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Abstract: In the present paper, the class of complex Finsferces
with generalized(y,\ﬁ)-metric wherey is an m"- root metric andg
is a differential (0, 1)- form, is introduced. The fundamental metric

tensor, its inverse, angular metric tensor, itseise and Euler-
Lagrange equations of such spaces are determined.
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1. Introduction

N. Aldea and G. Munteanhtntroduced the notion of complex Finsler
spaces with(a, B) - metric, wherea is a purely Hermitian form anflis a

differential (1, 0)- form, in 2009. Further comptivbaal and geometrical
details of such spaces are given by Aldea and Mumote® and Sweta
Kumari and P. N. PandéyG. Munteanti ° introduced and developed the
class of complex Lagrange spaces. Several georiatéusling R. Miror
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and B. Nicolaescl® studied Lagrange spaces with, 8) -metric. In 2013,

S. K. Shukla and P. N. Pand@yleveloped the theory of Lagrange spaces
with (), 8)-metric, where Jis a cubic-root metric angGis a 1-form.

Based on this, recently Sweta Kumari and P. N. Pghdntroduced the
notion of(y,|,8|) - metric in complex Finsler spaces. The aim ofphesent

paper is to generalize the concept (9f|3|)- metric on complex Finsler

spaces by takinyf as an M-root metric andf as a differential (1, 0)-form.
Such metric is called generalize(d/,|,8|) - metric and complex Finsler

spaces endowed with such metrics are called coniffilesier spaces with
generalized y,| 8|) -metric.

2. Preliminaries

coordinates in a local chart. Its complexified tanmgbundleT. M splits into
holomorphic tangent bundléM and antiholomorphic tangent bundle
T"M, i.e. T.M=T"MOT M. The holomorphic tangent bundi& M is
itself a complex manifold with local coordinatéz‘, »*) in a chart, which
changes by the following rules

(2. 1) 7% = 7%(2, /7"‘=E/7j.

0z’
Further, T.(T'M) decomposes into holomorphic and antiholomorphic
tangent bundlesI'(T' M) andT"(T' M) respectivelyA natural local frame
{a/a zk,a/ank} for T'(T"M) changes according to the rules obtained from
Jacobi matrix of (2. 1). Since the changing rule agd z“ contains the

second order partial derivatives, the concept ofmmex non-linear
connection (c. n. c.) was introduced.

Let V(T'M) O T(T M) be the vertical bundle spanned {8/0/7} . The

complex non-linear connection (c. n. c.) determireessupplementary
complex sub-bundle to/(T' M) inT'(T' M), i.e.
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TTM)=HTMIWT M,

called the horizontal bundle. It determines an &sthp frame

o 0 .0 , .
—=—-N/—-"}, where N/(z n) are the coefficients of the complex
{5Zk ai k 6,7]} k( ,7) p

nonlinear connectidf’ .

A complex Finsler metric F on complex manifold is1a continuous
function F:T'M - R* satisfying following condition8

(i) L=F*is smooth orT'M \{0} ;
(i) F(z n)=0, the equality holds if and onlysf=0;
(iii) F(z,An)=|A|F(zn), for0AOC;

0°L

(iv) the Hermitian matrix (gif(z,/7)) where g.=——,
I J anlanj

is positive
definite onT'M \{0} .

Let us writeL =F?_Then, the pair (M, F) is called a complex Finsler

space. The variational problem for a complex Fmnstpace with
Lagrangian, L with its fundamental metric tens@dé¢o a complex geodesic

curve. Consider a smooth cureet0[0,1] - z' (t)0 Mand (zk (t,n* (t))

be its extension om' M. The Euler-Lagrange equations for the complex
Finsler space with Lagrangian, L are

22 E, (L)ngLi _dit[qui J: 0,

whereL is taken along the curve i M.
A complex Finsler space is said to be with geneedl(y,|,8|)- metric if it

is a function of y(z,n7) and|B|(zn)i.e.

(2.3)  F(zm=y(zn)+|B|(zn)
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with
_ iy iy =i i
2.4 y"=a ;. TR
and

2.5)  |B@m| =Bzm)B(zn), B(z)=b( 1 .

F"=(M,F(zn))determined by (2. 3) is called a complex Finsleacgp
with generalized y,|3]) - metric.

3. Fundamental Metric Tensor and Angular Metric Tensor

From the homogeneity property, we have

@1 Wi =y and " |ﬁ|

o “[41.

Differentiating (2. 4) and (2. 5) partially withgect tos' and7’ , we obtain

dy _ 1 a0|ﬁ| p oy _m-1_ 0|f Ay
on' my™ “on' 2p e’ my™ j’aﬁj 2

Oy _m-1[ _m-1 0|8 _
onor  my | T 3 [ anan 2|ﬁ|

3.2)

wherea =g, im’7i2’7i3---’7im anda; = E}ﬁg;...j;ﬁi3/7i4---/7im-

(3.3)  L@n)=F*=(y+g)*.

Using (3. 3), we have

(3.4 L =2F=LgL,=2=1L,,=L...

Since,n, = oL _ |'B| ,using (3. 2) and (3. 4), we get
1 anl V 6,7 Lw‘ ) ) !

3.5) {(a) n= e IFﬁ'T e ZFm(;"m_ll) v by
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: L 2F
Assuming g, :myfn_lz m— and 4, _2H|2|_| ik (3. 5) gives

(3. 6) {(a) n=pyatubB, (B 7,=(mDp, a+u,B b.

Fundamental Metric Tensor

The fundamental metric tensagy; of the complex Finsler space (M, F)
with generalizedy,| 8) - metric is given by

L
1 "onor
_, vy oy 9|4 , 3lA| oy
3.7 =L +L, | LB P Y
3.7) " on' o’ ”{017 or 0/7 Vi
2 2
" |_Ma|ﬁ|a|ﬂ| ML A A
on' o' oo Marony
a oL L 02L
whereL, =—, L andL,, =————.
18— 0|,B| y2 I‘V?Hﬁ\ 6|,B| vIA aya|lg|

Using (3. 2) and (3. 4) in (3. 7), we have

_ 2F . _2(m-1) _
giT _mym—1(m l) "?lj’ rnZy2m-1{ F(m_l) V} a‘ "fl
(3. 8)

1, F
5[1 m}h mym_lm — e (Bak +(m1B ba)

which may be written as

(3.9)  g;=pa; +p,88 +1,(Bap+( 1B ba)+ 4 bt

where



228 Sweta Kum&iN. Pandey and Anjali Goswami

_2(m-1)

W{ F(m_ 1)_y} y

P :—(m_l)’ P =
(3.10)

P ﬂ:g(“i}
o B

Using (3. 5) (a) and (3. 5) (b), we have

B.11) n7=Mm-Doiag+p,u,Lab+(m1)b3 ay p,
+1218 b b
A simple calculation shows that

1
HoPo

3.12) (Bab+m-0Bba)= " n7 Lol pp-T D% ap

Hy
Substituting (3. 12) in (3. 9) we obtain a new ession forg,; as

(3.13) g =pa; +PL88 + bbb+l

where

' 2(m_1)2 F n F "
3.14 S 7= )
( ) {IO—Z m2 y2m_1 ,uo 2|,B| ,U 2 2L

Theorem 3.1: The expression for the fundamental metric tensahef
complex Finsler space (M, F) with generalize(gif,|,8|)- metric is given by
(3. 13).

Our next aim is to find the formulas for the inseras well as for the
determinant of the fundamental metric tengor For this purpose we use

the proposition given beldW

Proposition 3.1: Suppose
1. (Q;)is a non — singulanxncomplex matrix with invers@g“),
2. C,andC.=C,,i=1,2,3,...n are complex numbers.
3.c'=qQ C; and its conjugatesc*=C G=C G; H;=Q;%C C-.
Then,
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(i) det (H;)=(1£C?) de(Qy ),
(i) wheneveri1+C?#0, the matrix(HiT) is invertible and in this case its

1
1+C?

inverse is Hi=Q"¢ c Cl.

From (3.13) we may write

_oF (m-1) my™ "VM
(3. 15) gij—m—Vﬂ(”*l){"ﬁ‘J 7 &8 aE e M 4#1( }

AssumingQ; =g; andC;= m—;a , and applying Proposition 3.1, we find
\/ m

Jj: Ji -:m__l- :E-
Q =a',C ’my“d'cz et

where(al')is the Hermitian inverse df,; ).
Since1xC? #0, the matrixHiTqu—m—_lq g Is invertible with the inverse
my”
HI=a" + m—_ln‘ 7' anddetH. - ):i de(qf)
Vn 1] m J

my™ b

= > L and applying Proposition

Taking szqj—nr:—;ar% and C;=

3.1, we obtain

i g, Ml - mVn_ll j. s
Q =a/ +7,7 ,7] andC = |ﬂ|(m_1) 2[U+ V-n dﬁjv

whereb' =a' b and|b| =a’hh.

ThereforeC?=C'C =
4|,6’|(m 1)

g

48(m-1)y’
where g = 45/ (m-1)y+ m{| 4§ y" +| 5 (m-1)) .

(II o+ N (nﬂ)] which gives

1+C?=
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The inverse ofH; =a; - (m- 1)a,z]¥ 4{;%:1)

cd

v 102
o ml s N omel S e o ml
SE Ty a[“ym"ﬁj( Y j

Also der(HiT) = (1+C2) detQ; F

g
ABm(m-1y *

(m-1) my™ / my™
We setQ;=a; - my" i 44(m- 1)19P and © LF(m-1) 5'7"

Then, in view of Proposition 3.1, we have

Q'=a +m_‘1,7i,71_M[b+£1,7 3][5 +£m1,7i ,gj,
o Y y

yr
Also
- 2F 2F
a' 7], = ——=(m-1)7 + By b=
my” i i
- 2F 2y
b' 77, =——= B (M-1)+ ', = ( +ﬂj.
. i i
(%)
Therefore

i_ | my™ Gl me (o mls o ml
C'= LF(m—l)Z{Jn V“””J”j J;V‘/yj[b+ym,8/j][b+ym i

bb exists and is given by
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Using (3. 16) in above expression®fand simplifying, we obtain

2F_1 (1) 2(m—l)i F, F(m-18 2F|4° (n11—1)2
my” my™ y" oy™ 7
_ F | Bm( m=1)| B 2K rr>r1)3|,512_ Fn{ m1y4°
oofm gl C e
LFM=D 21 (Ep 2F gm-1)y_FBy"m|*
S N
_2F (m-1)? By Fm(m-1)8/4
g g
Therefore
| [8m(m-1) A2 2+ 2F m( e 1y | IF |
+2Fm(m=17 YB°+ 2F m(m- 174 By
+2m(m-1) FYA*+4Fm(m- 1Y Y 8°
+Fm? (m-1)%|4*-8 Fm( m1)*y34 * 7

2

7

Also C?=

where

< :4LF(m—1)01,8|y

17,

—2Fm? (m-1° ™A > 2 Fnf (mr )4 °
—4F n? (m-1)°y|8°- Fne (mr )34 °
—Fm*(m=2)%"| 4| 4 —2F m(m-1°y|3°

_+{2F m(m=1)y"™* B4~ 2 Fm( n+1)2y”“,8|,8|} b

ALF (m—

Dotdy




232 Sweta Kum&iN. Pandey and Anjali Goswami

sm(m-1) A4° 2+ 2F m(m- ™44 I
+2Fm(m-1¢ U4°+ 2F m( m- 17| bPy™*
+2m(m-1} Fy|A%+4F m(m+ 1Y y13°
+Fm?(m-1)°|4*-8 Fm( m1)*y34* n'
M= —2F 2 (me1y ™89 8- 2 Frd (m1)Y14 °
-4F m*(m-1°y|4°- Fmi(m1)33°
-FmP(m-0)%y"| 4 87 -2 F m( m1)%y|8°

_+{2F m(m=1)y™ B8~ 2 Fm( rr-rl)zy”“,8|,8|} b

— 1 1
Since 1xC2%0, H;=a; - (m-1) my™ my™

bomyn g 48 (m- 1)“9 aLF (1) 7, 18

invertible with the inverse

gy ML MY Ml S
(3.17) H _a+V“’7’7 O_[b+ymf7ﬂ)[

3 1
1+C?

=

c'Cl.

also

(3.18) defH, )=w y{lﬂz'-z}de(%) MYPz oy, )

2F(m—1)H7’ the inverse of the fundamental metric tensor is

Sincegij:W i

given by

Ti_ me_l fi

whereH'" is given by (3. 17).

Also, the determinant of the fundamental metrictens given by
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(3.20) det(g, )= [ZF‘”’ )
my

j detH; )
wheredetH;; ) is given by (3. 18).

Theorem 3.2 The expressions for the inverse and determinanhef
fundamental metric tensor of the complEinsler space (M, F) with

generalized (y,|,8|)- metric are given by (3. 19) and (3. 20) respetyiv

Angular Metric Tensor

The angular metric tensor of the complemskar space (M, F) with
generalized ;| 4|) - metric is given by

_ 0°F
5o o7
(3.21) =F, Y g |0 94,98 oy |, A IA
o omt YAl ar a7 0/7 o7 FY XY
G Oy o A
Yorjom V’Ta/jaq
oF oF 0°F O%F
whereF, = oy —— Fy = a|,8|’F” I Faig = a|,3|
2 2
andF,,, = 0O°F _ OF
ayd|B~ a|play

On differentiating F with respect tp and|g, we obtain

(329 F=1=F,, F,, =0=Fy, =F , =F,.
On substituting (3. 2) and (3. 22) in (3.21), weab

_(m-1) m-1 b b
K- = _
T mym {"’" “f} a8

which may be written as
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_(m-1) bb;
3.23) K -1h.,
( ) 48
where
—, _m-1
(3. 24) hy =4, 539

Theorem 3.3. Expression for the angular metric tensor of the plax
Finsler space (M, F) with generalizety,|3|) - metric is given by (3. 23).

To find out the inverse of the angular metric tensee will apply
Proposition 3.1.

From (3. 23)k; = (my,fl){aj taa+ 4(m"fn)| A bP}

AssumingQ; =g and C;= m—; a , and applying Proposition 3.1, we find
\/ m

Q'=a',C / /7 and c2=""1

Sincel- CZ-—¢0 the matrixH,; =a; —m—ynarqcls invertible with the inverse
m
Hii=a" +m—n_11f7i 7' and detH;; ):% de(a; )-
y

my™* 1
(m-1)3 2"

m-1
—_— dC =
my“q?(an '

i omeLl : f my" ™t 1 m1—
Q=a+—n'n' andC = [U ,6’17'].
y (m-D|3| 2
Thereforec?=C C =

(m—l) 2
= l)|[,,|(||u| |ﬂ|j

o my”
W:fothe inverse ofH =g, m;/“q% 2 lm|lpp

exists and is given by

Taking Q; =g~ =b,, Proposition 3.1 gives

Since 1+C?=
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(3.25) HI'=a' +r;—;1,7i 7 - [5 L, ](B+ﬁ(ymm—l)'7 ]

g 4
and
o
3.2 det{H - )]=——— det§-
(829 defr )=y, 0ot
As K”:r(nn:/_“l‘z H,; , the inverse of the angular metric tensor is givgn

3.27) k=",
m-1

whereH'" is given by (3. 25).
Also, the determinant of the angular metric tens@iven by

o(m-1)"*

(3.28) det(KiT)z 4rd1+1yn(m—l)+1|ﬂ| de(aiT)'

Theorem 3.2 The expressions for the inverse and determinanthef
angular metric tensor of the complEinsler space (M, F) with generalized

(.| B|) - metric are given by (3. 27) and (3. 28) respetjiv

4. Euler - Lagrange Equations

Consider
41) L=F?=(y+ |ﬁ|)2

Differentiating (4.1) with respect to t, we have

dL_oL , dLdy  dL_ dLd7

4.2 = : : : .
42) dt 92" "o dt oz Tom dt

Since L is homogeneous of degree Bin

4.3 —.i=L.
(4.3) 6/7',7
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On differentiating (4.3) with respect to t, we have

@4 OdL_dfoL) . oLdf
dt dt 617 on' dt

From Euler - Lagrange equations, we obtain

ws 2

oL oL
dt

on') 0z’
Substituting (4. 5) in (4. 4), we get

dL_oL , , dLdy
4.6) L=t 0RC0T
@0 Gt "oy ar

On conjugating (4.6), we have

dt 97 o7 dt

Adding (4. 6) and (4. 7) and than using in (4.vi23,obtain
dL

4.8 — =0.

(4.8) a1

Theorem 4.1: For a complex Finsler space with generalizéjzl|,6’|)-

metric dat_ = O—E along an extremal curve c(t) 3nM .

dt dt

Differentiating (4. 1) with respect ta'and ' respectively gives

oL _ ﬂm
07 Vaz Hm

Using (3. 4) in above expression, we have

@9 L -oF oy, A
0z 02 0z

Similary (4. 1) and (3. 4) gives
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0
@10 L -2F oy, oA
on' on'  0dn

Further differentiation of (4. 10) with respectttgields

d(oL)_,dF LB, el d(oy), d(aA
@.11) atlan )" “dt 6/7 Ty dt o7 ) ddag )|

In view of theorem 4. 1, (4.11) gives
d(aL) _,.[dfay), d(aA)
(4.12) dtlon' dtlas' ) dtl aq

In view of (2. 2)
-1
4.13)  E( y):rin y g (yr) 4Ly %

y2y dt
and
2 10|46 d|S
619 ()56 o)+ 5.

Using (4. 9) and (4. 12) in (2. 2), we have

(4.15  E, (L= 2F(E, ¢)+E (8])

Substituting values oE, (y)and E ; (|3|) in (4. 15) and simplifying, we
obtain

Ei(L)sz|ﬁ|a(ym)+mymE(wr) 2 njp| 1Y =08,

dt an'
dB|a|B] _
dt odn'

(4. 16)
+2my™t——1

Theorem 4.2: In a complex Finsler space with generaliz(qd|ﬁ|) -
metric, Euler - Lagrange equations are given byl@).
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In case of natural parametrization of the cucv&][O,J] - z'(admMm,

generalizedy( z(;—tZ] =1,the above theorem reduces to

Theorem 4. 3: Euler - Lagrange equations in a complex Finslercgpa
with generalize({ y,|,8|) - metric, in case of natural parametrization are
given as

dlBlols]

(4.17)  E (U= 3B|E (y")+mE(|B])+ 2ny it 3

Assuming|,8|to be constant along the integral curve of the Euleagrange
equations with the natural parametrization, Eulesigrange equations are

(4.18) E (L)= 21,8|Ei(ym)+mE(|,B|2): 0

Theorem 4. 4: Euler - Lagrange equations in a complex Finslercgpa
with generalize({y,|,8|) - metric, along the integral curve such tHa|is
constant are given by (4. 18).
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