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Abstract: The present paper deals with the study of non-invariant
hypersurface M(f,gu,v,A) of a LP-Sasakian manifold M with
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generalized symmetric metric connection. Some properties of this
structure have been discussed. A necessary and sufficient condition for
a totally umbilical non-invariant hyper-surface M(f,g,u,v,A) of a LP-
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Sasakian manifold M with generalized symmetric metric connection to
be totally geodesic is proved.
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1. Introduction

A linear connection ¥ is said to be generalized symmetric connection if
its torsion tensor T is of the form

(1.1) TX,Y) =x {n(Y)X —n(X)Y}+ B{n(V)pX —n(X)¢Y},

for any vector fields X, Y on a manifold, where « and 8 are smooth functions,
¢ is a tensor of type (1,1) and n is a 1-form. Moreover, the connection V is
said to be a generalized symmetric metric connection if there is a Riemannian
metric g in M such that ¥, = 0, otherwise it is non-metric. In the equation
(1.1), ifx= 0 (B = 0), then the generalized symmetric connection is called
- quarter-symmetric connection (<-semi-symmetric connection). Moreover,
if we choose («,B)=(1,0) and (x,B) = (0,1), then the generalized
symmetric connection is reduced to a semi-symmetric connection and
quarter-symmetric connection, respectively. Hence a generalized symmetric
connection can be viewed as a generalization of semi-symmetric connection
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and quarter-symmetric connection. These two connections are important for
the study of geometry and to understand application in physics. In 1932,
Hayden! introduced a metric connection with non-zero torsion on a
Riemannian manifold. The properties of Riemannian manifolds with semi-
symmetric (symmetric) and non-metric connection have been studied by
many authors?®. The idea of quarter-symmetric linear connections in a
differential manifold was introduced by Golab*. A linear connection is said
to be a quarter-symmetric connection, if its torsion tensor T is of the form

(1.2 T(X,Y) =n(¥)¢X —n(X)¢Y,

for any vector fields X, Y on a manifold, where w is a 1-form and ¢ is a tensor
of type (1,1). If ¢ = I, then the quarter-symmetric connection is reduced to
a semi-symmetric connection. Hence quarter-symmetric connection can be
viewed as a generalization of semi-symmetric connection.

On the other hand, in 1989, Matsumoto’ introduced the notion of
Lorentzian para-Sasakian manifolds. Mihai and Rosca® studied the same
manifolds independently and they obtained several results on such manifolds.
Lorentzian para-Sasakian manifolds have also been studied by Matsumoto
and Mihai®, Mihai, Shaikh and De. Srivastava and Kushwaha!! studied
Lorentzian para-Sasakian manifolds admitting a special semi symmetric
recurrent metric connection. Perktas, Kilic and Tripathi? investigated
curvature tensors with respect to semi-symmetric connection in a Lorentzian
para-Sasakian manifold. In 2016, Bahadir3-1* got some results on Lorentzian
para-Sasakian manifold with quarter-symmetric non-metric connection and
in 2018, studied Lorentzian para-Sasakian manifold with generalised-
symmetric metric connection.

Blair and Ludden?® showed that a non-invariant hypersurface of an almost
contact manifold admits an almost complex structure and a distinguished 1-
form induced by the contact form of the manifold. They also investigated non-
invariant hypersurfaces of an almost contact metric manifold. The notion of
(f.g.uv,A)-structure was given by Goldberg and Yano®. It is well known that
a hypersurface of an almost contact metric manifold always admits a
(f.g.u,v,2)-structure. Yanno and Okumura®® proved that there always exists a
(f,g.uv,2) structure on a non-invariant hypersurface of an almost contact
metric manifold. They also proved that there does not exist invariant
hypersurface of a contact manifold. Prasad'® studied the non-invariant
hypersurfaces of a trans-Sasakian manifolds. In this paper, we study non-
invariant hypersurface of a LP-Sasakian manifold with generalized
symmetric metric connection.
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2. Preliminaries

Let M be a (2n + 1)-dimensional almost contact metric manifold with
almost contact metric structure (¢, &,7, g). Then we have

(2.1) ¢* =X +nX) @) =-1,
(2.2) g @X,9Y) = g X, Y)+ n(Xn(Y),
(2.3) g (X,§) = n(X),

(2.4) g@X,Y)=gX ¢Y)= o X)Y),

for all X,Y e M . Such a structure (¢, &,7, g) is termed as Lorentzian para-
contact structure. Also in a Lorentzian para-contact structure the following
relations hold:

(2.5) n(@) =0, ¢(§) =0

A Lorentzian para-contact manifold M is called Lorentzian para-Sasakian
manifold (LP-Sasakian manifold) if

(2.6) (Txp)Y = g (X,Y)E + n(Y)X + 2n(XIn(Y )E,
(2-7) ‘7)(5 = ¢X,

forall X,Y e M, where 7 is called operator of covariant differentiation with
respect to Lorentzian metric g. We define a generalized symmetric metric
connection ¥ in LP-Sasakian manifold M by

(28) VxY = Vx¥ +oc {n(Y )X —g (X, Y)§}+ B{n(Y )X — g (PX,Y )¢ },
29) (P =[1-BgX,Y)+ (2 -2nX)nY)
—x g (@X,Y )¢l + (1 - pn(¥)X — an(Y) X,
(2.10) Vx§ = (1= B)pX — aX — an(X)S,
(2.11) (7xmY =1 - Bg@X,Y) — ag(dX, ¢Y),
forall X,Y € (T M).

A hypersurface of an almost contact metric manifold M is called a non-
invariant hypersurface, if the transform of a tangent vector of the hypersurface
under the action of tensor ¢ defining the contact structure is never tangent to
the hypersurface. Let X be a tangent vector on non-invariant hypersurface of
an almost contact metric manifold M then ¢X is never tangent to the
hypersurface.

Let M be a non invariant hypersurface of an almost contact metric
manifold, then we have
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(2.12) dX = fX + u (X)N,
(2.13) ¢ N= -U,

(2.14) §=V+aAN,2=n(N)
(2.15) nX) = v X),

where f is a (1,1) tensor field, u,v are 1-form, N is unit normal to the
hypersurface X € TM and u (X) # 0, then we get an induced (f, g, u, v, 1 )-
structure on M satisfying the conditions

(2.16) fP=-14+u®U +vQV,
(2.17) fu = =AV,fV = AU,
(2.18) uof = Av, vof = —Au,

(2.19) uM=1-22u@W)=v), vV)=1-2?

(2.20) gUXfY)=gXY)-uXulr)-vX)v (),

(2.21) gXfY)=—g(fX,V)—gXU)=uX),

(2.22) g V)= v,

forall X,Y € TM and 1 = n(N)

We denote by g the metric tensor of M as well as on M. Let V be the
generalized symmetric connection on M and ¥ be the induced connection on

M with respect to unit normal vector N. Gauss and Weingarten formulas are
given by

(2.23) VxY = VxY +0(X,Y)N,

(2.24) VyN = —AgxX,

where o is the second fundamental form of M related to A5 by
(2.25) o(X,Y) = g(AzX,Y)

forall X,Y e TM, NeT+M.

3. Non-invariant hypersurfaces of LP-Sasakian manifold with
generalized symmetric metric connection

Lemma3.1: Let M (f, g, u, v, A) be anon-invariant hypersurface of a LP-
Sasakian manifold with generalized symmetric metric connection. Then

(3.1) (Tx@)Y = (ix Y —u(N)AgX + o(X, VU + (WX + o(X, fY))N
(3.2) (VxmY = (xv)Y — Ao(X,Y),
(3.3) Vyé = ViV — AAgX + (6(X,V) + X)N
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Proof: Consider
(V@)Y = (VoY) — @(VxY),
Using equation (2.12) and (2.23), we get
(Tx@)Y = Vx(fY) + o(X, fY)N + u(Y)(VxN) + (Vxu(Y))N — f(VxY)
—u(VyY)N + o(X,Y)U,
or
(Tx@)Y = (Vx /)Y —u(V)AgX + a(X,V)U + ((%pw)X + a(X, fY))N.
Also, we have
(Vxy )Y = Py (V) = n(7xY).
Using equation (2.15) and (2.23), we obtain
(TxmY = Vx(v(V)) = v(7xY) — A0 (X, V),
or
(Txn)Y = (Vyv)Y — 2a(X, V).
Further, consider
Vxé = Vxé + (X, N,
using equation (2.14), we get
Vy& = VyV + AVyN + (XN + o(X, V)N,
again using equation (2.24), we have
Vyé = ViV — 145X + (6(X, V) + X)N.

Theorem 3.2: Let M(f,g,u,v,A) be a non-invariant hypersurface of
Lorentzian para-Sasakian manifold M with generalized symmetric metric
connection. Then
3B4) o(X,HU =B -Df* X+ (1-pu)U + af (X),

(3.5) u(Vx$) = (1 — Pu(fX) — au(X).

Proof: Consider
(Wxﬁo)f = ‘7X§0€ - @(fo),

using equation (2.5) and (2.10), we get

= —=@((1 = )X — aX — an(X)S).
Again using equation (2.12), we obtain
(3.6) Vx@)E = (1= B)f2X — (1 = PHu(FON

+(1 - B)uX)U + af (X) + au(X)N.
We also known that
(3.7) (Fx)é = —f (Vx&) —u(VxEN + a(X, E)U.
From equation (3.6) and (3.7), we have

—f(Vx®) —u(WxON + o (X,HU = —(1 — p)f*X
—(A=PRu(fON + (1 - pu(X)U
+af (X) + au(X)N.

Equating tangential and normal component on both side of the above
equation, we get (3.4) and (3.5).
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Theorem 3.3: Let M(f,g,u,v,A) be a non-invariant hypersurface of
Lorentzian para-Sasakian manifold M with generalized symmetric metric
connection. Then
(3.8) (VY =uV)AzgX —aX, YU + (1 —

BgX, YV + (2 = 2B)v(X)v(Y)V —
ag(fX,Y)V + (1 = Bv(Y)X — av(Y)f (X),

(3.9) (TxwY = (1 - PAgX,Y) + (2 — 2B)AwX)v(Y)
—alg(fX,Y) —au(X)v(Y) — (X, fY),

(3.10) ViV =2MA5X+ (1 -B)fX —aX —av(X)V,

(3.11) oX,V)=01-p)vX) — atv(X) — X4,

(3.12) (Vxv)Y = 20(X,Y) + (1 - B)g(fX,Y) —

alg(X,Y) —v(X)v(¥)].
Proof: Using (2.12), (2.14) in equation (2.9) and (3.1), we obtain
(Vx )Y —u(MAgX + a(X, U + ((Zyw)Y + o (X, fY))N
= [A=Bg&X.Y)+ (2 =2B)v(X)v(Y) —ag(fX
+u(X)N,V)[E+ (A - BHv(V)X —av(V)(fX + u(X)N),
=(1-PgX NV + 1 -PHIgE N + (2 -
2B)v(X)v(V)V + 2 = 28)Av(X)v(Y)N — ag(fX,Y)V —
alg(fX,YIN + (1 — B v(V)X — av(Y)fX — au(X)v(Y)N.
Equating tangential and normal component of the above equation, we get
(3.8) and (3.9).
Also using equations (2.10), (2.12) and (2.15), we get

(3.13) Veé=A=B)fX+ 1 - RPuX)N —aX — av(X)V —
alv(X)N,

and from equation (3.3), we have

(3.14) V€ = ViV — AAgX + (6(X, V) + X2)N.

Equating tangential and normal part of equations (3.13) and (3.14), we get
equations (3.10) and (3.11). Also using equations (2.11), (2.12) and (3.2) we
get (3.12).

Theorem 3.4: Let M(f,g,u,v,A) be a non-invariant hypersurface of
Lorentzian para-Sasakian manifold M with generalized symmetric metric
connection. Then
(3.15) (Mxp)Y = (1 - B (gX, VIV + v(¥Y)X)

—a(g(fX, V)V +v(¥)fX) + (2 = 2B)v(X)v(Y)V
(1 -PAgX,Y) —alg(fX,Y)
—au(X)v(Y) + (2 = 2)Av(X)u(Y))N.
Proof: From equation (3.1), we have
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(3.16) (Tx@)Y = (Vxf)Y —u(V)AgX + a(X,)U + (Vyw)X + o (X, fY))N.
And also from (3.8) and (3.9), we get
(3.17) Tk Y =u(N)AzgX —aX, U+ (1 -B)gX,Y)V
+2 =28 v(X)v(Y)V —ag(fX,Y)V
| +(1 = B)v(V)X — av(Y)f(X),
an

3.18)  (xw)Y =1 -p)AgX,Y) + (2 - 28)wX)v(Y)
—alg(fX,Y) —au(X)v(Y) — a(X, fY).
Using equations (3.17), (3.18) in equation (3.16), we get (3.15).

Theorem 3.5: Let M(f,g,u,v, 1) be a totally umbilical non-invariant
hypersurface of Lorentzian para-Sasakian manifold M with generalised
symmetric metric connection. Then it is totally geodesic if and only if
(3.19) 1-pPHuX) —atv(X) —XA1=0.

Proof: From equation (2.10), we get

Vx§ = (1—=B)eX — aX — an(X)s,
using equations (2.12), (2.14) and (2.15) in above equation we obtain

VE=1 =B X+ (1 -PuX)N — aX — av(X)V — alv(X)N.
Equating the normal part of the above equation and equation (3.3), we get
(3.20) oX,Y) =1 -pRulX) — atv(X) — XA
If M is totally umbilical, then Ay = {I. From equation (2.25), we have
o(X,Y) = g(AgX,Y) = g({X,Y) = {g(X,Y),

(3.22) o(X,V) ={g9X,V) = v(X).
From equations (3.20) and (3.21), we get
(3.22) (1-pPuX) —atv(X) — XA —v(X) = 0.

If M is totally geodesic then ¢ = 0, if and only if (3.19) is true.
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