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Abstract: In this paper, we introduce a Finsler space which Cartan's
second curvature tensor PJ.‘kh satisfies the generalized birecurrence

property in sense of Berwald, this space characterize by the following
condition

B Bijikh = alijikh +hy, (5}gkh _é:gjh)_zyt/uth (5}Ckhl _5kicjh| )'
Pj‘kh #0, where BB, is Berwald’s covariant differential operator of

the second order with respect tox™ and x', successively, B, is
Berwald’s covariant differential operator of the first order with respect
to X', C,, is (h)-torsion tensor, a,, b, are non- zero covariant

Im
tensor field of second order and 4, is non- zero covariant vector field,
we will call this space a generalized BP -birecurrent space. We
obtain Berwald's covariant derivative of second order for some tensors,
we find the relationship between the covariant derivative in sense of
Berwald and the h -covariant derivative in sense of Cartan, we obtain
the necessary and sufficient condition for some tensors to be
generalized birecurrent in sense of Berwald, we get the relationship
between covariant tensors field 4, , g, a, and by, in this space, we

show that the behavior of some tensors as birecurrent in this space.

Keywords: Generalized BP -birecurrent space, Cartan's second
curvature tensor, Berwald covariant derivative, h -covariant derivative.
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1. Introduction

Qasem* studied a generalized H —birecurrent space which satisfies the
recurrence property, Hadi’ discussed a generalized BK — birecurrent space,
Qasem and Hadi*® introduced a generalized BR-birecurrent space,
a generalized H" —birecurrent space and a generalized R"—birecurrent
space, Assallal® introduced a generalized P"—birecurrent space, Saleem’
studied the projective curvature tensor W, which satisfies the generalized

birecurrence property and introduced U - generalized birecurrent space.
Pandey and Verma® discussed C" - birecurrnt space, Dikshit® introduced
R" —birecurrent space, Ali* studied K"—birecurrent space, Qasem and
Hanballa* introduced K" —generalized birecurrent space, Hanballa™
discussed BK — birecurrent space, also Otman® introduced BP —birecurrent
space.

Let F, be an n—dimensional Finsler space equipped with the metric
function F(x, y) satisfying the request conditions*.
The vector vy, defined by

(1-1) Yi =0 (X, Y)yj .
The vector vy, also satisfies the following relations
(1.2) ij :aiyj zajyi .

The two sets of quantities g; and its associative g”, which are components
of a metric tensor connected by

4 1 ifk=]j
1.3 g =6"= .
(1.3) 99" =2 {o if k#j

In view of (1.1) and (1.3), we have

(1.4) @@ syy,=y; () sy =y (c) sjg, =g, and (d) 9,y' =5,.
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Matsumoto* introduced (h)hv—torsion tensor which is positively

homogeneous of degree -1 in y' and symmetric in all its indices and
difined by

1. 12
(15) Cijk =§8igjk =Z(9i8j8kF2.
also which satisfy

(1.6) {(a) C.ijky =CjqY :0.
(b) 5}Cikl :Cjkl

the unit vector I' with the direction of y' given by

i y'
a7 | =

Cartan h-covariant differentiation (Cartan's second kind covariant
differentiation) with respect to x* given by

(1.8) X =0,X"'=(8,X")Gf + X'T,

where T} is a function called it Cartan's connection parameter.

The h— covariant derivative of the vector y' vanish identically i.e.

(1.9) Y =0.

Let us consider new connection parameter G of Berwald which are
connected with Cartan's connection parameter T, by

(1.10) Gy =Ty +Ciy".

Berwald covariant derivative B, T, of an arbitrary tensor field T, with
respect to x* given by
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(1.11) BT, =0,T, -(6,T/)Gi +T/G} -T,'Gj.

The processes of Berwald covariant differentiation with respect to x" and
the partial differentiation with respect to y* commute according to

(1.12) (6B, —B,&, )T} =T/Gy, -T,'G;,

for an arbitrary tensor field T/. Berwald covariant derivative of the vector
y' vanish identically, i.e.

(1.13) B,y =0.

But, in general, Berwald covariant derivative of the metric tensor g; does
not vanish and given by

(1.14) B.9; :_2Cijk|hyh =—2y" B,Ci -

The tensor R;, called h— curvature tensor (Cartan's third curvature tensor)
is positively homogeneous of degree zero iny' and defined by*®

Rjn =0, +(0T 11 )G/ + G}, (8,6 —GG, )+ Ty —h/k,
which satisfies the relations

(1 15) {(a) R;kh =K ;kh +CjisHk?1’

(b) Rjikhyj =H,.

R—Ricci tensor R, given by

(1.16)

(@) Ry =K, +ersHkSr’
(b) Rjkyj =R,

Also, the h-curvature tensor R}, satisfies the following identity
known as Bianchi identity®
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(1.17) Rin + R + Rl == Y™ (R Pt + R P + R )

mkh " ijs mjk mhj * iks

The tensor P, called hv—curvature tensor (Cartan's second curvature
tensor) is positively homogeneous of degree -1 in y' and defined by*

Pj,i(h = 6,11“;: +Cjir Per —CjihIk .
Which satisfies the relations
(1.18) Piay’ =Ty’ =Rn=Cay,¥",
where P}, called v(hv)-torsion tensor satisfies
(1.19) P.y“=0.
Using (1.18) in (1.10), we get
(1.20) Ri =G T

P —Ricci tensor P, , curvature vector P, and curvature scalar P of Cartan's
second curvature tensor given by

(a) ij = leid
(1.21) (b) P =P,
© P=RY",

respectively.
The hv—curvature tensor P}, satisfies the following

(1-22) lel<h - ijl1k = S}khlr yr
and

(1.23) lel<h - ijlh =Ckih|j +Csij Ra—J/k.



68 Alaa A. Abdallah, A. A. Navlekar and Kirtiwant P. Ghadle

2. Some Tensors in Generalize BP —Birecurrent Space

Let us consider a Finsler space F, which Cartan's second curvature
tensor P, satisfies the condition

(2-1) Bijli<h = ﬂ’mpjlih ™ (5jigkh _5kigjh) ) leim #0,

where B, is Berwald's covariant differential operator with respect to x",
A, and x, are non-zero covariant vectors field, this space introduced by
Alaa et al.™ ™, they called it a generalized BP —recurrent space.

Now, Taking B-covariant derivative for the condition (2.1) with
respect to x', we get

BB, leih =B, (ﬁm)lei(h +4,B, (leim)‘F B, (ﬂm)(ajigkh _5kigjh)
+ 14, By (5jigkh _5kigjh) '

In view of the condition (2.1) and using (1.14), we can written above
equation as

(2.2) B, Bijli<h = aIijIi<h +by, (5jigkh _5kigjh)_2yt:um B (§jiCkhI _5kith|) ;

where a,, =B, + 1,4 and b, =4, 4 + By, are non-zero covariant tensors
field of second order known as recurrence tensors .

Definition 2.1: A Finsler space F, which Cartan's second curvature
tensor Pjikh satisfies the condition (2.2) will be called a generalized

BP —birecurrent space and the tensor will be called a generalized
B—birecurrent and we will be denoted them briefly asG(BP)-BRF, and

GB - BR, respectively.
Remark 2.1: The condition® BB, P, =a,P . P, =0, looks as a
birecurrent. Also consider as a particular case of the condition (2.1), but it
doesn't do.

Let us consider a G(BP)- BRF, which is characterized by the condition
(2.2).



On Certain Generalized BP-Birecurrent Finsler Space 69

Transvecting the condition (2.2) by y’, using (1.13), (1.18), (1.4b), (1.1)
and (1.6a), we get

(2.3) B,B,P: = a,Ps +by, (yigkh -8 yh)_ 2y' 1B, (inkhI ) -

Thus, we conclude

Theorem 2.1: Berwald's covariant derivative of the second order for
the (v)hv-torsion tensor P, given by eq. (2.3) in G(BP)-BRF, .

Contracting the indices i and h in the condition (2.2), using (1.21a), (1.4c)
and (1.6b), we get

(2.4) BB, Py =an Py -

1=m" jk

Contracting the indices i and h ineg. (2.3) and using (1.21b), (1.1), (1.4a)
and (1.6a), we get

(2.5) BB, P =a,P.
Transvecting eq. (2.5) by y*, using (1.18c) and put (y,y* =1), we get
(2.6) BB P=aP.

Thus, we conclude

Theorem 2.2. The P—Ricci tensor P, , the curvature vector P, and the
curvature scalar P behave as birecurrent in G(BP)—-BRF, .

Taking B-covariant derivative for (1.22) twice with respect to x"
and x', respectively, using the condition (2.2), we get

BB, (_Sjikh| y' ) =8 (Pj|i<h — Py ) +by, (5hi O — %9 )

_Zytﬂm B, (5hicjk| - 5kith| )
Using (1.22) in above equation, we get

(2-7) BI Bm (_Sjikh| yIr ) =4 (_Sjikh| yr ) + blm (5higjk - 5kigjh)
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_Zytﬂm B, (5hicjk| - 5kith| ) .

Thus, we conclude
Theorem 2.3. Berwald's covariant derivative of the second order for
the tensor (-Sj,,,y") given by eq. (2.7) in G(BP)- BRF, .

Taking B-covariant derivative for (1.23) twice with respect to x"
and x', respectively, and using the condition (2.2), we get

BI Bm (Ckihu +Csij Pkr? - J / k) =4, (lei<h - ijih)+ Yim (5jigkh _5kigjh)
-2y'a,B, (5jickh| _5kicjhl) ’

where y,, =2b,,, a, =24, .
Using (1.23) in above equation, we get

BB, (Ckih|j +Csijpkr? - j/k):alm (Ckih|j +Csijpkrs{ -] /k)
T im (5jigkh _§kigjh)_2ytam Bt (5jiCkh| _5kicjh| )

Thus, we conclude
Theorem 2.4. The tensor(Cy,;+CiP; —j/k)is a generalized B-

birecurrent in G(BP)-BRF, .

3. Necessary and Sufficient Condition for Some
Tensors to be Generalized B-Birecurrent

In this section, we will shed light about the necessary and sufficient
condition for some tensors to be generalized birecurrent in a G(BP)-BRF,

which is characterized by the condition (2.2) . For a Riemannian space V, ,
the projective curvature tensor P, (Cartan's second curvature tensor )
defined as follows"

i i 1, . i
(3-1) ijh = Rjkh _5(5hRjk _§kth)
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Taking B-covariant derivative for eq. (3.1) twice with respect to x" and
x', respectively, using the condition (2.2) and eq. (3.1) in the resulting
equation, we get

(3-2) BI Bijikh = aIijikh + blm (é‘jigkh _5kigjh ) - 2ytﬂm Bt (6jickhl _5kithI )

_%alm (5hiRjk -3, th)J%BI B, (5hi Rik _5kith) '

This shows that
BI Bijikh = aIijikh + blm (é‘jigkh _5kigjh ) - 2ytﬂm Bt (6jickhl _5kithI )!
if and only if

(3.3) BB, (G Ry — /Ry ) =, (81Ry — &Ry, ).

1=m

Thus, we conclude

Theorem 3.1: In G(BP)-BRF,, for n=4 , Cartan's third curvature
tensor R, is a generalized B-birecurrent if and only if the tensor

(8iRy — Ry, ) is birecurrent.
Transvecting the condition (3.1) by y', using (1.18), (1.15b) and (1.16b),
we get

[ R i
(3.4) Ro =Hi _5(5th -9 Rh) :

Taking B-—covariant derivative for eq. (3.4) twice with respect to x™ and
x', respectively, using eg. (2.3) and eq. (3.4) in the resulting equation, we
get

(3.5) BB, Hy, =a,Hy +by, (yigkh -5 Yh)_zytﬂth (inkhI)

—%a,m (8,R, —5;Rh)+%5, B, (6,R. — 5R,).

This shows that
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(3.6) BB, Hyy =2 Hy, + b (Y G =30 ¥ ) = 2Y 24, B (Y'Ci )
if and only if
(3.7) BB, (SR, — &R, ) =2, (5R — &R, ).

Thus, we conclude

Theorem 3.2: In G(BP)-BRF,, for n=4, Berwald's covariant deriva-
tive of the second order for the torsion tensor H, of Berwald curvature
tensor given by eq. (3.6) if and only if the tensor(ég R -6, Rh) is birecurrent.

Using (1.15a) and (1.16a) in (3.1), we get

(3.8) leih = Kjikh +CjisHkT1 _%{(Kjk +ersHksr)5hi _(th +ersHhsr)5ki}-

Taking B-covariant derivative for eq. (3.8) twice with respect to x™ and

x', respectively, using the condition (2.2) and eq. (3.8) in the resulting

equation, we get
BB, K o = 8K jiy + b (6] 9 = 6,950 ) — 2 14,8, (86;Cu = 6,C )
+a, (C;SH;h)—%a,m {(Kjk +CiHS )8 - (K, +cj;H;r)5;}
-B |3m(cj‘SHk;)+%BI B, {(KJ.k +CiHg )8 - (K, +C,-2Hhi)5ki} .
This shows that
BB, K i = 8K i + b (3] 9y = 6,90 ) — 2 14, (8Cyy = 6,C ),

if and only if

(3.9) %B B {(KJ.k +CrHE )8 = (K, +erSHh5r)é‘ki}—B,Bm (CLH)

1=m js

:%a'm {(Kik +C12Hksr)5hi _(th +erSHhSr)§ki}_alm (CjisHkTw) :
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Thus, we conclude
Theorem 3.3: In G(BP)-BRF,, for n=4, Cartan's fourth curvature
tensor K, is a generalized B-birecurrent if and only if eq. (3.9) holds .

Using (1.15b) in Bianchi identity (1.17), we get

(3-10) Rijrk|h + annk + Ril:h|j Z_(szpijg + Hjipr +Hy P ) :

ihs hj ks

Taking B-—covariant derivative for eq. (3.10) twice with respect to x™ and

x', respectively, using the conditions (2.1) and (2.2) in the resulting
equation, after that using eq. (3.10), we get
BI Bm (Rijrk|h + Rir:j|k + Ril:mj ) =a, (Rijrk|h + Rir:j|k + Ril:h|j)
-by,, (5irgjsHksh _5jrgisHksh +5irgthjSk _é‘hrgisHjsk +5irgkst?j _5krgisH;j)
_2ytﬂth (é‘irc Hlfh _é‘jrcisl Hksh +5irChsLHjSk _5hrc Hjsk +§ierslHr?j

jsl isl

_5eris|Hr?j)_A1 (Pij;BmHk; + PihrsBmHjSk + I:’ikrsBmHh?)_;i’m (PinglHk;
+F)ihrsBIHji + I:)ikrsBmHhsj)_lul {(é‘irgjs _5jrgis)BmHk?1 +(§irghs _6hrgih)BmHjSk
+(5irgks _5krgis)BmHh?}_lum {(é‘irgjs _5jrgis)BlHkss +(5irghs _é‘hrgih)BlHjT(

ijs

+(5irgks _5krgis)Bthj}_{(BleHjsk)Pihrs +(BIBmHh?)Pikrs +(B|Bmka1)Pr} .

This shows that
(3-11) BI Bm (Rijrk|h + Rif:j|k + Ril:mj ) =a, (Rijrk|h + Rif:j|k + Rill<'h|j ),
if and only if

(3-12) _blm (@rgjsHksh _EjrgisHksh +5irgthjsk _5hrgisHjsk +§irgker?j _5krgisH;j)

_Zytﬂm Bt (é‘ircjsl Hlfh - 5jrCis| Hksh + 5irChsLH jsk - 5hrcisl H jsk + 5iersI Hr?j

_5erislHr?j)_ﬂ1 (PingmHk; + PihrsBmHjT( + Pik;BmHh?)_ﬂ’m (P'rBIHk;

ijs
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+PBH j + PikrsBmHhsj)_:ul {(é‘irgjs _5jrgis)BmHksh +(5irghs _5hrgih)
B H +(8 0 — 8/ 0 ) BuHi |~ 14 (879, — 67 0, ) B H
+(8" 90 ~ 69, )BH; +(570, —5kfgis)B,Hh§}—{(B,BmH;k)Pih;
+(BB,H, )RL +(BB,H )R | =0.

Transvecting (3.10) by y', using (1.15b), (1.9) and (1.18), we get

(3.13) H i + Hijpe + Hityy == (Ha P+ HE R+ HERS ).

Transvecting the condition (2.1) by vy', using (1.18), (1.13), (1.4b) and
(1.1), we get

(3.14) By P = AnPs + £ (yigkh -5 Yh) .

Taking B—covariant derivative for eq. (3.13) twice with respect to x' and
x™, respectively, using egs. (3.14) and (2.3) in the resulting equation, after
that using eqg. (3.13), we get

BI (Hjllh + Hh;\k + Hkrhlj ) :alm (Hleh + Hh:'\k + HkLlj)

B, {(yrgjs _5jrys)Hlfh +(yighs _é‘hrys)HjSk +(yigks _é‘krys)Hr?j}

-2y' 1, B, (yrcjsl Hi +Y'Cy H jsk +3,Cyq Hr?j )

_ﬂ1 (PjserHan + Pth Hjsk + PksrB Hhsj)_;tm (PjsrBIHk;

m m

+RIBH +RIBH )= {(Y'95 =5/ Ye ) BoH + (Y 0 — 61V )
BoH (Y 0 — 87V ) BoHe } = 1 { (Y795 — 67 v, ) B H

+(Y G — G Yo ) BH + (Y G —5k'yS)B,Hh§}—{(B,BmH;k)Phg
+(BB,Hy ) Pe +(B,BmH;h)Pj;}.

This shows that
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(3-15) B, Bm(HjL\h + Hh;|k + Hk;ﬂj):alm (HjL|h + Hh2|k + Hkrh|j) J
if and only if

(316) B (¥ 9.8V ) HE + (¥ 0 — 8 Y, ) H + (Y0 — 87y, Hy |
+2Y' 14,B,(Y'CyHg + Y Coy Hiy +5'CiyHy )
+4 (PiB,Hy + PiB,Hy +PIB Hy )+ 4, (PiB H,;
+ReBH; +RIB,Hy )+ 14 {(yfgjs — 57y, ) By H + (Y 9 — 57 Ve )
BoH (Y 0 =80V, )BuHi b+ 0 { (¥ 95 — 5 y. ) BIHS
+(Y G — G Yo ) BH G + (Y G —§k'yS)B,th}+{(B, B,H )Py

+(BBHy )R+ (BB,H;, )P:{ =0

The equations (3.11) and (3.15) show that the tensors (R, + Ry + Ry )

and (H jan + Huju + HkL“-) behave as birecurrent if and only if egs. (3.12) and
(3.16) respectively, holds. Thus, we conclude

Theorem 3.4: The behavior of the tensors and (H ,, +Hyj, +H,;) as

birecurrent if and only if egs. (3.12) and (3.16), respectively hold in
G(BP)-BRF,.

Differentiating eq. (2.3) partially with respect to y’, using (1.4d), (1.5)
and (1.2), we get

8j (B, B, ) = (8jalm ) P + 2y, (aj P ) + (ajblm )(yigkh -8, yh)
+by,, (5jigkh + 2yicjkh _§kigjh ) -2y'4,B, (5jiCkh| ) .

Using the commutation formula shown by (1.12) twice for the tensor
(Brn Pk‘h) and then use it for the tensor P, in above equation, we get

BB, (0,Ps)+B, (RuGry )~ B (PiG/y )~ B (PG )

mjk kr ~mjh
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_(Br Pk:])Gjrlm +(Bmpkr:)Gljir _(Bmprii])Gljrk _(BmPk: )Gljrh
= (8jalm ) Pa + 2y, (aj Pa ) +(8jblm )(yigkh -5 Yh)
+by,, (5jigkh + Zinjkh _§kigjh ) - 2yt,um B, (§jiCkhI ) .

This shows that

(3-17) BB, (8ij:1):: ap (ajpk:m)’
if and only if
(3-18) BI (Pkr:Grr:jr ) - BI (PrlimGn:jk ) - BI (Pklian:jh)

~(B,P4)Gjim +(BnPut )Gy

_(Bm Pni )Gljrk _(Bm Pk: )Gljrh
:(8jalm)Pkri1 +(6jblm)(yigkh - kiyh)
+by,, (ajigkh + 2yicjkh _5kigjh ) - 2y[ﬂm B, (5jiCkh| ) .
biﬁerentiating eq. (2.4) partially with respect to y" using (1.2), we get
8h (BI Bijk ) = (ahalm ) ij + 8y (ahpjk ) '

Using the commutation formula shown by (1.12) twice for the tensor
(B,,P; ) and then use it for the tensor P, in above equation, we get

BB, (01Py )~ B\ (PGuy )~ B (Pi G ) — (B Py ) Gy
~(B.P4 )Gy = (B, Py )Gin = (8181 ) P + 21 (84Py ) -
This shows that
(3.19) BB, (0P ) =am (3,Py ).

if and only if
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(3.20) B, (PsGoy )+ B (P Gon )+ (B Py )Gt + (B, P )Gy
+(B,P; )G + (848 ) Py =0.
Differentiating eq. (2.5) partially with respect to y!, we get

8](BIBmPk):(8jalm)Pk +a|m(8jpk)'

Using the commutation formula shown by (1.12) for the tensor (B,R,) and
then use it for the tensor P, in above equation, we get

BI Bm (a] Pk ) - BI (Pan:jk ) - ( Br Pk )Gljrm + (BmPr )Gljrk

=(6ja,m)Pk+a,m(8ij).

This shows that

(3.21) BB, (9,R.)=a.(dR),
if and only if
(3.22) B, (PG )+ (B.P.)Gy, +(B,P )Gy +(0;a,, )P, =0.

The equations (3.17), (3.19) and (3.21) show that the tensors (oR;),

(0,Px) and (9;R,)be have as birecurrent if and only if egs. (3.18), (3.20)
and (3.22), respectively holds. Thus, we conclude

Theorem 3.5. The behavior of the tensors (d,R;,),(3,P; ) and(d;R, )as

birecurrent if and only if egs. (3.18), (3.20) and (3.22), respectively hold in
G(BP)-BRF,.

Using the definition of the covariant derivative in sense of Berwald for the
hv — curvature tensor PJ.‘kh shown by (1.11) with respect to x™, we get

Bm leim = arn lei<h + le:hGrim - Prlith:n - Pj:'thrm -P,

jkr

Ghrm - (ar lei<h )Gr; .
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Using (1.20) in above equation, we get

Bm lei<h = ampjlim + le:hr:n: - Prllhrrn: - Pjirhrl:n: - leirr:n: _(arpjli(h )Gn:
= le:h Prrln - Prll<h Pjrrn - F)j:'h Pkr:] - PJII« Phrrn :

Using the definition of the h-covariant derivative in sense of Cartan
shown by (1.8) with respect to x™ in above equation, we get

(3.23) B.Pin = P + PinPrn — PP — P

jkh' rm rkh" jm jrh

M

jkr

r
Pim-

Taking B—covariant derivative for eq. (3.23) with respect to x' and using
the condition (2.2), we get

B, lei<h|m =a, lei<h +b, (5ji Oin — 5ki Oin ) -2y'u, B, (5jickh| - 5kithI )

B, (PyP — PPy — Py

jkh® rm rkh® jm jrh

Pkrrn - lei« Phrrn) :

This shows that

(3-24) BI lei<h|m =a leim + blm (5; O — 5ki gjh ) - 2ytlum Bt (5jickh| - 5kicjh| ) )
if and only if
(3-25) BI (leih Prlin - Prlih Pjr:1 - Pjirh Pkr:] - lei« Phrrn ) =0.

Thus, we conclude

Theorem 3.6. The covariant derivative in sense of Berwald with
respect to x'of the h—covariant derivative in sense of Cartan with respect
to x" for Cartan’s second curvature tensor P,, which given by eq. (3.24)

is a generalized birecurrent if and only if eq. (3.25) holds.

Remark 3.1: we used a generalized birecurrence property for both, sense
of Berwald and Cartan’s covariant derivative for some tensors.

Remark 3.2: In G(BP)-BRF,, for the hv—curvature tensor Pj,, the

covariant derivative in sense of Berwald coincides with the h- covariant
derivative in sense of Cartan if and only if eq. (3.25) holds.
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These (Remark 3.1 and Remark 3.2) will be true for another tensors in
the following discussions and theorems. Transvecting (3.23) by y’, using
(1.18), (1.13), (1.9) and (1.19), we get
(3.26) B.Pa = Raym + PorPin = PP = PP -

Taking B—covariant derivative for eq. (3.26) with respect to x' and using
eq. (2.3), we get

B, Pkriﬂm =a,P; +b, (yigkh —8 Yy ) -2y'u,B, (yickhl )

_BI (Pkr: Prrin - Prtl1 Pkr:q - Pk: Phrrn ) :

;I'his shows that

(3.27) B, Pkriwm =a,Py +b, (yigkh — &Y ) -2y'u,B, (inkhI ) !
if and only if
(3.28) B, (Pkr: Prrin - Prli1 Pon — Pki P ) =0.

Thus, we conclude

Theorem 3.7: The covariant derivative in sense of Berwald with
respect to x'of the h—covariant derivative in sense of Cartan with respect
to x™ for the (v)hv-torsion tensor P, given by eq. (3.27) if and only if eq.
(3.28) holds.

Contracting the indices i and h in (3.23), using (1.21a), we get

BnPik = Pim + leiu P —Pu Pjrrn - Perkr; - PjII«Pinr\ ,
or
(3.29) B Pi = Pym — P Pjrrn —P; P -

Taking B—covariant derivative for eq. (3.29) with respect to x' and using
eq. (2.4), we get

B\Pym =Py = B, (PP + Py Pan ) -

rk’ jm
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This shows that

(3.30) BPiim = nPic»
if and only if
(3.31) B, (PyPyr, + PP ) =0.

Contracting the indices i and h in (3.26), using (1.21b), we get

BP. =Rim * Ri P — PR — PP,

or
(3.32) B.P. =P

kim

-PPR,,.

Taking B-covariant derivative for eq. (3.32) with respect to x' and using
eq. (2.5), we get

B Pk|m =a, R -B, (PrPkrrn) '

This shows that

(3.33) B Rn =P
if and only if
(3.34) B,(PPy)=0.

The equations (3.30) and (3.33) show that when the covariant derivative in
sense of Berwald coincide sense of Cartan, the behavior of the P—Ricci
tensor P, and the curvature vector P, as birecurrent if and only if egs.

(3.31) and (3.34), respectively hold . Thus, we conclude
Theorem 3.8: The covariant derivative in sense of Berwald with

respect to x' of the h— covariant derivative in sense of Cartan with respect
to x™ for the P — Ricci tensor P, and the curvature vector R behave as

birecurrent if and only if egs. (3.32) and (3.35), respectively hold .
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4. Conclusion

We introduced the generalized BP-birecurrent Finsler space, we
proved that some tensors satisfy the generalized birecurrence property, we
got Berwald's covariant derivative of second order for some tensors, we
obtained some tensors are non-vanishing, we proved that the covariant
derivative in sense of Berwald coincides with the h- covariant derivative
in sense of Cartan, also we found the necessary and sufficient condition for
some tensors to be generalized birecurrent in sense of Berwald, we
obtained that the behavior of some tensors as birecurrent in this space.
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