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Abstract: The paper first modifies the notion of auto-correlation between
two stages of a signal, so that it is applicable to any time series,
stationary/ non-stationary. Next it generalizes the notion further to
compare three stages of the time series simultaneously. The comparison is
based on two even / uneven time-delays with two/ three dimensional
correlogram diagrams. As a result three stages of the time series may be
simultaneously tested to be independent. As an application, continuous
non-stationary signals like ECG and music signals are investigated for the
existence of deterministic chaos in two and three dimensions.

Keywords: Chaos, Attractor reconstruction, Auto-correlation, Non-
stationary signals.

1. Introduction

More than four decades ago, the concept of classical time-continuous
chaos was introduced'. Since its inception, the interest in this field of
research has risen rag)idly and several attempts have been made to integrate
this fascinating topic™">. However, insights into the experimentally observed
irregular behavior of systems are predominantly obtained solely with
computer simulations of appropriate mathematical models. For example, we
may mention the well-known mathematical model like Lorentz’s system '°
and its unique three dimensional attractor. This approach undermines the
trustworthiness of the whole chaos paradigm since it leads to suspect that
chaos is nothing more than a mathematical artifact, a phenomenon non-
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existing outside the simulations of the computer. As a remedy to this
problem, methods of nonlinear time series analysis were introduced to
reconstruct the attractor from the time series itself. In nonlinear time series
analysis, methods developed in nonlinear dynamics during the late 1970s
and 1980s, are applied to time series data in order to cas)ture as much of the
underlying structure as possible. This reconstruction'’? of the dynamics of
the system on the basis of the given data is of paramount importance, as it
ensures that under certain generic conditions, such a reconstruction'”? is
equivalent to the original phase space. This equivalence ensures that
differential information is preserved and it also allows us to consider both

qualitative and quantitative analysis.

The most important problem of phase space reconstruction'”? is the

determination of the time-delay(z) and the embedding dimension (m).

Although there exist several methods to determine the proper time-delay for
attractor reconstruction '?still in real life problems, the only measure,
which is used is either the linear auto-correlation method **** or a general
measure called Average Mutual Information method® that serves the
purpose of a nonlinear measure. The linear auto-correlation **** is applicable
only for stationary time series. But such time series are rare in nature.
Naturally, mutual information theory is most welcome in such cases. This is
all about determination of the time-delay. To find out proper embedding
dimension is a different problem. As we are interested in geometrical forms
of the attractors, so we restrict to attractor reconstruction'’? in three
dimensional spaces only and omit further discussion on embedding
dimension. Lastly we note that a positive Lyapunov exponent34 is a strong
indicator of chaos for nonlinear time series, whose underlying dynamics is
nonlinear. Hence the primary step for reconstruction of chaotic attractor of a
signal (time series) is to check whether the underlying dynamics is nonlinear
and Lyapunov exponent34 is positive or not. Thus the theory of nonlinear
time series analysis offers tools, which bridge the gap between
experimentally observed irregular behavior and deterministic chaos theory®.

Again most of the time series in reality are non—stationary”. We also
notice that in such cases the earlier method was to first make the time series
stationary ¥ and then to apply the known methods of analysis of stationary ¥
time series. Our purpose is to show that we can straight way deal with
continuous non-stationary ¥ signals.

40-41

Let {x(t)}j\i1 be such a non-stationary *” time series. It is known that

the time-delay 7 for which x(z) and x(z+7) are linearly independent, is the

30-32

first value of 7 corresponding to which the auto-correlation coefficient



Generalized Auto-Correlation and its Application 155

is positive minimum in the correlogram diagram'®. Obviously in this case
x(t),x(t+7), x(t+27),....are also linearly independent. We note the
following limitations:

(1)The very definition of auto-correlation®®** demands that the time
series must be stationary”, as the means and the variances are taken to be the
same in all stages of the signal. Naturally the investigations are not
applicable to non—stationary39 signals;

(i) It is not possible to find out the independent co-ordinates with uneven

delay of the form(x(t),X(t+2’1),x(t+z'1+z'2), ..... ), although there is no

specific rule in choosing same 7 in determining the m linearly independent
co-ordinates (X(t), X(t+2),X (t+2 7),..x (t+(m —1) 7).

With a view to overcoming such shortfalls in the earlier discussions, we
consider generalizations of auto-correlation®*** functions. Obviously to
compare two and three stages of a non-stationary signal41 our modified
definition of auto-correlation works. Moreover, our generalized definition of
auto-correlation works well for any finite dimensional attractor
reconstruction'’ . In this paper, we apply the notions of generalized auto-
correlation to study the three dimensional deterministic chaos of ECG and
music signals, which are continuous and non-stationary.

2. A New Approach to Auto-Correlation of a Signal

2.1. Generalized auto-correlation between two stages

Let{xl, b S O , xN} be the given time series. The generalized auto-

correlation of the given time series with respect to same time-delay 7 is

defined by
N

Z('xt _x_t )'(xt+r_a )
1 R@= = :

\/Zut —x,)> -\/Z(xw ~x.,. )’

(z=1,2,3,4,...,N-1), Where;, and E are the means of the time series

{32, Xy, Xy fand {5 X, Xg sy , X, } respectively.
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2.2. Generalized auto-correlation amongst three stages

2.2.1. Different lags

Let{xl,xz,x3, ........... ,xN} be the given time series. The generalized auto-

correlation of the given time series with respect to different time-delays
7,.7, 18 defined by
2)

N - (T1+T2)

St St+r, St+r+r,

1=1

R (7,,7,) =

’
N —(rl+12) N —(rl+r2) N —(r1+12)

Ty 2 € 2 ¢
S c t+1, ) 147, +7,
t=1 t=1 t=1

where & = (xt —X )5 gt+r1 = (xt+r1 ~Xig, ) gt+rl+z'2

= (‘xt+2'1+2'2 - xt+rl+12 )

N . . - . .
and1<7,,7, <—,if Nisevenand 1 < 7,7, <——, if N is odd,;
wherex, , x,,, and x - are the means of the time series
{xl,xz,x3, ........... ,xN_(MTz)} ,{le1 R } and{xwlﬂ2 yeeens xN}

respectively.
2.2.2. Same lag repeated
In particular, when 7, =7, = 7, equation (2) reduces to

D5 e G
3 R@®= :

\/ Z gzt \/ Z é'_2t+z' \/ Z g21+27
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where ¢, = (xt - X, )’gt+T = (xt+T - Xiir )’

Criiar = ('xt+2‘[ - X401 )

N
and 1 <7< —,if N isevenand 1 < 7 < , if N is odd;
2 2

3. Detection of Independent Coordinates of a Time Series

3. 1. Two dimensional correlogram diagram for two and three stages of
a signal and its independent coordinates

Since the signal (time series) is non—sta‘tionary39 we use equation (1) and
equation (3) respectively to determine the generalized auto-correlations

R (7) between two groups {xt}:r,{xw}j:f and three groups
{x,}f:%,{xtﬂ}:h,{x,”r}gzr of the time series{xt}ll. In both cases the

values of R (7) are plotted against7 . This plot is called the two dimensional

correlogram diagramls. The proper time-delay 7 is then determined from the
two dimensional correlogram diagrams, in the sense that it corresponds to
that value of 7 for which R (7) comes nearer to zero for the first time. Now

x respectively.

t+7 t+ 27

the independent coordinates are x,,x

Mand X, , X

3.2. Three dimensional correlogram diagram and independent coordina-
tes of a time series

So far we have seen that the above two dimensional correlogram diagram
can detect two and three independent coordinates expressed in terms of the
same time-delay. But if we are interested in detecting three independent
coordinates expressed in different time-delays, then two dimensional
correlogram diagrams is no longer useful. So we generalize the notion of two

dimensional correlogram diagrams to three dimensional ones. To do this, the
N N—(7,+7,)
t=1

is sub-divided into three groups -{x} ",

time series {x}
N—(7+7;) N=(7+7,) . .
{le }t:l ,{x,ml”z)}t:1 and the generalized auto-correlation between

three stages, R (7,,7,)is calculated by using (2) for different values

of 7, and 7,. Finally R, (7,,7,) is plotted against 7, and 7, to obtain a three
dimensional diagram, known as three dimensional correlogram diagram. The
reconstruction'”? is carried out with the three independent coordinates as

X, X,z >X,. ., Dy choosing the suitable values of 7, and 7, for which
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R (7,,7,) comes nearer to zero for the first time in the three dimensional

correlogram diagram.
4. ECG Signal, Its Characteristics and its Methodology of Collection

ECG (Electrocardiography) is a transthoracic interpretation of the
electrical activity of the heart over time captured and is externally recorded
by skin electrodes. It is a noninvasive recording produced by an
electrocardiographic device. The record is called an Electrocardiogram. An
ECG signal consists of waves like P, Q, R, S, and T.

4.1. Characteristics of the signal

1) ECG signal is nonlinear in the sense that its underlying dynamics is
nonlinear, which is evident from Surrogate data test*,
The result of the Surrogate data test”” with 0.01 significant level and the

statistical parameter AMI (7 =1) (Average Mutual Information with time-lag
1) of the ECG signal {x(t)}z(jo is given in figure.1.1.
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In this connection, we take the null hypothesis
H,: AMI . (t=1)= AMIg, (z=1). If the equality does not hold, we say that

null hypothesis fails and alternative H, holds good. From figure 1, it is seen

that the AMI of Surrogate data series is not equal to AMI of the given signal.
Hence the null hypothesis H,:AMI,.,(7=1)=AMI, (r=1) is rejected. Thus,

nonlinearity of the signal {x(l)}zslo is established through Surrogate data

test42 .
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2) It is continuous non—stationary”. In fact, a signal is stationary”or nearly
sta‘cionary39 if each segment of same length of the original signal has same
distribution. This means that the signal has same statistics up to some desired
accuracy. To test the non-stationarity of the signal, a statistical test viz; Q-Q
plot* is used. This plot examines the non- stationarity of the signal by
checking whether the distribution of two segments of the signal is same or

not. The Q-Q plot* of (X,, X, )for the ECG signal {x, 1 is given by figure
2, where X={X}}, X,=(X]
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Fig.2 Q-Q plot for the random variable X, and X,

From figure 2, it is observed that most of the points are far from the dotted
straight line, i.e., the distribution of X, and X, are not same. Hence the given

ECG signal is a non-stationary signal”.

4.2. Methodology of data collection

Electrocardiogram signal of the controlled and experimental subjects are
downloaded from MIT-BIH Normal Sinus Rhythm Database available in
Physionet website™.

5. Two and Three Dimensional Attractor Reconstruction
for ECG Signal

Since ECG signal is nonlinear, we first prove that strange attractor for
ECG signal exists by showing that Lyapunov exponent34
A= 9.0254e-005> 0.
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Next we try for attractor reconstruction'’?. To check whether our

generalized formula of auto-correlation gives better results compared to
those obtained by standard methods, we consider attractor reconstruction'”?
with standard and modified methods separately.

5.1. Attractor reconstruction of ECG signal by Average Mutual
Information method

Let us first try for three dimensional attractor reconstruction'”? of the
ECG signal with time-delay 7z , where the time-delay is obtained by using the
method of Average Mutual Information (AMI)*. The graph of AMI against
the time-delay 7 is shown by figure 3.

T e
—_ i ra [ay]

o
o
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0 5 10 15 20 25 30 35 40 45 50 5 60 65 70 75 B0 85 90 95 100
Time Lag (units)

Fig.3 The graph of AMI versus time-delay 7

It is found that AMI comes nearer to zero for the first time, when 7="7.
This is the suitable value of 7 for attractor reconstruction of the above ECG
signal. Figure.4 shows the two and three dimensional reconstructed attractors
for 7=7.
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Fig.4.Two and three dimensional reconstructed attractors of ECG signal with7 =7

5.2. Attractor reconstruction of ECG signal by standard and generalized
auto-correlation function between two stages

By using the standard auto-correlation function *** we first compute the

auto-correlation of the ECG signal for different values of the time-delay 7.
It is then plotted against 7 to obtain the following [figure.5] two
dimensional correlogram. It is observed from the graph that auto-correlation
function (ACF) attains its positive minimum for the first time, when time-
delay 7=3.
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Fig.5 Correlogram of ECG signal under standard auto-correlation

Next we obtain correlogram diagram18 [figure.6] under generalized auto-
correlation function between two stages given by (1) and again we see that
time-delay 7=3.
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Fig.6. Correlogram of ECG signal under generalized
auto-correlation between two stages

As in both cases, we get the same time-delay, so we obtain the same two
dimensional attractor and the same three dimensional attractor (with same
time- delay repeated) given by figure.7 (i) and 7 (ii) respectively.
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Fig.7. Reconstructed (i) two dimensional and (ii) three dimensional
attractors of the ECG signal for time-delay 7 =3

5.3. Attractor reconstruction of the ECG signal under generalized
notion of auto-correlation amongst three stages (same time-delay
repeated)

The suitable value of 71is obtained from the two dimensional
correlogramls, where R (7)’s for different values of 7 are calculated by

using generalized auto-correlation given by (3). This is shown in figure.8.
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Fig.8. Two dimensional Correlogram for the ECG signal under generalized
auto-correlation amongst three stages given by (3)

It is evident from the above figure that the generalized auto-correlation
given by (3) comes nearer to zero for the first time, when 7 =3. We next
reconstruct the attractor ' of the above ECG signal in three dimensional

spaces with a time-delay 7 =3 for which (xr,x X, ), t=1,2,3,...N-2¢

47

are independent. Naturally, the attractor reconstructed [17-29], with this
value of 7 is same as that shown by figure.7 (i1).

5.4. Attractor reconstruction of the ECG signal under generalized

notion of auto-correlation amongst three stages (under different time-
delays)

Finally, we reconstruct the attractor of the aforesaid ECG signal with two
different time-delays 7, and 7,. For this purpose, the generalized auto-
correlation between three stages given by (2) is used. The values of
R (7,,7,), thus obtained for different values of 7, and 7, are then plotted
against 7, and 7, to obtain the three dimensional correlogram, shown by
figure9.
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Fig.9. Three dimensional Correlogram for the ECG signal under generalized

auto-correlation with different time-delays given by (2)

Figure.9 clearly shows that the value of the generalized auto-correlation
R (7,,7,) comes nearer to zero for the first time when 7, =1 and 7, =2. The

independent

the

with

17-29

reconstructed

attractor,

three dimensional

coordinates (x,,xml,xmlﬂz), t=123,....,N—(z+z,) for these values of

7, and 7, is given by figure.10.

Fig.10 Three dimensional reconstructed attractor of the ECG signal withz, = 1,7, = 2

6. A Music Signal, its Characteristics and its Methodology of Collection

6.1. Characteristics of the signal

1) The present music signal of raga ‘Bhairavi’ is nonlinear in the sense that
its underlying dynamics is nonlinear. This is evident from Surrogate data

with 0.01 significant level and the

42

test. The result of the Surrogate data test
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statistical parameter AMI (2' = l) (Average Mutual Information with time-lag
1) of this music signal {x(t)}z)o is given in figurel 1.
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Fig.11 AMlghirayi (T =1)=AMI gz (T =1)

From figure.11, it is seen that the AMI of Surrogate data series is not
equal to AMI of the given signal and hence the null hypothesis

H,:AMI,, . (7=1)=AMIg (7=1)is rejected. Thus, nonlinearity of the signal

{x(t)}j)o is established through Surrogate data test 2

2) It is a continuous non-stationary signal ¥ This is shown by the Q-Q
plot¥of (X,,X,)for the aforesaid music signal{x }™, where

k=1’
X1={Xk}j(0=010,X2 :{Xk}

signal [figure.12].
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Fig.12. Q-Q plot of (Xl, Xz) for the music signal of raga ‘Bhairavi’
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It is evident from figure.12 that many points are far from the dotted line
i.e., the distribution of X, and X, are not same. Thus the given music signal

of raga ‘Bhairavi’ is a non-stationary signal”.
6.2. Method of collecting data

Source- Recorded north Indian Classical Music (Sarod)
Artist- Ustad. Amjad Ali Khan

Raga- Bhairavi

Software- Adobe Audition 1.5

Samples: 5000

Bits per Samples: 16

Sample rate: 44100

Normalized: False.

7. Two and Three Dimensional Attractor Reconstruction
for the Music Signal of Raga ‘Bhairavi’

Since the music signal of raga ‘Bhairavi’ is nonlinear, we first show that
strange attractor for the aforesaid music signal exists by showing that
Lyapunov exponentM/l=7.1335><10_5 >0.S0, we try for attractor
reconstruction'’ . Again, for the establishment of the supremacy of our
generalized formula of auto-correlation over the standard formula for two
stage auto-correlation®* and Average Mutual Information 3 we consider
attractor reconstruction'”? both with the standard and modified methods
separately.

7.1. Attractor reconstruction of music signal based on raga ‘Bhairavi’
by Average Mutual Information method

We first try for three dimensional attractor reconstruction'’? of the
aforesaid music signal of raga ‘Bhairavi’ with time-delay 7, where the time-
delay 7 1is obtained by using the method of Average Mutual Information
(AMI) *. The graph of AMI against the time-delay 7 is shown by figure.13.
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Fig.13. The graph of AMI versus time-delay 7
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It is found that 7=18 1is the suitable value of 7 for attractor
reconstruction'’ % of the present music signal. Figure.14 shows the two and
three dimensional reconstructed attractors for z=18.
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Fig.14.Two and three dimensional reconstructed attractors
of the music signal of raga ‘Bhairavi’ with7 =18

7.2. Attractor reconstruction of the music signal based on raga Bhairavi’
by standard and generalized auto-correlation function between two
stages

The graph of standard auto-correlation versus time-delay is given by
figure.15.
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Fig.15 Two dimensional Correlogram of the music signal of raga
‘Bhairavi’ under standard auto-correlation
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The notion of generalized auto-correlation between two stages given b
(1) is now used to find the proper time-delay for attractor reconstruction'” %,

The two dimensional correlogram'® thus obtained is given by figure 16.
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Fig.16. Two dimensional Correlogram for the music signal of raga
‘Bhairavi’ under generalized auto-correlation between two stages

It is found from both the figures [figure.15 and figure.16] that the
suitable value of the time-delay 7 is 22. So the attractors of the music signal
of raga ‘Bhairavi’ under both standard auto-correlation and generalized auto-
correlation between two stages are same [figure.17].
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(i1)
Fig.17. Reconstructed (i) two dimensional and (ii) three dimensional attractor
of the music signal of raga ‘Bhairavi’ for time-delay 7 = 22
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7.3. Reconstruction of three dimensional attractor under generalized
auto-correlation between three stages (same time-delay repeated)

The two dimensional correlogram diagram of the generalized auto-
correlation R given by (3) against time-delay is given by figure 18.
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Fig.18. Two dimensional Correlogram for the above music signal of raga
‘Bhairavi’ under generalized auto-correlation given by (3)

From the above figure the suitable time-delay 7 is found to be 9. The
reconstructed attractor of the above music signal of raga ‘Bhairavi’ with this
value of 7 is given by figure.19.
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Fig.19. Three dimensional reconstructed attractor of the music signal
(raga ‘Bhairavi’) with7 =9 repeated

7.4. Reconstruction of three dimensional attractor under generalized
auto-correlation between three stages (under different time-delays)

The generalized auto-correlation R (7,,7,) with different time-delays
7, and 7, obtained by (2) for different values of 7, and 7, are plotted against

7, and 7, to obtain the three dimensional correlogram shown by figure.20.
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0.1

Fig.20 Three dimensional Correlogram for the above music signal of raga ‘Bhairavi’ under
generalized auto-correlation with different time-delays given by (2)

From the above figure, the suitable values of the time-delays are found to
be 7, =1 and 7, =19 . The three dimensional reconstructed attractor is shown

by figure.21.

a000
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-5000 5000
Fig.21. Three dimensional reconstructed attractor of the music signal
raga ‘Bhairavi’withfl =land 7,=19.

8. Conclusions

(1) The value of time-delay for ECG signal, as determined under standard
notion of auto-correlation®** and generalized notion of auto-correlation
between two stages is always found to be same, as the small time-delay can
keep the statistical parameters almost same. Naturally, we get the same two
and three dimensional (with same time-delay repeated) attractors given by
figure.7 (1) and (ii) respectively. For similar reasons two and three
dimensional attractors (with same time-delay repeated) of music signal based
on raga ‘Bhairavi’ given by figure.17 (i) and (ii) respectively are also the
same. Among these attractors, only the three dimensional attractor for the
above ECG signal reconstructed under standard auto-correlation®®>? and
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generalized auto-correlation between two stages can be considered as
approximate attractor for it in the proper sense of the term. Also, the two and
three dimensional attractors reconstructed under the notion of Average
Mutual Information® for ECG and the music signal based on raga ‘Bhairavi’
given by figure.4 and figure.14 respectively are not at all attractors in the
proper sense of the term. These necessitate the consideration of three
dimensional attractors under generalized notion of auto-correlation amongst
three stages only (with same time-delay repeated or different time-delays).

(i1) In three stages with same time-delay repeated, the same three
dimensional attractor is obtained for the ECG signal [figure.7 (ii)] as the
time-delay obtained in this case is same as that obtained by standard auto-
correlation® and by the notion of generalized auto-correlation between
two stages. On the other hand, the quality of the attractor improves for the
music signal of raga ‘Bhairavi’ (figure.19) in the sense that it contains dense
orbits except for some outliers. So, for further improvement of the
reconstructed three dimensional attractor for the above two signals, we
consider the last alternative namely “reconstruction of three dimensional
attractor under three stage auto-correlation with different time-delays”.

(i11) With different time-delays, the attractors in three dimensions
significantly improve for both the signals viz., ECG signal (figure.10) and
music signal of raga ‘Bhairavi’ (figure.21).

Thus it may be concluded that for better attractor reconstruction for
continuous non-stationary signals (time series)® in three dimensions, our
newly introduced method of generalized auto-correlation is highly suitable
especially under the choice of different time-delays.
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