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1. Introduction 

 
N. Aldea and G. Munteanu1 introduced the notion of complex Finsler 

spaces with ( ),α β - metric, where α is a purely Hermitian form andβ is a 

differential (1, 0)- form, in 2009. Further computational and geometrical 
details of such spaces are given by Aldea and Munteanu2, 3 and Sweta 
Kumari and P. N. Pandey4. G. Munteanu5, 6 introduced and developed the 
class of complex Lagrange spaces. Several geometers including R. Miron7 
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and B. Nicolaescu8, 9 studied Lagrange spaces with ( ),α β -metric. In 2013, 

S. K. Shukla and P. N. Pandey10 developed the theory of Lagrange spaces 
with ( ),γ β -metric, where γ is a cubic-root metric and β is a 1-form. 

Based on this, recently Sweta Kumari and P. N. Pandey11 introduced the 

notion of ( ),γ β
 
- metric in complex Finsler spaces.  The aim of the present 

paper is to generalize the concept of ( ),γ β - metric on complex Finsler  

spaces by takingγ as an mth-root metric and β as a differential (1, 0)-form. 

Such metric is called generalized ( ),γ β
 
- metric and complex Finsler 

spaces endowed with such metrics are called complex Finsler spaces with 

generalized ( ),γ β -metric. 
 

 
2. Preliminaries 

 
 

Let M be a complex manifold of dimension n and 1,2,....,( )k
k nz = complex 

coordinates in a local chart. Its complexified tangent bundle T M
ℂ

splits into 
holomorphic tangent bundleT M′  and antiholomorphic tangent bundle 

,T M′′  i.e. 
ℂ

T M T M T M′ ′′= ⊕ . The holomorphic tangent bundle T M′ is 

itself a complex manifold with local coordinates ( , )k kz η  in a chart, which 
changes by the following rules 
 

(2. 1) 

      

( ), .
k

k k k j
j

z
z z z

z
η η′∂′ ′ ′= =

∂
 

 

Further, ( )T T M′
ℂ

 decomposes into holomorphic and antiholomorphic 

tangent bundles ( )T T M′ ′ and ( )T T M′′ ′ respectively. A natural local frame 

{ },k kz η∂ ∂ ∂ ∂ for ( )T T M′ ′  changes according to the rules obtained from 

Jacobi matrix of (2. 1). Since the changing rule of kz∂ ∂  contains the 
second order partial derivatives, the concept of complex non-linear 
connection (c. n. c.) was introduced. 
 
 

       
Let ( ) ( )V T M T T M′ ′ ′⊂  be the vertical bundle spanned by { }kη∂ ∂ . The 

complex non-linear connection (c. n. c.) determines a supplementary  
complex sub-bundle to  ( )V T M′  in ( )T T M′ ′ , i.e.  
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          ( ) ( ) ( )T T M H T M V T M′ ′ ′ ′= ⊕ ,  
 
called the horizontal bundle. It determines an adapted frame

j
kk k j

N
z z

δ
δ η
 ∂ ∂= − ∂ ∂ 

, where ( , )j
kN z η are the coefficients of the complex 

nonlinear connection12 , 13. 
 

  A complex Finsler metric F on complex manifold M is a continuous 
function : ℝF T M +′ →  satisfying following conditions12 
 

(i) 2L F=  is smooth on { }\ 0T M′ ; 

(ii)  ( , ) 0F z η ≥ , the equality holds if and only if 0η = ; 

(iii)  ( , ) ( , )F z F zλη λ η= , for ℂλ∀ ∈ ; 

(iv) the Hermitian matrix ( )( , )i jg zηɶ where 
2

,i j i j

L
g

η η
∂=

∂ ∂
 is positive 

definite on { }\ 0 .T M′
 
 

 
Let us write 2L F= . Then, the pair (M, F) is called a complex Finsler 

space. The variational problem for a complex Finsler space with 
Lagrangian, L with its fundamental metric tensor lead to a complex geodesic 

curve. Consider a smooth curve [ ]: 0,1 ( )ic t z t M∈ → ∈ and ( )( ) , ( )k kz t tη  

be its extension on T M′ . The Euler-Lagrange equations for the complex 
Finsler space with Lagrangian, L are 
 

(2.2)  ( ) 0,i i i

L d L
E L

z d t η
 ∂ ∂≡ − = ∂ ∂ 

 

 

where L is taken along the curve in T M′ .  
 

A complex Finsler space is said to be with generalized ( ),γ β - metric if it 

is a function of  ( , )zγ η and ( , )zβ η i.e. 
 

(2. 3)       ( , ) ( , ) ( , )F z z zη γ η β η= +  
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with                             

(2. 4)       1 2 3

1 2 3...... ..... m

m

i i iim
i i i iaγ η η η η=  

 

and  
 

(2. 5)       
2

( , ) ( , ) ( , ), ( , ) ( ) .i
iz z z z b zβ η β η β η β η η= =  

 

( , ( , ))nF M F z η= determined by (2. 3) is called a complex Finsler space 

with generalized ( ),γ β - metric. 

 
 

3. Fundamental Metric Tensor and Angular Metric Tensor 
 

 

 

From the homogeneity property, we have  
 

 

(3. 1) i
i

γ η γ
η

∂ =
∂

 and i

i

β
η β

η
∂

=
∂

. 

 

Differentiating (2. 4) and (2. 5) partially with respect to iη and jη , we obtain  
 

 (3. 2)         
1 1

22

1

1 1
, , ,

2 2

1 1
, .

2

ji
i ji m i j m j

i j
ii j ji j m m i j

bb m
a a

m m

b bm m
a a a

m m

ββ ββγ γ
η γ η β η γ η β

βγ
η η γ γ η η β

− −

−

 ∂ ∂∂ ∂ −= = = =∂ ∂ ∂ ∂


∂  ∂ − −= − = ∂ ∂ ∂ ∂ 

  

 
where 32

2 3 4..... .... m

m

i ii
i i i i i ia a η η η=  and 3 4

3 4..... .... .m

m

i ii
i j i j i i ia a η η η=

 
 

( )2 2(3. 3) ( . ) .L z Fη γ β= = +
 

 

Using (3. 3), we have 
 
(3. 4)         2 , 2 .L F L L L Lγ γ γβ β β γ β= = = = =

 
 

Since, i i i i

L
L Lγ β

βγη
η η η

∂∂ ∂= = +
∂ ∂ ∂

, using (3. 2) and (3. 4), we get 

 

(3. 5)        
1 1

2 2 ( 1)
( ) , ( ) .i i i j j jm m

F F F m F
a a b b a b

m m

β βη η
γ β γ β− −

 − = + = +


  
     



                    Complex Finsler Spaces with Generalized ( ),γ β - Metric                         227 
 

 

Assuming 0 1 1

2
m m

L F

m m
γρ

γ γ− −= =  and 0 2

L Fβµ
β β

= = , (3. 5) gives 

(3. 6)  0 0 0 0( ) , ( ) ( 1) .i i i j j ja a b b m a bη ρ µ β η ρ µ β = + = − +


  

 
 

Fundamental Metric Tensor 
 
 The fundamental metric tensor i jg of the complex Finsler space (M, F) 

with generalized ( ),γ β - metric is given by 

 

(3.7)         

2

22

.

i j i j

i j i j i j

i j i j i j

L
g

L L

L L L

γ γ γ β

γβ β β

η η

β βγ γ γ γ
η η η η η η

β β βγ
η η η η η η

 ∂= ∂ ∂


 ∂ ∂∂ ∂ ∂ ∂ = + +  ∂ ∂ ∂ ∂ ∂ ∂ 


∂ ∂ ∂ ∂+ + + ∂ ∂ ∂ ∂ ∂ ∂

 

 

 where 
2 2

22
, , ,

L L L L
L L L Lγ γ γβ β βγ β γ β

∂ ∂ ∂ ∂= = = =
∂ ∂ ∂ ∂

 and 
2

.
L

Lγ β γ β
∂=

∂ ∂
 

 

Using (3. 2) and (3. 4) in (3. 7), we have 
 

(3. 8)     

  

( ) { }

( )

1 2 2 1

1

2 2( 1)
1 ( 1)

1 1
1 ( 1) ,

2

ii j i j jm m

i i ij j jm

F m
g m a F m a a

m m

F
bb a b m b a

m

γ
γ γ

β β
β γ β

− −

−

− = − − − −



  + + − + −   
 

 

 
which may be written as  
 

(3. 9)         ( )0 2 2 0( 1)i i i ii j i j j j j jg a a a a b m b a bbρ ρ µ β β µ− −= + + + − +   
   

where 
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(3. 10)        

( ) { }0 21 2 2 1

2 01

2 2( 1)
1 , ( 1) ,

1 1
, 1 .

2

m m

m

F m
m F m

m m

F

m

ρ ρ γ
γ γ

µ µ
γ β β

−− −

− −

− = − = − − −



  = − = +   
 

 

  

Using (3. 5) (a) and (3. 5) (b), we have 
 

2
0 0 0 0 0

22
0

(3. 11) ( 1) ( 1)

.

i j i i ij j j

i j

m a a a b m b a

b b

η η ρ ρ µ β β µ ρ

µ β

= − + + −

+  

 

A simple calculation shows that 
 

(3. 12)      ( ) 20 0

0 0 0 0

( 1)1
( 1) .i i i j i ij j j j

m
a b m b a b b a a

µ ρβ β η η β
µ ρ ρ µ

−
+ − = − −  

 

Substituting (3. 12) in (3. 9) we obtain a new expression for i jg  as  
 

 

(3.13)
       0 2 0 2 ,i i i ji j i j j jg a a a b bρ ρ µ µ η η− −′ ′′ ′′= + + +

  
 

where  
 

(3.14)
       

2

2 0 22 2 1

2( 1) 1
, , .

2 2m

m F F

m L
ρ µ µ

γ β− −−

 −′ ′′ ′′= − = =
                 

 

        
 Theorem 3.1: The expression for the fundamental metric tensor of the 
complex Finsler space (M, F) with generalized  ( , )γ β - metric is given by 

(3. 13). 
 
 Our next aim is to find the formulas for the inverse as well as for the 
determinant of the fundamental metric tensori jg . For this purpose we use 

the proposition given below13 

 

Proposition 3.1: Suppose 
 

1. ( )i jQ is a non – singular n n× complex matrix with inverse ( ),j iQ  

2. iC and , 1, 2,3,..., ,iiC C i n= = are complex numbers. 

3. 
i j i

jC Q C=  and its conjugates, 2 i i
i iC C C C C= = ; .ii j i j jH Q C C= ±

 
 

Then,  
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(i) det ( ) ( )2( ) 1 deti j i jH C Q= ± , 

(ii) whenever 21 0C± ≠ , the matrix ( )i jH is invertible and in this case its 

inverse is                  
2

1
.

1
∓

j ij i i jH Q C C
C

=
±  

From (3.13) we may write 
 

(3. 15)       
1 1

1

2 ( 1)
( 1)

4 ( 1) 4 ( 1)

m m

i i ii j i j j j jm m

F m m m
g m a a a b b

LF m mm m

γ γη η
βγ γ

− −

−

 − = − − + + − −  
. 

 

Assuming i j i jQ a= and 1
i im

m
C a

mγ
−= , and applying  Proposition 3.1, we find  

 
 

       

21 1
, , ,

j i j i i i
m

m m
Q a C C

mm
η

γ
− −= = =

 
 

where ( )j ia is the Hermitian inverse of ( )i ja . 
 

Since 21 0,C± ≠  the matrix 
1

ii j i j jm

m
H a a a

mγ
−= − is invertible with the inverse      

       1j ij i i j
m

m
H a η η

γ
−= +

  
and ( )1

det( ) det .i j i jH a
m

=  

 

Taking 
  

1
ii j i j jm

m
Q a a a

mγ
−= −  and   

1

( 1) 2

m
i

i

bm
C

m

γ
β

−

=
−

 
and applying Proposition 

3.1, we obtain 
 

       

1j i j i i j
m

m
Q a η η

γ
−= + and 

1 1 1
,

( 1) 2

i
m

i i
m

m m
C b

m

γ η β
β γ

−  −= + −    
 

where i ji
jb a b=  and 

2 ji
i jb a b b= . 

 

Therefore 
21

22 ( 1)
4 ( 1)

i
m

i m

m
C C C b m

m

βγ
β γ

−  
= = + −  −  

, which gives 

 21 ,
4 ( 1)

C
m

σ
β γ

+ =
−

  

where ( )2 2
4 ( 1) ( 1) .mm m b mσ β γ γ β= − + + −  
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The inverse of 
1( 1)

4 ( 1)

m

i ii j i j j jm

m m
H a a a b b

mm

γ
βγ

−−= − +
−

 exists and is given by  

 

      

2

1 1

1

1 1 1
.

j i

j i

j i i j i j
m

m
i j i i j j

m m m

m
H a C C

C

m m m m
a b b

η η
γ

γη η η β η β
σγ γ γ

−= + −
+

  − − −= + − + +  
    

Also
  

( ) ( )2det 1 det( ) det .
4 ( 1)i j i j i jH C Q a

m m

σ
β γ

= + =
−

 We set
  

1( 1)

4 ( 1)

m

i ii j i j j jm

m m
Q a a a b b

mm

γ
βγ

−−= − +
−

 and  
1 1

.
( 1) 2

m

i i

m
C

LF m

γ η
−

=
−  

 

Then, in view of Proposition 3.1, we have 
 
 

  
          

1 1 1
.

j i j i
m

i j i i j j
m m m

m m m m
Q a b b

γη η η β η β
σγ γ γ

  − − −= + − + +  
    

Also 

(3. 16)  

2

1 1

2

1

2 2
( 1) , ,

2 2
( 1) , ,

3

2
.

3

ji i i i
j im m

j i
j im

j
j

F F F F
a m b b b

m m

F F
b m b F

m

F

β βη η η β
γ β γ β

β γη β η η β
γ β

γη η β

− −

−


= − + = +




  = − + = +  

 


  = + 

 

 

 

Therefore 
 
 

   
1 1 1 1 1

.
( 1) 2

m
i j i i j m i i j j

j j jm m m

m m m m m
C a b b

LF m

γ η η η η γ η β η βη
σγ γ γ

−    − − −= + − + +   −    
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Using (3. 16)  in above expression of iC and simplifying, we obtain 

 
2 22

1 1 1

2 3 2 2 3

1
1

2

2

( 1) 2 ( 1)2 2( 1)
( 1)

( 1) 2 ( 1) ( 1)

1

( 1) 2 2 ( 1)

( 1)2 ( 1)

m m m m

i

m m
m

i

m

i

F m F mF m F
m

m m

F m m b F m Fm m

m
C

LF m F m bF F m

b
Fm mF m

β β
γ γ γ σ γ

η
β β β

σ γ γγ

β γβ β γ
β σ σ β

β ββγ
σ σ

− − −

−−

 − −−
 − + + − 
 
 
 − − − 

− − − 
 

= −   −− − 
 

+ 
−− − − 

 

.












 
 
 
 



 

 
 
Therefore  
 

2 2 1 2

2 3 2 2 1

3 3 2 3

2 2 4 4 2 4

2
2 3 1 3 2 2 4 5

2 3 5 3 3 5

3 2 4

8 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)

2 ( 1) 4 ( 1)

( 1) 8 ( 1)

2 ( 1) 2 ( 1)4 ( 1)

4 ( 1) ( 1)

( 1)

m

m

i
m

m

m m F Fm m b

Fm m Fm m b

m m F Fm m

Fm m F m m

C F m m b Fm mLF m

F m m F m m

F m m b

β γ γ β

γ β β γ

γ β γ β

β γ β
η

γ β γ βσ β γ

γ β β

γ β

+

+

+

− + −

+ − + −

+ − + −

+ − − −

= − − − −−

− − − −

− −

{ }

2 2 3

1 2 1

2 ( 1)

2 ( 1) 2 ( 1)

i

m m i

F m m

F m m Fm m b

η

γ β

γ β β γ β β+ +

  
  
  
  
  
  
   
  
  
  
  
  
  
  − −   
 
 
 + − − −
 

 

 

Also  2

4 ( 1)
iC M

LF m

η
σ β γ

=
−

, 

 
where  
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2 2 1 2

2 3 2 2 1

3 3 2 3

2 2 4 4 2 4

2 3 1 3 2 2 4 5

2 3 5 3 3 5

3 2 4 2 2 3

8 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)

2 ( 1) 4 ( 1)

( 1) 8 ( 1)

2 ( 1) 2 ( 1)

4 ( 1) ( 1)

( 1) 2 ( 1)

m

m

m

m

m m F Fm m b

Fm m Fm m b

m m F Fm m

Fm m F m m

M F m m b Fm m

F m m F m m

F m m b F m m

β γ γ β

γ β β γ

γ β γ β

β γ β

γ β γ β

γ β β

γ β γ β

+

+

+

− + −

+ − + −

+ − + −

+ − − −
= − − − −

− − − −

− − − −

{ }1 2 12 ( 1) 2 ( 1)

i

m m iF m m Fm m b

η

γ β β γ β β+ +

  
  
  
  
  
  
   
  
  
  
  
  
  
  
   
 
 
 + − − −
 

 

 

Since 21 0,C± ≠
  

1 1( 1)

4 ( 1) 4 ( 1)

m m

i i i ji j i j j jm

m m m
H a a a b b

m LF mm

γ γ η η
βγ

− −−= − + +
− −

is 

invertible with the inverse 
 

2

1 1 1
(3.17)

1
.

1

j i
m

j i i j i i j j
m m m

i j

m m m m
H a b b

C C
C

γη η η β η β
γ σ γ γ

  − − −= + − + +  
  

−
+

 

also  
 

(3. 18)     ( ) ( ) ( )
2 ' '

2 2

0 0

det 1 det det .i j i j i j

M
H M a a

R

α ρ ργγ
ρ ρ

− − 
= + = 

 
   

 

Since 1

2 ( 1)
i j i jm

F m
g H

mγ −
−= , the inverse of the fundamental metric tensor is 

given by  

 
 

 (3. 19)    
1

,
2 ( 1)

m
j i j im

g H
F m

γ −

=
−

   

  

where j iH is given by (3. 17). 
  
 

Also, the determinant of the fundamental metric tensor is given by 
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(3. 20)    
1

2 ( 1)
det( ) det( ),

n

i j i jm

F m
g H

mγ −

 −=  
 

 

 

where det( )i jH  is given by (3. 18). 
 

 Theorem 3.2: The expressions for the inverse and determinant of the 
fundamental metric tensor of the complex Finsler space (M, F) with 
generalized  ( , )γ β - metric are given by (3. 19) and (3. 20) respectively. 
 
Angular Metric Tensor 
 

        The angular metric tensor of the complex Finsler space (M, F) with 

generalized ( ),γ β - metric is given by 
 

2

22

(3.21)

,

i j i j

i j i j i j i j

i j i j

F
k

F F F

F F

γ γ γ β β β

γ β

η η

β β β βγ γ γ γ
η η η η η η η η

βγ
η η η η

 ∂=
∂ ∂


 ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ = + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 


∂∂ + + ∂ ∂ ∂ ∂

 

 

 where 
2 2

22
, , ,

F F F F
F F F Fγ γ γβ β βγ β γ β

∂ ∂ ∂ ∂= = = =
∂ ∂ ∂ ∂

  

   

   and 
2 2

.
F F

Fγ β γ β β γ
∂ ∂= =

∂ ∂ ∂ ∂
 

 

On differentiating F with respect to γ  and β , we obtain 
 

 

( ) 13.22 F Fγ β= =  ,  0 .F F F Fγ γ β β γ β β γ= = = =
  

On substituting (3. 2) and (3. 22) in (3.21), we obtain 
 
 

            1

( 1) 1
,

4
i j

ii j i j jm m

b bm m
K a a a

m mγ γ β−

 − −= − + 
   

 

 

which may be written as  
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(3. 23)    1

( 1)
,

4
i j

i j i jm

bbm
K h

mγ β−

−= +
 

where

      (3. 24)  
1

ii j i j jm

m
h a a a

mγ
−= − . 

 

 Theorem 3.3: Expression for the angular metric tensor of the complex 
Finsler space (M, F) with generalized  ( , )γ β - metric is given by (3. 23). 
 

To find out the inverse of the angular metric tensor, we will apply 
Proposition 3.1.  
 

From (3. 23), 1

( 1) 1

4( 1)

m

i ii j i j j jm m

m m m
k a a a bb

mm m

γ
βγ γ−

 − − = − + −  
.  

 

Assuming i j i jQ a= and 1
i im

m
C a

mγ
−= , and  applying Proposition 3.1, we find  

 

1
,

j i j i i i
m

m
Q a C

m
η

γ
−= = and 2 1

,
m

C
m

−=  

Since 2 1
1 0C

m
− = ≠ , the matrix 

1
ii j i j jm

m
H a a a

mγ
−= − is invertible with the inverse 

  

             

 

       
1j ij i i j

m

m
H a η η

γ
−= +

  
and    ( )1

det( ) deti j i jH a
m

= . 

 

Taking 
1

ii j i j jm

m
Q a a a

mγ
−= − and 

1 1

( 1) 2

m

i i

m
C b

m

γ
β

−

=
−

, Proposition 3.1 gives 

 

        

1j i j i i j
m

m
Q a η η

γ
−= + and 

1 1 1
.

( 1) 2

i
m

i i
m

m m
C b

m

γ β η
β γ

−  −= + −    
 

Therefore 
1

22 2( 1)

( 1)

i
m

i m

m m
C C C b

m

γ β
β γ

−  −= = + −  
. 

 

Since 21 0,
4( 1)

C
m

σ
β γ

+ = ≠
−

the inverse of 1

4( 1)

m

i ii j i j j jm

m m
H a a a bb

mm

γ
βγ

−= − +
−

 

exists and is given by  
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(3. 25) 
  

1 ( 1) ( 1)
,

j i
m

j i i j i i j j
m m m

m m m m
H a b b

γ β βη η η η
σγ γ γ

  − − −= + − + +  
    

 

and
   

( ) ( )det det( ).
4 ( 1)

3. 26 i j i jH a
m m

σ
β γ

=
−  

 

As 1

( 1)
i j i jm

m
K H

mγ −
−= , the inverse of the angular metric tensor is given by  

  

 (3. 27)    
1

,
1

m
j i j im

K H
m

γ −

=
−

   
  

where j iH is given by (3. 25). 
 

Also, the determinant of the angular metric tensor is given by 
 

(3. 28)    ( )
1

1 ( 1) 1

( 1)
det ( ) det

4

n

i j i jn n m

m
K a

m

σ
γ β

−

+ − +
−= . 

 
Theorem 3.2: The expressions for the inverse and determinant of the 
angular metric tensor of the complex Finsler space (M, F) with generalized  
( , )γ β - metric are given by (3. 27) and (3. 28) respectively. 
 

 
4. Euler - Lagrange Equations 

 
Consider 

 

(4.1)         ( )22L F γ β= = +  
 

Differentiating (4.1) with respect to t, we have 
 

(4.2)              .
i i

i i
i i i i

d L L L d L L d

d t z d t z d t

η ηη η
η η

∂ ∂ ∂ ∂= + + +
∂ ∂ ∂ ∂  

 

Since L is homogeneous of degree 1 in iη ,   
 

(4.3)              i
i

L
Lη

η
∂ =
∂

. 
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On differentiating (4.3) with respect to t, we have 
 

(4. 4)         
i

i
i i

d L d L L d

d t d t d t

ηη
η η

 ∂ ∂= + ∂ ∂ 
. 

 

From Euler - Lagrange equations, we obtain 
 

(4. 5)        
i i

d L L

d t zη
 ∂ ∂= ∂ ∂ 

. 

 

Substituting (4. 5) in (4. 4), we get 
 

(4. 6)       
i

i
i i

d L L L d

d t z d t

ηη
η

∂ ∂= +
∂ ∂

. 

 

On conjugating (4.6), we have 
 

(4. 7)        
i

i
i i

d L L L d

d t z d t

ηη
η

∂ ∂= +
∂ ∂

. 

 

Adding (4. 6) and (4. 7) and than using in (4. 2), we obtain 
 

(4. 8)         0.
d L

d t
=  

 

 Theorem 4.1: For a complex Finsler space with generalized ( ),γ β - 

metric, 0
d L d F

d t d t
= =  along an extremal curve c(t) onT M′ .   

 

Differentiating (4. 1) with respect to iz and iη  respectively gives
 

 

        
.

i i i

L
L L

z z zγ β

βγ ∂∂ ∂= +
∂ ∂ ∂  

 

Using (3. 4) in above expression, we have 
 

(4. 9) 
       

2 .
i i i

L
F

z z z

βγ ∂ ∂ ∂= + ∂ ∂ ∂   
 
Similary (4. 1) and (3. 4) gives 
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(4. 10)    
   

2 .
i i i

L
F

βγ
η η η

 ∂ ∂ ∂= + ∂ ∂ ∂   
 
Further differentiation of  (4. 10) with respect to t yields 
 

(4. 11)     
2 2 .

i i i i i

d L d F d d
F

d t d t d t d t

β βγ γ
η η η η η

  ∂   ∂    ∂ ∂ ∂ = + + +       ∂ ∂ ∂ ∂ ∂          

 
In view of theorem 4. 1, (4.11) gives 
 

(4. 12)       
2 .

i i i

d L d d
F

d t d t d t

βγ
η η η

  ∂    ∂ ∂ = +     ∂ ∂ ∂         

 
In view of (2. 2) 
 

( ) ( )
1

( 1) ( 1)
2

1 1
(4. 13)

m
m m m

i i

d
E E

m d t

γγ γ γ γ
γ

−
− − − −= +

 

and 

( ) ( )21 1
(4. 14) .

2i i i

d
E E

d t

β β
β β

β β η
∂

= +
∂  

 
Using ( 4. 9) and (4. 12) in (2. 2), we have 
 

 

 
Substituting values of ( )iE γ and ( )iE β  in (4. 15) and simplifying, we 

obtain
 

 

( ) ( ) ( )
1

21

1

2 2

(4. 16)

2 0 .

m
m m

i i i i

m
i

d
E L E m E m

d t

d
m

d t

γ γβ γ γ β β
η

β β
γ

η

−
−

−

 ∂≡ + + ∂
 ∂ + =
 ∂  

 
 Theorem 4.2: In a complex Finsler space with generalized ( ),γ β - 

metric, Euler - Lagrange equations are given by (4. 16). 
  

( )( )(4. 15) ( ) 2 ( ) .i i iE L F E Eγ β= +
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In case of natural parametrization of the curve [ ]: 0,1 ( ) ,ic t z t M∈ → ∈

 
generalized , 1,

d z
z

d t
γ  

= 
 

the above theorem reduces to  

  

 
Theorem 4. 3: Euler - Lagrange equations in a complex Finsler space 

with generalized ( ),γ β - metric, in case of natural parametrization are 

given as  
 

( ) ( ) ( )2 1(4. 17) 2 2 0 .m m
i i i i

d
E L E m E m

d t

β β
β γ β γ

η
− ∂

≡ + + =
∂  

 
Assuming β to be constant along the integral curve of the Euler - Lagrange 

equations with  the natural parametrization,  Euler - Lagrange equations are 
 

 

  

 
Theorem 4. 4: Euler - Lagrange equations in a complex Finsler space 

with generalized ( ),γ β - metric, along the integral curve such that β is 

constant are given by (4. 18).
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