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Abstract: The object of present paper is to study
projective curvature tensor in a sasakian manifolds
which  semi-symmetric and projectively semi-
symmetric Sasakian manifolds are considered. And we
have shown that semi-symmetric, projectively semi-
symmetric Sasakian manifold becomes Einstein
manifold. Also we prove that projective curvature
tensor is identical to curvature tensor and

PX,Y,ZW)+ PX.Y ZWH PXY ZWHPKY ZW )= 0
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1. Introduction

Sasakian manifolds were introduced in 1960 leyJépanese geometer
Shigeo Sasaki as an odd - dimensional analogue abfieiK manifolds.
Sasakian manifolds is a branch of contact manifaitntact manifolds is
an emerging branch of modern mathematics. The iontadf contact
geometry has evolved from the mathematical formalief classical
mechanics Two important classes of contact manifolde d-contact
manifolds and Sasakian manifdtélsK — contact and Sasakian manifolds
have been studied by several authbend many others. It is well known
that every Sasakian manifold is K-contact, but ¢baverse is not true, in
general. However a three dimensional K-contact folthis Sasakiath The

nature of a manifold mostly depends on its cunetansor. Using the tools
of conformal transformation geometers have dedwwoedormal curvature
tensor. In the similar way with the help of projeettransformation the
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notation of projective curvature has been definigdart from conformal
curvature tensor, the projective curvature tens@mnother important tensor
from the differential geometric point of view.

The object of present paper is to study the dureaproperties of
projective curvature tensor. Section 2 is pralianies which will be used
in later sections. In section 3 we have considesetni-symmetric
Riemannian manifolds studied by Szgl®ekigawa and TanHp Sekigawa
and Takadt, Sekigaw& and prove that a semi-symmetric Sasakian
manifold is an Einstein manifold. In section 4 vamsider projective semi-
symmetric Sasakian manifold and shown that a ptig semi-symmetric
Sasakian manifold is an Einstein manifold. Finally section 5 we study
the properties of projective curvature tensor in ddéntact and Sasakian
manifolds. Also shown that in a projective semmnsyetric Sasakian
manifold, the projective curvature tensor is ideatio curvature tensor.

2. Preliminaries

A (2n+1)- dimensional Riemannian manifolM ,g) is called an almost
contact manifold if following relation holé®

(2.1) gX==X+n(X), g =0,

(22) () =19(X.$)=n(X),n@Xx)=0,
(23)  9l@X,¢0)=g(X.Y)=n(Xn(Y),
(2.4) 9(@X,Y)=-9g(X,¢¥), g(@X,X)=0,
(2.5) (@xm(Y) = 9(0x<,Y),

where gis a (1,1)tensor,s is a 1- form,& is the corresponding vector field
to the 1-formp and g is Riemannian metric. An almost contact metric
manifold is called contact metric manifold df7(X,Y)=®d(X,Y) =g(X,¢Y),

® is called the fundamental 2-form of the manifdfdin addition, & is a
killing vector, the manifold is called a Kemtact manifol@3%13, It is
well known that a contact metric manifold is K- ¢act if and only if
0, =-@X, for any vector fieldX on M . Also a contact metric manifold
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is K-contact if and only if th@,1) type tensor field h defined bly:%L‘,qa

is equal to zero, wheré denotes Lie differentiation. It is known that an
almost contact structure is norrhiland only if

[pA+2dn0¢=0

A normal contact metric manifold is known as a &&sa manifold. An
almost contact metric manifold is Sasakian if anty af

(O04@Y =g(X,Y)é-n(Y)X,

for any vector fieldsX,Y on M . Every Sasakian manifold is K-contact

but the converse is not true, in general. Howevtiree — dimensional K-
contact manifold is Sasaki#n It is well known that(M, g) is Sasakian if

and only if
(2.6) R(X,Y)¢=n(Y)X -n(X)Y

for all vector fieldsX andYon M .

A complete regular contact metric manifold*™*" carries a K- contact
structure(@, &,17,9), defined in terms of the almost Kahler struct@deG)

of the base manifoldM*". Here the K-contact structur@y,&,7,9) is
Sasakian if and only if the base manifo{1*",J,G) is Kahlerian. If

(M*",J,G) is only almost Kahler, thefig,&,n7,9)is only K-contact In a
Sasakian manifold the Ricci operatQr commutes witlp, that isgQ = Qg.
Recently if* it has been shown that there exists K-contact folahivith
¢Q = Q@ which are not Sasakian. It is to be noted that@HKtact manifold

being intermediate between a contact metric matifahd a Sasakian
manifold.

Let M be a(2n+1)- dimensional Riemannian manifold. If there exists
a one-to-one correspondence between each coordiegtebourhood o
and a domain in the Euclidean space such that aodesic of the
Riemannian manifold corresponds to a straight iméhe Euclidean space,
then M is said to be locally projectively flat. Fan=1, M is locally
projectively flat if and only if the well known pjective curvature tensop
defined by

2.7) P(X.Y)Z = R(X.Y)Z —ni_l(S(Y,Z)x _S(X.Z)V).
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vanishes on the manifold foX,Y,ZOTM ,where R is the curvature
tensor of type(1,3)and S is the Ricci tensor of typ€0,2). In fact, M is
projectively flat if and only if it is of constardurvature.For a(2n+1)-
dimensional K-contact manifat¥, we always have

R(X,Y,ZW)+R(X,Y,ZW)+R(X Y ZW)

(2.8) _
+R(X,Y,Z W)+ ([OR)(X,Y,ZW)=0,
(2.9) S(X,Y)+S(X,Y)+([@,S)(X,Y)=0,

(2.10) gX Y)+gXY)=0

Also for a(2n+1)-dimensional Sasakian manifold, we have

(2.11) 0,¢é=-¢X,

(2.12) S(X,¢) =2m (X),

(2.13) R(&, X)Y =g(X,Y)§=n(Y)X, R, X)§ ==X +n(X),
(2.14) S(X,Y)+S(X,Y)=0,

(2.15) (0R(X,Y,ZW)=0, @,S)(X Y )= 0,

P(X.Y.Z.8)=n(X){g(Y.2) —ZiS(Y, 2)}
(2.16) n

“nOYHA(X, 2) —Zisx X, 2)},
n
(2.17) 'P(E,Y,Z,W)=/7(\/V){9(Y,Z)—2—1nS(Y,Z)},
(2.18) PEY.2,6)=9(Y,2)-2-S(.2),

(2.19) P(E,Y,Z)={9(Y,Z)—2—1nS(Y,Z)}E,
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3. Semi - Symmetric Sasakian Manifold

A Sasakian manifold(M*™*, g)is said to be semi-symmetHcif it
satisfies the relation

3.1 (R(X,Y)R)U V)W =0,
where R(X,Y) is the curvature operator. Frof®.1), we have

R(X,Y)RU VW -R(R(X,YU VW -RU ,R(X YV W
-RU,V)R(X,Y)W =0.

SubstitutingX =W = ¢ in above equation, we have

R, Y)RU, V)Y -RR(E YU VX -RU,REYNVXK
~R(U,V)R(E,Y)E =0.

Now, with the help of(2.6) and (2.13) in above equation, we obtain

B2) nVIREYMU-nUREYNV-gVUREVYE+nURYV Y
—g(Y.V)RU ., +n7(VI)RU YY) +RU V)Y -7 (Y)RU V) = 0.

Again using(2.6) and (2.13) in (3.2), we have
(3.3) RUV)Y=g(VNU-glruU)y.
Contracting with respect to U, we have

S(Y,V)=2ng(Y,V).

Hence we have the following theorem

Theorem 3.1: A semi- symmetric Sasakian manifold is an Einstein
manifold.

4. Projectively Semi - Symmetric Sasakian Manifolds

In view of (2.7) we have the projective curvature tensor ¢2a+1) -
dimensional Sasakian manifold as

(4.1 P(X,Y)Z=R(X,Y)Z—2—];1(S(Y,Z)X—S(X,Z)()
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Now from the above equation and with the helg2R) & (2.13), we get
(4.2) P(¢.V)§=P(V.$)é=0,

for any vector fieldV . We suppose that a Sasakian manifold is projdgtive
semi-symmetri&, that is,(R(X,Y)P)U,V )W = 0. Hence

43 R(X,Y)PUVIW-PR(X,YU VW -PU,RX YNV W
(4.3) -P(U,V)R(X,YW=0
Substitutingu =W = ¢ in(4.3) it follows that

R(X,Y)P(E,V)E-P(R(X,Y) V) -PERXYNX
—P(E,V)R(X,Y)E = 0.

Using (4.2)we obtain from above equation

(4.4) P(R(X,Y)$,V)§+P(¢V)R(X,Y)S =0,

Using (2.6) in (4.4), we have

(4.5)  nMIP(X,V)¢+P($,V)XT-n(X)[P(Y,V)$+P(S,V)Y] =0.

Now using(2.7) in(4.5), we obtain

n(Y)[R(x,V)f—z—ln{sv, X -X, OV}

+R(EV)X —Zi{S(v, X) &= S(& X)V)]
(4.6) n

-U(X)[R(Y,V)f-z—ln{S(V, HY-gY, oV}

+R(5,V)Y—2—1n{8(v,v)f—8(a Y)V}] =0.

Using (2.12) in (4.6), we obtain
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NY[R(X,V)E-n(V) X +R(é,V) X —ziS(V- X)é1-n(X)[RY,V)é
(4.7) n

V)Y +REEV)Y -%S(\/,Y)c‘] =0.

Using (2.6) and (2.13)in (4.7), we have

(4.8) 2—1n[/7(><)S(V,Y)f-/7(Y)S(V,X)5]=/7(X)9(V,Y)<‘
-n(Y)g(V, X)s.
Since & # 0,we have
n(X)S(V,Y)=2m (X)gv.Y),
is a solution of above equation.
Sincen(X)#0, S(V,Y)=2ng{V,Y).
Hence we obtain the following theorem

Theorem 4.1. A projectively semi-symmetric Sasakian manifold is an
Einstein manifold.

5. Curvature Properties of Projective Curvature Tensor

Let us consider the projective curvature terRoX,Y,Z W) on a
Riemanniammanifold

51  PXYZW)=RX ,Yzwrz—ln EXWSY Z)
~g(Y.W)S(X,Z)],

From(5.1), we obtain
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POX,Y,ZW)+ P(XY,ZW)+ PXYZW)}PXYZW)
=R(X,Y,ZW)+R(X,YZW)+RX Y ZWHRXY ZW )

(5.2) - Sl (XW)SK Z)+ g (X WIST 2 )+ g (X WK Z)

+g(X,W)S(Y,Z)-g(Y W)S(X,Z)-g (Y W)S(X ,Z)
- g(Y,W)S(X,Z) - g(Y W)S(X,Z)].

If the manifold is K-contact then frorf.8), (2.9), (2.10and(5.2),we have
PX,Y,ZW)+ PXX,Y,ZW)+ PXYZWHPXYZW)
= ~(ORIX.Y,Z W)= [(,9)(X, 2)g (Y W)
= (@)Y, Z2)g(X W)].

Hence we obtain following theorem

Theorem 5.1: In a (2n+1)-dimensional K-contact manifold M, we
have
PX,Y,ZW)+ PX.YZW)+ PXYZWHPXYZW)
= ~(ORIX,Y,Z W)= [0, 9)(X, 2)g(Y W)
= (B5)(Y, Z2)g(X,W)].

If the manifold is Sasakian, that is, in view of
(UR)(X,Y,ZW)=0, [@,S)(X .Y )= C, we have the following theorem:

Theorem 5.2 In a (2n+1)—dimensional Sasakian manifold M, the
relation P(X,Y,ZW)+ P(X,Y,ZW)+ PXYZW}PXY ZW )= (
hold.

Now by virtue of(5.1) and Theorem 4.1 we have

(5.3) PXYZW)=RXYZW)
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Hence we obtain the following theorem

Theorem 5.3. In a projective semi-symmetric Sasakian manifold
projective curvature tensor isidentical to curvature tensor.

Now with the help of(2.16),(2.17),(2.18),(2.1%and Theorem 4.1 we
have following results

Corollary 5.1: In a projective semi-symmetric Sasakian manifold M,
we have

@ PX\Y,Z,5H=0

(2) PEY.ZW)=0,

3) PEY.Z.5)=0,

(4) 'P(E)Y,z)=0.
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