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Abstract: In the present paper a fixed point theorem on five metric space
is established. This theorem generalizes and extends the result obtained
by Luljeta Kikina and Kristag Kikina' from four metric spaces to five
metric spaces. Further, a generalization of the Theorem 1.2 proved by
them' is obtained as corollary of our theorem.
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1. Introduction

R. K. Jain, H. K. Sahu and B. Fisher® proved the following fixed point
theorem.

Theorem 1.1.Let (X,d,), (Y.d,)and (Z,d;)be complete metric spaces.
Let T:X ->Y,S:Y—>Z,R:Z—>X be three mappings satisfying the
following inequalities:

d, (RSy,RSTx) < —=
d, (TRz,TRSy) <=

d, (ST, STRz) < 222%)
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forallxe X, yeY and ze Z for
which g,(x,y)#0, g,(x,y)#0, g,(z,x) #0, where 0<c<land
fi(x, y)=max{d, (x,RSTx)d, (STx); d,(x,RSTx)d,(y,TRSy);
d,(x,RSy)d,(y,Tx)},

1> (y,2) =max{d,(y,TRSy)d,(Rz, RSy); d,(y,TRSy) d,(z,STRz);
d, (y,TRz) }d;(z,5y)},

f; (z,x) =max{d,(z,STRz) d,(Tx,TRz); d,(z,STRz) d,(x,RSTx);
d, (z,8Tx) }d, (x,Rz)},
g,(x,y) = max{d,(x,RSy), d,(x, RSTx) d,(Tx,TRSy)},

gz(y, Z) = max{dz(y’TRZ)’ dz(yaTRSy) d3(SyasTRZ)}a

85;(z,x) = max{d,(z,STx), d,(z,STRz) d,(Rz,RSTx)},

Then RST has a unique fixed point & € X, TRS has a unique fixed point
pBeY, and STR has a unique fixed point ye Z. Further Tax=p, SB=y
and Ry=a.

The following theorem is proved by LuljetaKikina and Kristaq Kikina':

Theorem 1.2. Let (X.d,), (Y.d,), (Z,d,)and (U,d,) be complete metric
spaces. LetT:X -Y,S:Y—>Z,R:Z—>Uand Q:U— X be four
mappings satisfying the following inequalities :

F (x,
d, (ORSy, ORSTx) < hlxy)
G, (x.y)
F,(y,

d, (TORz, TORSy) < M,
G, (y’ Z)
cF,(z,u

d, (STQu,STORz) < L,

| G, (z.u)

cF, (u,x)

d,(RSTx,RST <
4( X Q”) G, (u,x)

’

forall xe X,yeY,ze Zand ueU for which
G, (x,y)#0,G,(y,2) #0, G,(z,u) #0,G, (u, x) #0, where 0<c <land
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fi(x, y)=max{d,(x,ORSTx)d, (RSy, RSTx); d,(x,ORSTx)d,(Sy, STx);
d,(x,QRSTx)d,(y,TORSy); d,(x,QRSy)d,(y,Tx)},

Ly, 2)=max{d,(y,TORSy)d, (ORz,ORSy); d,(y,TORSy)d,(Rz, RSy);
d,(y,TORS)d;(z,STORz); d,(y,TORz) d;(z,Sy)},

fi(z,u)=max{d,(z,STORz)d, (TQu,TQORz); d,(z, STORz)d,(Qu,ORz);
d,(z,STORz)d,(u, RSTQu); d,(z,STQu)d,(u,Rz)},

fi(u,x)=max{d,(u,RSTQu)d, (STx,STQu); d,(u, RSTQu)d,(Tx,TQu);
d,(u,RSTQu)d,(x,ORSTx); d,(u, RSTx)d,(x,Qu)},

G, (x,y) = max{d,(x,ORSy), d,(x,QRSTx), d,(Tx,TORSY)},

G,(y,2) =max{d,(y,TORz), d,(y,TQRSY), d,(Sy,STORz)},
G, (z.u) = max{d,(z,STQu), d,(z,STORz), d,(Rz, RSTQu)},
G, (u, x) = max{d,(u, RSTx), d, (u, RSTQu), d,(Qu,QRSTx)},

Then QRST has a unique fixed point ¢ € X, TQRS has a unique fixed
point €Y, STOR has a unique fixed point y€ Z and RSTQ has a unique
fixed point 6€ U. Further Ta =3, SB=y, Ry=0 and Q5=a.

In this paper we obtain a new result (cf. Theorem 2.1) concerning fixed
points for mappings on five metric spaces. We generalize and extend the
result of theorem 1.2 for four metric spaces to five metric spaces. As a

corollary of our theorem we obtain a new theorem which generalizes the
theorem 1.2.

2. Main Results

Now, we will give and prove our theorem as follows:

Theorem 2.1. Let (X ,d,),(Y.d,),(Z,d,),(U,d,)and (V,ds) be complete
metric spaces. LetT : X - Y,S:Y—>Z,R:Z—>U —>Vand P:V — X be
five mappings satisfying the following inequalities:
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(1) 4, (PORSy, PORSTx) < A ().
B, (x’ y)
2) d, (TPQRz, TPQRSy) < A (r.2)
B,(y,z)
3) d,(STPQu, STPQRz) < A (zu)
B, (Z”")
) d, (RSTPv, RSTPQu) < Auy),
B, (u,v)
) d, (ORSTx,QRSTPv) < oA (),
B, (v,x)

forall xe X, yeY, ze Z, ueU and veV, which
B, (x,y)#0,B,(y,2)#0, B,(z,u)#0, B,(u,v)#0, B,(v,x)#0, where
0<c<land

A (x,y)=max{d,(x,PORSTx)d,(ORSy, ORSTx); d,(x, PORSTx)} d,(RSy,
RSTx); d,(x,x)d, (Sy,STx); sd,(x,PORSTx)d,(y,TPORSy);d,(x, PORSYy)
d,(y,Tx)},

A, (v, 2) =max{d,(y,TPORSy) d,(PORz, PORSy); d,(y,TPQRSy)} d5(ORz,
ORSy); d,(y,TPQRSy)d, (Rz, RSYy); d,(y,TPORSy) d,(z,STPQRz);
d,(y,TPQRz) d;(z,Sy)},

A, (z,u) =max{d,(z, STPORz) d,(TPQu,TPQORz); d,(z,STPQORz)} d,(PQu,
PQOR?); d,(z,STPORz)d, (Qu,0Rz); d,(z, STPQRz)d, (u, RSTPQu);
d,(z,STPQu)d,(u,Rz)},

A, (u,v)=max{d,(u,RSTPQu)d,(STPv,STPQu); d,(u, RSTPQu)} d,(TPv,
TPQu); d,(u,RSTPQu)d, (Pv, PQu); d,(u, RSTPQu) d,(v,OQRSTPv);
d,(u,RSTPv)d,(v,Qu)},

A; (v,x) =max{d;(v,QRSTPv)d,,(RSTx,RXTPv); d,(v,OQRSTPv)} d,(STx,
STPv); ds(v,QRSTPv)d, (Tx,TPv); d,(v,QRSTPv)d,(x, PORSTx);
d;(v,ORSTx)d, (x,Pv)}.
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B,(x,y) = max{d (x, PORSy), d,(x, PORSTx), d,(Tx,TPQRSY)},

Bz(y, Z) :max{dz(yaTPQRZ)9 dz(y’TPQRSy)9 d3(Sy’STPQRZ)},
B,(z,u) = max{d,(z,STPQu), d,(z, STPQORz), d,(Rz, RSTPQu)},

B,(u,v) = max{d,(u,RSTPv), d,(u, RSTPQu), d,(Qu, ORSTPv)},
B;(v,x) = max{d(v,QRSTx), d,(v,QRSTPv), d,(Pv, PORSTx)}.

Then PQRST has a unique fixed point e X, TPORS has a unique fixed
point €Y, STPOR has a unique fixed point ye Z, RSTPQ has a unique
fixed point seU, and QRSTPhas a unique fixed point ueV.Further
Ta=p8, SB=y Ry=90, Qd=u, Pu=a.

Proof : Let x, € X be an arbitary point. We define five sequences (xy),
(Yn), (Zn), (up) and (v,) with X, Y, Z, U and V respectively as follows :
X,=(PORST)' X,; y,=Tx, s Z, =Sy, ;u,=RZ, ; v, =Qu,forall n.

We assume that X, 6 #X .., vy, #y,.,,Z%, #Z,,,,u,#u,, and V #V

n+l? n+l

for some n, then y ., =y, .5, 2,,) = Zp> Uy = U =V .,and we could

n+2° n+1 n+2
pUt'xn =a, yn+1:ﬂ’ Zopt =Y. u _5 Vn+1 /’llfyn _yn+l’then
2, =2, UV, =V, and the lter equalities imply that x, = x

Taking z=z,, and y = yn in (2), we obtain :

(yn’ Ly 1)

B, (¥,204)

:cmaX{dZ(yn’yn+1)dl( nl’ ) (yn’yn+1) (nl’ )}
max{dZ(yn’ n)’dZ(yn’yn+l)’d3(zn’zn)}

dZ(yn’yn+l)d4(un 1’ ) d (yn’yn+l)d (Zn—l’zn);
dZ(yn’yn)d3(Zn—l’Zn)}
max{dZ(yn’yn);dZ(yn’yn+l);d (Zn’Zn)}

dl('xn 1> ) ds (V” ¢ )
cmax{dz(yn,yn+1)|:d4(un o, ),ds(z, 4,2, )}}

dZ(yn’yn+l)

(6) d, (yn’yn+l):d2 (TPQRZn 1»TPORSYy, )
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emax{d, (x, .x,).dy (2.2, ).d, (u,.u,).ds (v, ,.v,)}-

n—1°"n n—-1°"n n—1°"n
Taking u = u,.; and z = z, in (3) we obtain :

dy(z,.2,,)=d,(STPQu, ,.STPORz,) < Aeyttyy)
B3 (Zn ’ un—l )

— ¢ max{d3 (Zn 4 Zn+l )d2 (yn 4 yn+1 )’ d3 (Zn 4 Zn+1 )dl (‘xn—l 4 ‘xn )’}
maX{d3 (Zn ’ Zn )’ d3 (Zn ’ Zn-%—l )’ d4 (un ’ un )}
d3 (Zn’ Zn+1)d5 (vn—l’vn);d'j (Zn’ ZrL+l)d4 (un—l’un);
d3 (Zn’ Zn )d4 (un—l’un )}
maX{dS (Zn’ Zn);dS (Zn’ Zn+1);d4 (un’un )}

d, (yn’ yn+1)’dl (‘xnl"xn)’:|}

dj(v v),d4(u u)

n—=1°"n n-1°>""n

¢max {dS (Zn’ Zn+1 ){

d3 (Zn 4 Zn-%—l )
= Cmax{d2 (y” N yn+1 ), dl ('xn—l D -xn )’ ds (vn—l ) vn )’ d4 (un—l ’ un )}
and using (6) we obtain :

cd, (xn—l’xn)’Cd3 (Zn—l’zn)’
(7) d3(Zn’Zn+1)ScmaX Cd4 (M u )’CdS (vn—l’vn)’

n—1°""n

dl(x x),ds(v v)d4(v v)}

n—-1>""n n-1°"n n-1°"n

=cC max{d1 (xn—l s Xy )’ d, (Zn—l <y )7 d, (unfl U, )7 ds (V v )}

n-1°>"n
Taking u = u, and v = v, in (4) we obtain :
CA4 (un ’ vn—l )

B, (u,.v,,)
_ cmax{d, (i1, )y (2, 2 (01,0 )5 (9, 9,00 )
maxid, (u,.u, L d, (u, 1, ) ds (v, v, )}
d, (1,0 )d, (x,20.x,)d, (1,0 ) ds (9,559, );
d,(u,u,)ds(v,.v,))
max{d4 (1, )3, (01,0 )3ds (9,9, )}

d,(u,.u,,)=d,(RSTPv, ,,RSTPQu,) <
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dS(Zn’Zlﬁ—l)’dZ(yn’ynH)’
¢ max d4 (un’un+l)

dl ('xn—l"xn)’dS (Vn—l’vn)
d4(un’un+l)

= CmaX{d3 (Zn’zn+1)’d2 (yn’yn+1)’d1 ('xn—l"xn)’dS (vn—l’vn
and using (6) and (7) we obtain :

Cdl(x x),cd3(zn_1,zn),cd4(u ”)’

n—1°"n n—-1°>""n

3 d,(u,,u. )< cmax
() 4( n 1) {cd5 V. .,V )9cd1('xn—l’xn)’

n-1°"n

CdS (anl > Zn )’ Cd4 (unfl 4 un )’ CdS (vnfl > vv )’ dl (xnfl 4 Xn )’ dS (vnfl > vn ) }

=C maX{dl (.x”_l N 'xn ), d3 (Zn—l ’ Z,, )’ d4 (un—l H Mn )’ dS (vn—l ’ vn )}
Taking v = v, and X = X;,.; in (5) we obtain :
CAS (vn 4 xn—l ) _

By(v,.x,,)
_emaxids (v, v, )dy (0, ) ds (v, )45 (2, 2,00 1)
max{d;(v,,v, kds (v, v, 1 d, (v, v, )}
d; (vn’vn+1)d2 (yn’ yrH—l);dS (vn’vn+1)d1 ('xn—l"xn);
ds (v,.v,)d, (%, %,)}
max{ds (vn’vn);dS (Vn’ e+l ) 2d, (vn’vn )}

d4 (un’un+l)’d3 (Zn’ZnH)’
cmax<ds(v,,v,,,)

d2 (yn’yn+1)’dl ('xn—l"xn)
dS (vn’vn+1)

= CmaX{d4 (un s un+1 )’ d3 (Zn b Zn+1 )’ d2 (yn b yn+1 )’ dl (xnfl 4 xn )}
and using (6), (7) and (8), we obtain :

d,(v,,v,,,)=d,(QRSTx, ,,ORSTPv, )<

)]
cd, ('xn—l"xn)’Cd3 (Zn—l’zn )’Cd4 (un—l’un)’
cds (v, ,,v,).cd (x,_.x,),cds(z2,,,2,),
ds (Vn,anrl)Scmax 5( n—1 ) 1( 1 ) 3( 1 )
Cd4 (unfl’un )’CdS (anl’vv )’Cdl (xnfl"xn )’
cd, (Zn I’Zn)’Cd4 (un—l’un)’CdS (Vn—l’vn)’dl ('xn—l"xn

75

)j
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dS (Vn’vn+1)S CmaX{dl ('xn—l’xn)’d3 (Zn—l’Zn)’d4 (un—l’un )’dS (vn 1’ ) }Tak
ing X =X, and y =y, in (1) we obtain :

d,(x,.x,.,)=d,(PORSy,, PORSTx,) < A lx,,5,)
B (xn ’ yn )
— CmaX{d ()C xn+l ) ( Vunt ,d ()C s X ) (u U, )’}

n X
max{d ( )d (x > Xt )’dz (yn+1’yn+1 )}
dl ('xn"xn+1)d3 (Zn’ZnH) d ('xn"xn+l)d2 (yn n+1)

dl ('xn’xn)dZ(yn’yn+l)}
maX{dl('xn"xn);d ( n+1)’d2(yn+l’yn+l)}

( 1), ( n+1)’
) cmaX{d (Xn xn+1)|: (Zn’Zn+1) (yn’yn+l):|}

- dl ('xn ’ 'xn+l )
=cC maX{dS (vn ’ vn+1 )’ d4 (un ’ un+1 )’ d3 (Zn ’ Zn+1 )’ dZ (yn 4 yn+l )}

and using (6), (7), (8) and (9), we obtain :
d, (xn—l’xn )’d3 (Zn—l’zn )’
d, (un—l’un )’ds (Vn—l’vn )}’

It now follows by induction on using inequalities (6), (7), (8), (9) and (10)
that :

(10) d(x,x, )< cmax{

A
23
)
=
—_
<
<
S
~
X
—_
=~
N<
~
——

»—AQ‘
= —_ —_ —
Ry
-
Ra
-
QU
w
— — — —_ —_
23
. = . .
. .
23
(IS}
~
-
QU
~
—_
<
S
-
<
[\S]
~
-
IS
W
—_
=
-
<
[\S]
~
——
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Since 0<c <1, the sequences (X,), (Vn), (zn), (uy) and (v,) are Cauchy

sequences.Since (X, dy), (Y, dy), (Z, d3), (U, ds) and (V, ds) are complete
metric spaces, we have:

lim,__x =aeX; lim, __y =pcY;lim __z =yeZ,

n—o “'n

lim  u =58€U;lim

n—e “'n n—seo Vn

=ueV;

Taking x=x, and y = in (1) we obtain :

CAl(xn’lB):
Bl(xn’ﬁ)

_¢ maX{d1 ('xn s Xt )ds (QRSIB’ Ve ); d, ('xn s X1 )d4 (RSIB’ U, )’}
max{d1 (‘xn ) PQRSIB); d, (‘xn > X ); d, (yn+1 ’ TPQRS,B)}

d, ('xn"xn+l)d3 (S:B’ Zn+l);dl ('xn"xn+l)d2 (,B,TPQRS,B);
d,(x,,PORSB)d,(B.y,.)}
max{d, (x,, PORS B);d, (%, %,.,);d; (.., TPORS B)}

d,(PORSB, x,.,) = d,(PORS3, PORSTx, ) <

n+l

Letting n tending in infinity we getd, (PQRS S, ) <0 from which it follows
PORS B=q.

In the same way, using the inequalities (2), (3), (4) and (5) it can be
shown that

ORST =0, RSTPo =1y, STPQy=u, TPOR u = p.
Taking y=y, and z=sf in (2) we obtain :

d T1 QRS = CAZ(y ’516)

2 ,5, el d,\TPORS),TPORSy, )< —F—"—~ =
( y ) ( Q ,B Q y) l( N )
_¢ max{dz (yn, Yol )dl(PQRS,B, X, ); d2 (yn, Vsl )d5 (QRS,B, v, ),}

max{d, (y,.TPORSB).d,(y,, v, ):ds(z,, STPOSPB)}

d, (yn’ yn+l)d4 (RS:B’”n );dz (yn’ yn+l)d3 (S:B’ STPQRS:B);
d, (y,.-TPORSB)d,(SB.Z,)}
max{d, (y,,TPORS B):d, (y,:Y,.1):d; (z,,STPOS B)}

Letting n tending to infinity and since PQRS 8 =« we get
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cd, (B, TPRS B)d, (S B.5)
max{d, (v, TPORS §),d, (7.5Ta)}’

d, (TPORS B, ) <

We distinguish here two cases :

If max{d, (B8, TPORSB).d,(y,STa)} = d,(B,TPORSP)

we have

d, (TPORS B.B) = d, (Tat. B) < cmax{d, (8,TPRS B)d, (S ,)}

max{d, (y,,TPORS B).d, (y,ST )}

=cd, (SB.7).

If max{d,(B,TPORSPB),d,(y,STa)}=d,(y,STax)

andd, (B, TPORS 3) # 0 we have

cmax{d, (B, TPRSB)d, (SB.7)}
{ds (7. STQ')}

_ cd, (B.TPRSB)d, (SB.7)

B d, (B, TPQORS B)

b

T

d, (TPORS . B) = d, (T, B) <

=cd, (SB.7).
hus, we always have :

(11) d,(TPORSB,B)=d, (T, ) < cd, (S B, 7).

In the same way, taking z =z, and u = Ry using (3) we obtain :

cA; (z,.RY)
B,(z,,Ry)

— c maX{d3 (Zn > Zn+l )d2 (TPQR 7’ yn+l )’ d3 (Zn > ZVH—I )dl (PQR 7/’ xn )’}
max{d, (z,,STPORY).d,(z,.z,., ).d, (u,, RSTPORY)}

d, (STPQRY,z,,,) = d, (STPQRy,STPQRz, ) <

d; (Z’ Zont )ds (QR% Yy );ds (Zn » Lyl )d4 (R% RSTPQR7)
:d,(z,,STPQRY)d, (Ry,u,)}
max{d3 (Zn > STPQR7) ydy (Zn » Ll );d4 (”n ,RSTPQRJ/)}
Letting n tending to infinity and since TPQRy = [ we get
cd;(7.STPRy)d, (Ry.7)
max{d, (7,STPORy).d, (5,RS )}

<cd, (Ry,7).

d; (STPQRy,y) =d;(Sp.7) <
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Thus,
(12) dy(STPQRy.y) = d,(SB.7)< cd, (Ry.7).

In the same way, using the inequalities (4), (5), (9) and (10), it can be shown
that

(13) d, (RSTPQS,8) = d, (Ry,5) < cd, (Q5, 1),
and

(14) ds (OSTPu, p) = ds (Q0, 1) < cd, (Pu, @),
and

(15) d, (PORSTa,a)=d, (Pu,a) < cd, (Ta, ),

Using (11), (12), (13), (14) and (15), we obtain :

d,(TPORS B, B) =d, (Ta, B) < cd, (SB,7) < c*d, (Ry. ),
< 63d5 (Q5,ﬂ) < c4d1 (P,u, a'),S csd2 (Ta,ﬁ)

=c’d, (TPORS . B).
from which it follows
TPORSp=p;Ta=p;Sp=y; Ry=6;06=u; Pu=a.
0<c<l.
Since It is also obvious that

STPQRy =y, RSTPQ6 =6, QRSTPu = u, PORSTo = «.
Therefore, a, B, 7,9, and yli are  fixed  points of
PORST, TPORS, STPOR, RSTPQ and QRSTP.

Now let we show their unicity.Let assume now that & is another fixed
point of PQORST different from a.

Using the inequality (1) for y=T«a and x=a we get
d, (e, )= d,(PORSTe, PORSTer ) <
d (o .o )d;(QRSTar, ORST & );
¢ max
d (.o )d,(RSTa,RST );

- max{dl(a',a);dl(a',a');dz (Ta',Ta)} ’
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d(a.a)d,(STa.STa );d, (e .o )d, (T, TPORST cx);
d(a.a)d,(Ta.Ta')}

max{dl (a.a)d (a.a);d, (Ta",Ta')}

od (o, @)d,(Ta . Ta)
" max {dl (a', o ) .d, (Ta",Ta)}

If max{d1 (a,a’ ),d2 (Ta' ,Ta)}z d, (Ta' ,Ta) then we get
d, (a, a")S cd, (a',a) from which it follows & = o .

If max{d, (@, @ }d,[Te . Ta)}=dle,cr ), then
(16) d\(e,a )< cd,[Ta,Ta)
In the same way, taking z = STa and y = Ta in (2) we obtain :

d,(Te,Ta' )= d,(TPORSTa, TPORSTe! )<

d,(To ,;TPORSTC! )d, (e, & );d, (Tl Tar')
¢ max
d;(QRSTar, ORST ot );

- max{d,(Ta.Ta):d,(Ta . Ta ):d,(STa, STa)}
d,(Te/\Ta')d,(RSTa,RSTat );d, (Ter ,Ta' )d, (STer, STPQRST @)
d,(Te/ \Ta)d,(STa,STa! )}

max{al2 (Ta.Ta):d,(Ta . Ta);d, (ST, STa)}

B cd,(Ta ,Tad,(STa,STa)
" maxid, (T, Ta}d,(Ta ,Ta' }d,(STa , STa)}
<cd,(STa,STC).

Thus,
(17) d,(Te,Ta )< cd,(STa,STa),

By (3), for u=RST«a and z=STo we get
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(18) d,(STa,STa' )< cd, (RSTar ,RST ),
By (4), for v=QRSTa and u = RSTo we get
(19) d,(RSTa,RSTa/ )< cd, (QRST o/ ,QRST ),
By (5), for x=PQORSTo and v=0STo we get

(20)  d;(QRSTa,QRSTa )< cd, (PQRSTa ,PORST ) =cd, (& , @),

By (16), (17), (18), (19) and (20) it follows
d(a.a)<cd,(Ta.Ta )<c’d, (STa ,STa),
<c’d,(RSTa ,RSTa),
<c'd,(QRSTa ,QRSTa)<c’d, (&, ax),
which is impossible, since0 <c < 1.
Thus, ¢ is a unique fixed point of PORST.
In the same way it can be proved that S is a unique fixed point of
TPQRS, yis a unique fixed point of STPQR,o is a unique fixed point of
RSTPQ and u is a unique fixed point of QRSTP.
This completes the proof of the theorem.
Corollary 2.2.If we consider this theorem the metric space (V,d,)the
same with the metric space (X,d,),(thatis V =X, d, =d,), and the mapping

P as the identity mapping of X (Px=xV xe X ), then we obtain a fixed point

theorem on four metric spaces which is a generalization of the theorem.
Proof :We apply the inequalities (1), (2), (3), (4) and (5) for d1=d,

V=X,v=xand P =1 as the identity mapping.

The inequality (1) takes the form :

A (x,y)

1) d, (ORSy, QRSTx) <

B,(x.y)’

where
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A (x,y)=max{d, (x,ORSTX)d, (QRSy,ORSTx); d,(x,ORSTx)
d,(RSy,RSTx);d,(x,ORSTx)d, (Sy,STx);
d, (x,QRSTx)d, (y, TORSy);d,(x,ORSY)d, (y,Tx);} 2

max{d, (x,QRSTx)d, (RSy,RSTx); d,(x,QRSTx)d, (Sy,STx);

d,(x,QRSTx)d, (y,TORSy);d, (x,QRSy)d, (y,Tx);}
= F(x,y).

and

Bl(x,y) = max{d, (x,ORSy);d, (x,QRSTx);d, (Tx,TORSYy)}

=G, (x,y).
The inequality (2) takes the form :

@) d, (TORz, TORSy) < A (5.2
B, (y, Z)

9

where

A (y,z) =max{d,(y,TORSy)d, (ORz,ORSy); d,(y,TORSy)
d;(ORz,0RSy);d,(y,TORSy)d, (Rz,RSy);
d, (y,TORSy)d,(z,STQRz);d,(y,TORz)d; (z,Sy);} >
2 max{d,(y,TORSy)d, (ORz,ORSy); d,(y,TORSy)d, (Rs, RSy);
d,(y,TORSy)d,(z,STORz);d, (y, TORz)d;(z,Sy);}

=F,(y,2).
and

B,(y,z) =max{d,(y,TORz); d, (y,TORSYy);d, (Sy,STORz)}

=G,(y,2).
The inequality (3) takes the form :

A, (2.0)

Bs(z’”) ’

A3) d,(STQu,STQRz) <

where
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A,(z,u) =max{d,(z, STORz)d, (TQu,TQRz); d,(z,STOR?)
d,(Qu,0Rz);d,(z,STORz) d, (Qu,QRz);
d,(z,STQRz)d, (u, RSTQu);d(z,STQu)d, (u,Rz);} >

2> max{d,(z, STORz)d, (TQu,TQORz); d,(z, STORz)d, (Qu,QRz);

dy(z,STQORz)d, (u,RSTQu);d, (z,5TQu)d, (u, Rz);}
= F,(z,u).

and

B,(z,u) =max{d,(z,5STQu); d,(z,STQRz);d,(Rz, RSTQu)}

=G, (z,u).

The inequality (4) takes the form :

cA, (u, x)
4) d,(RSTx,RSTQu) < ———-=,
B, (“’ x)
where
and

B,(u,x) = max{d,(u,RSTx); d, (u, RSTQu);d(Qu,ORSTx)}

=G, (u,x).
The inequality (5) takes the form :
) d, (QRSTx,QRSTx) < oA (vx).
B, (x, X

which holds true for all xe X since the left side is zero.Thus, in case of four
mappings (special case P =1), the satisfyingconditions (1), (2), (3), (4) and
(5) of theorem 2.1 is reduced in satisfying of the following conditions :

) d, (ORSy,QRSTx) < M,
B, (x.y)
) d, (TQRz, TORSy) < M

Bz(y’z)
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3) d, (STQu, STORz) < <2\ (z.u)
B, (z.u)

) d, (RSTx, RSTQu) < oAy (%)
B, (u,x)

and from the above it follows whenever the conditions

F(x,y

d, (ORSy, QRSTx) < -

ek (xy)
G (x.y)

d, (TQRz, TQRSy) < ch(.2)
G, (
d, (STQu,STQRz) < f(—

d, (RSTx,RSTQu) <

of theorem 1.2 of LuljetaKikina and KristagKikina'are satisfied, the
conditions (17), (2°), (3’) and (4’) of the special case of Theorem 2.1 are
satisfied. Therefore, we obtain a generalization of Theorem 1.2 proved by
LuljetaKikina and Kristaq Kikina'.
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