adLaaylso
Ly Q2 Q '’

where
Q= (BLa + ay’Laa),
provided that Q # 0,
A=alqlaga +3LgLaq — 3a(Laa)2:
(29) B= a.ByzLaLﬁLaaa +B{(3Y? — B*)La — 4aV2Laa}LﬁLaa +QLLgq-
Summarizing the above:

Theorem 2.3: A Finsler space F™ with an (a, 8)-metric to be a Douglas
space of second kind if and only if B™ are hp(2) provided that 2 = 0, where
Bi™ is given by (2.8) 8.

Let F* = (M™,L) and F* = (M™,L) be two Finsler spaces on the same
underlying manifold M™. If we have a function o(x) in each coordinate
neighbourhoods of M™ such that L(x,y) = e’L(x,y), then F™ is called
conformal to F™ and the change L — L of metric is called a conformal change.

A conformal change of (a, §)-metric is given as (a, 8) - (@, ), where @ =
e’a and B = e?pB. Therefore, we have

(210) du = ez"aij, Ei = e"bi,

gl = e~20qi, bi = e~9bl,
and b? = ab;b; = a"b;b;. Hence, the Finsler space with (a, 8)-metric with
the length b of b; with respect to the Riemannian metric « is invariant under
any conformal change of (a, )-metric.

From (2.10), the conformal change of Christoffel symbols are given by* :
(2.11) Ve = Vi + 60k + 810, — olayy,
where g; = 0;0 and o' = a¥ ;.
From (2.10) and (2.11), we have the following identities:
V;b; = e?(V;b; + pa;; — o;b;),
rij = e?{rij + pay; _%(bio-j + bjo;)},
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Sij=e{s;j + %(biaj — bjoy)},
(2.12) 5l = e77{s} +2 (blo; — boh},
5 = 5+ (b%0; — pby),
where p = ¢,.b". From (2.11) and (2.12), we can obtain the following:
Voo = Voo + 200y — a*a’,
Too = €7 (1o + pa® — o),
(2.13) S5 = e~{sh += (bloy — foh)},

— 1
So = So + E(bzao —pB).
Next, we find the conformal change of BY given in (2.7). We have L(a, B) =
e’L(a, p), and
(214) Ea = L(X' Zaa = e_aLaa, ZE = Lﬁ, )72 = eza]/z.
By using (2.5), (2.13), (2.14) and theorem (2.3), we obtain
C*=e?(C*+ DY),
where
ap(pa®=aoB)La=a(b?ao—pB)Lg
2(B2Lg+ay?Laq) '
Hence, BY under the conformal change can be written as:
_ alg . . o 2L o o
B ==L (sbyl — sy + S C by — by
Lo BLqa

D* =

acolg  a%Lgg . aflg
—_%2 by(biv) — piyi) — iyl — glydy,
+( 2L, + AL, )(b'y yH) 2L, (o'y) —aly")

= BY + CY,

where

. aoglg  a%Lgg oo aflg ..
cY = — 22 p*)(bly) — biy!) — lyl —glyh).
(ZLa+BLa )(b'y yH) 2La(0y aly")

From (2.9), we have
Q=e2%°0 A=e %A, B=e?B.

Now, we apply conformal transformation to B/™, and obtain
Bim = Bim + kim,

where

. . . 2 i 2 i
(215) 2Kk = T (gob! — fot) + af R Ay (pq2 — gy )

[az{(n+ Da’QLg Laabi+By'}
Lo Q2

3 i
) (b2, — pp).
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According to G. Shanker 3 we have the following result:

Theorem 2.4: The necessary and sufficient condition for a conformal
change of Douglas space of the second kind to be a Douglas space of second
kind, is that K, given by (2.15), are hp(2).

3. The condition to be a Finsler space
Lets us consider a special (a, 8)-metric (1.2), which can be written as
L=a¢p(s), s= g,
where
P(s) =c, + s +CS—3+ s2,
¢'(s) =c, —;—Z + 2s,
" 2c
P"(s) =23 +2.
Now, ¢(s) —sd’'(s) + (b? —s?)¢”

C3 C3 2¢5
=cl+czs+?+52—sc2 +?_252+(b2_52)(s_3+ 2)

b2C3 2b2C3
=c, —3s%+ 3 +2b% =¢; —s? + 3 + 2(b?% — s52)
2
> ¢, — §2 +2L;—3€3, whenever |s|<b<by, and B l,<1,

> ¢, — s? +%, whenever c¢3 € [0,0) and |s| < b < by,
> 0, whenever c; € [1,00).
Thus, one can get the following:
%2 is the Finsler
metricif | B ll,< 1,|s| < b < by, c; € [1,0),c5 € [0,00),and ¢, € R.

2
Theorem 3.1: The metric L = c;a + c,8 + cg% +

4. Conformal change of Douglas space of second kind with Finsler space
with special (a, B)-metric

In this section, we extend the study on conformal change of Douglas space of
second kind. For a Finsler (a, B)-metric (1.2), we get

L = a’(cif+2c3a)-p3 _ B(cza+2B)—cza®
a azﬂ ) B - aﬁz )
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2(cza®+B3) -62
La'a' = SBTJ Laaa =

Hence, from (2.9), we have
Q= ﬁ—;{szcgaS + B3a?(c, + 2b%) — 385},

a’

6
A= ﬁ(clcgoﬁ — 5B%c;a® — 2°),

B = [4b%c3att — b2?cic2Bat® + c33a(3b%(cic, + 7¢3) + 5¢qc5}

+ cic3f*a’(cy + 10b?) — 3¢ B°a’{7c; + ¢, (5b% + ¢1)}
— 8¢3%a®(3b% + ;) + B7a*(2b%cy + 15¢,¢5 + ¢?)

+ 3B8%a3(7c3 — 2b%c,) — 2B°a?(2¢, + 7b?)

+6c,8%a + 15811].

Thus, 2K in (2.15) is

2
B3a®

(n+1)a*{a(czB2-c3a?)+2B3}(cob'~fot)

im _—
(4.1) 2Km" = B{(c1f+2c3a)a?—p3)

+Sl +Sz,

where
—2bi(n+1)a?(cza3+B3)
515 B{a?(c1B+2c3a)—B3}H2b2cza5+L3a?(c,+2b2%)-3B5} X
[—c3(Bp + b?ap)a® — BPpcia* + Ba{oy(2¢;5 +
c;b?) — c;Bp} Tem + Ba*{oo(2b* + ¢;) — Bp} — B30y,
68y"
{a?(c,B + 2c3a) — B3H2b?%c3a’ + B3a?(cy + 2b?%) — 385} %

[Bla?(c1B + 2¢c30) — p*Hacs(a?c; —56%) —2p°}(b2a” —
B (p a? — ag B) + a®(b*ay — p B)[b?c; c5%a'® —
c; a®B?{b?(ci c; +5¢3) + ¢1 ¢35} —2b?B3¢c; cza” +
aBc; (5b%cy + ¢y ¢, +5¢3) —5B%a%c,c5 +
2B7a3(b%c, — 4c3) + 4b?*B8a? — 2B%ac, — 4B1°]),
which shows that 2K,™ is a hp(2).

Hence, we have the following Theorem:

Theorem 4.1: A Douglas space of second kind with metric L given by
(1.2) is conformally transformed to a Douglas space of second kind if and
only if K™, given by the equation (4.1), are hp(2).

From theorem (4.1), we can easily obtain the conditions that the Douglas
space of second kind for certain Finsler spaces with (a,)-metric is

conformally transformed to a Douglas space of second kind. We have the
following cases:

S, =
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Case(i) Ifc; = 1,¢c, = 3,¢c3 = 0, the special (a, B)-metric reduces to the form
4.2) L=a+3p+5 =04 p

which is the Randers changed square metric. Put ¢c; = 1,c, = 3,and ¢ =0
in the equation (4.1). Then, we get 2K ™ as given below:
(n+1)(3a+2B)a?(cob'~Bat)

(43) ZKm = (@—p?) + S1 + So,
where
_ =2b'(n + Da*{—pa* + 3a®(b%a, — pp) + a*(2b*a, — pB + 0,) — 0%}
nT (@(1+2b9) ~ 36%3(a® — 7) '
—12B8y!
5y = by [(a? — B2)(b%a® — B?)(p a® — 6 B)

(a® = ) {a?(1 + 2b*) — 3p2}?
a?(b%oy — p B){3a3b? + 2b%Ba? — 3p%a — 23%}),

which shows that 2K/™ is a hp(2).
Hence, we have the following Corollary:

Corollary 4.2: A Douglas space of second kind with Randers changed
square metric is conformally transformed to a Douglas space of second kind
if and only if K™, given by the equation (4.3), are hp(2).

Case(ii) If ¢; = a?, ¢, = 2a,c3 = 0, the special (a, B)-metric reduces to the
form

2
(4.4) L=a’a+2ap + (aa+ﬁ) _—,

Putc, = a? ¢, = 2a,and c; = 0 inthe equatlon (4.1). Then, we get 2K, as
given below:
(4.5) 2Kim =

2(n+1)a?(oobi-Bat)
(aa—p)

+ 5, + 55,
where
__2bi(n+1)a?{apa®-a?(2b%ay—pB)—ac,fa+aoy B}

te {a?(a2+2b%)-3p2}(aa—p) ’

-12By'(b*a®-B*){(aa—B)(p a’=ao B)—2a*(b%gy— pﬁ)}
(aa—B){a?(a%+2b2)—342%)2
which shows that 2K is a hp(2).
Hence, we have the following Corollary:

Corollary 4.3: A Douglas space of second kind with singular square
metric is conformally transformed to a Douglas space of second kind if and
only if K™, given by the equation (4.5), are hp(2).

52:
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Case (iii) If ¢c; = a,c, = 1,¢5 = 0, the special («, §)-metric reduces to the
form
(4.6) L—aa+ﬁ+——ﬁ+

ax +ﬁ2
a
Putc; = a,c, = 1, and c; = 0 in the equation (4.1). Then, we get 2K:™ as
given below:
im _ (m+1)(a+2p)a?(gob'-Bot)
(4.7) 2Kim = ot

+S1 +Sz,

where
_ —2bi(n+1)a?{-apa*+ad(b%ao—pP)+Ba?(2b%ay—pf+ady)—cef3)
1= {a?(a+2b?)-3B2}(aa?-B2) ’

-12fy"
S2 = Gaat gyt araryapey (@@’ — B (b%a® = B*)(p a® — gy )

—a?(b*oy — p P){b*a® + 2b*fa® — p?a — 2°%}],
which shows that 2K/™ is a hp(2).

Hence, we have the following Corollary:

Corollary 4.4: A Douglas space of second kind with metric L given by
(4.6) is conformally transformed to a Douglas space of second kind if and
only if K™, given by the equation (4.7), are hp(2).
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