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1. Introduction

The notion of ¢ -recurrent Sasakian manifolds was introduced by U. C.

De, A. A. Shaikh and Sudipta Biswas'. This notion generaizes the notion of
locally ¢-symmetric Sasakian manifolds. A Sasakian manifold is said to be

a ¢ -recurrent manifold if there exists a nonzero 1-form A such that
o' (Vi RY.ZW)=AX)R(Y.Z)W

for arbitrary vector fields X, Y , Z, W . If the 1form A vanishes, then the
manifold reduces to a ¢ -symmetric manifold.

The notion of generalized recurrent manifolds was introduced by U. C.
De and N. Guha®. A Riemannian manifold (M ”,g) is called generalized
recurrent if its curvature tensor R satisfies the condition

(VL R\Y.ZW = A(X)R(Y,ZW + B(X )[g(z.W)y —g(v.W)Z]

where, A and B are two 1-forms, B is non-zero and these are defined by
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AlX)=3s(X.p)  B(X)=g(X.p,)

p, and p, are vector fields associated with 1-froms A and B, respectively.

The notion of generalized ¢-recurrent Kenmotsu manifolds was

introduced by A.Basari and C.Murathan? and the study has been continued by
the authors®.Motivated by the above studies, in this paper we extend the
results to generalized ¢ -recurrent para-Sasakian manifolds.

The paper is organized as follows. In Preliminaries, we give a brief
account of Para Sasakian manifolds. In section®, we study generalized ¢ -

recurrent and shown that Para Sasakian manifold under this condition reduced
to Einstein one. and also proved that generalized ¢ -recurrent para-Sasakian

manifold is of constant negative curvature. in the last section it is shown that
generalized quasi- conformally ¢ -recurrent para-Sasakian manifold is an

Einstein manifold.and also proved that a 3-dimensional generalized quasi-
conformally ¢ -recurrent para- Sasakian manifold is of constant curvature.

2. Preliminaries

Let (M>',g) be a Para Sasakian manifold with structure (¢,&,7,g)
then the following relations hold 6

2.1) ¢’ =1-n®¢,

(2.2) n(&)=1, ¢5=0, n09=0, g(X.&)=n(X),
(2.3) g(gx.0v)=g(X,Y)-n(X (),

24) RE. XY =n(Y)X —g(X.Y)S,

2.5 V. E=¢X,

(2.6) R(X,Y)=n(X)Y —n(r)X,

2.7) R(E.X)E =X -n(X)E,

(2.8) n(R(X.Y)Z)=g(X,Z)n(Y)-g(v.Z)n(X),
(2.9) S(X,&)=-2nn(x),

(3.0) S(gX,0Y)=S(X,Y)+2nn(X )n(Y),

for all vector fields X,Y,Z where V denotes the operator of covariant
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differentiation with respect to g, @is a (1, 1)tensor field, S is the Ricci tensor
of type (0, 2)and R is the Riemannian curvature tensor of the manifold.

3. Generalized ¢ -Recurrent Para Sasakian Manifolds
Definition 3.1. Para Sasakian manifold (M, g) is called

generalized ¢ —recurrent if its curvature tensor R satisfies the
condition

@1 ¢ (VuRNX.Y)Z)= AW)R(X.Y)Z+BW)[g(r.Z)X - ¢(X.Z)¥]
where A and B are two 1-forms, B is non-zero and these are defined by:
(3.2) AW)=gW.p,).  B(W)=g(W.p,)m.

and p,,p, are vector fields associated with 1-forms A and B, respectively.
From (3.1), using (2.1) we have

(3.3) (Vy RAX.Y)Z-7((V, R)X,Y)Z)
=AW)R(X.Y)Z+BW)g(v.2)X —g(Xx,2)Y]

From which it follows that

(3.4) g(VyR)Xx.Y)Z.U)-n((V,R)X.Y)Z)n(U)
=AW)g(R(X,Y)Z,U)+BW )g(r.2)g(x.U)-g(x.2)g(r.U)]

Let {e,. },i =12, 2n +1, be an orthonormal basis of the tangent space at
any point of the manifold. Then putting X =U =e¢, in (3.4) and taking
summation over i, 1<i1<2n+1 we get

2n+1

(3.5) (VySNY.2)- > n((Vy R)e, .Y )Z ple,)

i=1

=AW)S(v,z)+BW)[g(r.Z)n)-g(r.Z)]

The second term of (3.5) is reduced to

2n+1

> (Vi R)e,. Y)Z(e,) = g(Vy RNE.Y)Z,E).

i=1

Using (2.5) and (2.6), we get
g((Vy RIS Y)Z,E)=0.
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So, the equation (3.5) has the following form
(V,S)Y.Zz)=AW)S(Y,Z)+2nB(W)g(Y,Z).

Replacing Z by ¢ in (3.5) and using (2.9) we have

(3.6) (VyS)Y.&)=—AW 2nn(Y)+ BW 2nn(Y).

Now we have

(VWS)(Y’QZ):VWS(Y’Qg)_S(VWY’f)_S(Y’wa)'

Using (2.5) and (2.9) in the above relation it follows that

(3.7) (Vi SNY,&E)=—2ng(pW.Y)-S(¥,oW)
From (3.6) and (3.7) we obtain
(3.8) —2ng(gW.Y)-S(Y.¢W)=2nn(Y (BW)- A(W)).

Replacing Y = ¢ in (3.8) and then using (2.9) and (2.2) we get
(3.9) A(W)=B(W).

Using (3.9) in (3.8) we obtain

(3.10) S(Y,wW)=-2ng(Y,w).

This leads to following results:

Theorem 3.1. A generalized ¢-recurrent Para Sasakian manifold

(M et g) is an Einstein manifold. Two Vector fields P and Q are said to be
co-directional if P = fQwhere f is a nonzero scalar, that is

g(P, X) = fg(Q, X) for all X. from (3.1) we have
G0 (VyR)X.Y)Z =n((V,,R)X.Y)Z)E+ AW)R(X,Y)Z
‘ +BW)g(v.2)Xx —¢(x.,2)r]

Then by the use of second Bianchi identity and (3.11) we get
(3.12) AW )n(R(X,Y)Z)+ A(X (R(Y,W)Z)+ A(Y )p(RW, X )Z)

+BW)g(v.2)n(x)-g(X,Z )]+ B(X gW,2)n(v)-g(¥.Z)n(W)]
+B(Y)g(X,Z)n(W)-gW,Z)n(x)]=0.



On Generalized ¢ -Recurrent Para-Sasakian Manifolds 5

By virtue of (2.8) we obtain from (3.12) that

3.13)  [AW)-BW)][g(x.Z)n(Y)-g(¥.Z)n(X )]
+[A(X)-BX)|[g(vY.2)nW)-gW.Z)n(Y)]
+[A(Y)-BW)|[gW.Z)n(x)-g(x.Zn(W)]=0.

Putting ¥ =Z =e¢, in (3.13) and taking summation over i 1<i<2n+1we
get

(3.14) [AW)-BW)]n(X)=[A(x)-B(X)]n(W),

for all vector fields X,W. Replacing X by & in (3.14) it follows that

(3.15) [AW)-BW)]=[n(p,)-n(p,)n(W),

for any vector field W,

where A()=g(&.p,)=n(p,) and B(&)=s(£.p,)=n(p,)

This leads the following result.

Theorem 3.2. In a generalized @ -recurrent para-Sasakian manifold

(M et g) the characterstic vector field & and the vector field — p, — p,
associated to the one form A— B are in the same direction.

Now

(VWR)(X,Y)Q‘ZZVWR(X,Y)CE—R(VWX,Y)QZ

(3.16) ~R(X,V,Y)E-R(X, YV, E

Using (2.6) and (2.5) we get from the above that
(3.17) (Vi RIX,Y)E=(Vyn)X )Y —(V,, 7)Y )X ~R(X,Y )pW.

If we consider X, Y orthogonal to &, then in view of (2.8) we have
n(V,R)X.Y)E=0, Hence

(3.18) 1V 4 RXX,Y)E =0.
From (3.17) it follows that

(3.19) (V,, RXX.Y)E =(V,n)X )Y (v, nN¥)X - R(X,Y)p*W.

By using ¢*W =W —n(W)E we get
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(3.20) (VW RXX,Y)E=g(X, W)Y —g(Y, W)X —R(X.,Y)W.

Suppose the manifold is generalized ¢ -recurrent .then using (3.3) we
obtain from the above

G2l vV RXX.Y)ENE+ AlgW)R(X .Y )E+B(gW (Y )X —n(X )]
=g(X, W)y —g(r¥.W)X —R(X,YW.
Using (3.18) and A(¢W )— B(¢pW ) = 0 we get from the above
(3.22) R(X,YW=—[g(y,.W)X —g(x,W)r]
This leads the following result.
Theorem 3.3. A (2n + 1) dimensional (n > 1) generalized ¢ -recurrent

Para Sasakian manifold is of constant negative curvature —1.

4. Generalized Quasi-conformally f-recurrent Para-Sasakian Manifold

Let (M 2”+l,g),n > 1, be Riemannian manifold. The notion of the quasi-

conformal curvature tensor was introduced by Yano and Sawaki’.
According to them a quasiconformal curvature tensor is defined by

4.1) C(X,Y)Z=aR(X,Y)Z
+b[S(Y,2)X -S(x,Z2)y +¢(v,Z2)0ox - g(X,Z)QY]

_ 2n”+1[%+ Zb}[g(Y,Z)X -g(x,z)r]

Definition 4.2. Para Sasakian manifold (M e g) is called generalized

quasi-conformal ¢ -recurrent if its curvature tensor C~ satisfies the condition

42) ¢*(v,CNx.¥)Z)=AW)C (X.¥)Z + BW)g(¥.Z)X —g(x.2)r]

From (4.1) and(2.1) it follows that

43) a(g((VyR)(X.Y)Z.U))+bg(X.U)(V,S)(Y.Z)
—bg(Y.U)(VyS)(X.Z)+bg(¥.Z)g((V,0)X.U)

! dr(W){2i+2b}

—bg(X’Z)g((VWQ)Y’U)_an n

[2(Y.2)g(X.U)-g(X.2)g(Y.U)]
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—an((Vy R)(X,Y)Z)n(U)=b(V,, S) (Y. Z2)n(U)n(X)
+b(Vy$)(X.Z)n(U)n(¥)=bg (Y. Z)n((V,Q) X )7 (U)

+bg (X.2)0((V4 Q)Y )7 (U) +— dr(W)[2i+2b}

2n+1 n

[g (v.Z)n(X)-g(X,Z)n(Y)n(U)]

(W)| g(aR(X,Y)Z,U)+bS(Y,Z)g(X,U)~bS(X,Z)g(¥.U)]
W[ bg ( )-bg(X.Z)S(Y.U)]
2n+1[2—+2b}[ (1 2) 2 (X.0)- ¢ (X.2)g (0]

W) g(¥.2)g(X.U)-g(X.2)g(Y.U)].

r

—A(W)

Putting X =U =e,where e, =12,........ 2n+11is an orthonormal basis of

the tangent space at each point of the manifold, and taking the summation
over i, we get

4.4)  (a+Q2n+1)p-2b)V,S)Y.Z)

+{bg((VWQ)ei,ei)— 2n dr(W)[%+2b}}g(Y,Z)

2n+1

+{—b ((VWQ)e.)n(e.)+2n1+1dr(W)[2i+Zb}}g(Y,Z)—bg((VWQ)Y,Z)
—an((Vy,R)Ne.Y)Z)n(e,)+b(V, SNE Z(Y)+bn((V,, Q) ()

1 —arw )[z_m} (VW)= AW fa+ b2n-1)s(v.Z)

W){br—

Putting Z = £ we obtain

(a+4nb } Y,Z)+BW[2ng(y,Z)))

@.5) (a+(2n+1)b-2b)(V,,S)(Y.£)

+7](Y){bdr(W) " dr(W)[E+ 24}

2n+1
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) -1((5,0)e (e +5 s ar )| 22
—aﬂ((VWR)(emY)ff)ﬂ(ei)+b(VwS)(f,f)77(Y)

L arw)| L 12 |n(v)
2

2n+1 n
_ A(W){a+b(2n—1)}S(Y,§)+A(W){br— 2n+1(a+4nb)}
+B(W)[2ng (v.£)].
Now
(4.6) (v, Q)e,)nle,)=0,
4.7) n(VyR)e.Y)Em(e,) = g(Vy R)e, Y )E,E)gle;. &)

Since {e, } is an orthonormal basis Ve, =0 and using (2.6) we find

g(R(ei ’VWY)é:’ 4‘:) =0.
We have

g(VyR(e, . Y)5.8)+ g(Rle, Y)E,V,, £)=0.
Using this we get
(4.8) g(VyR(e,.Y)E.8)=0.
By the use of (4.6) - (4.8), from (4.5) we obtain

@9~ SY.E)+ L arw)p(v) = —a(W Ya+b(2n—1)2nn(v)

n+1

+A(W){br— 2nr+1(a+4nb)}+B(W)2m](Y).

provided a+b(2n—1)# 0 Here

(4.10) (Vi S)Y.&)=—2ng(pW,Y)-S(Y,oW ).
Using this in the equation (4.9) we get
4.11) S(Y, oW )+ 2ng (W .Y )+ dr(wWn(y)
2n+1
_ A(W){br C T as 4nb)}+ BW)2nn(¥)
2n+1
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Putting ¥ = ¢Y we get
(4.12) S(Y,w)=-2ng(Y,w).
Hence we can state the following theorem

Theorem 4.4. A generalized quasi-conformal ¢ —recurrent Para
Sasakian manifold is an Einstein manifold. In a 3-dimensional para-
Sasakian Manifold \M ( ) we have

(4.13) R(X ( )[g Y,Z)X - g(X,Z)Y]

NM

( . 20 - (X 200 4 o MZ)X = )]
(4.14) s(x,y):@+1jg(x,y)_(3+§jn(x)n(y)

(4.15) X - (;Hjx _[3+;}7(x)§.

Thus from (4.13), (4.14) and (4.15), we get

(4.16) C(X,Y)Z= { (2+2j+2b( j (% j}
[s(v.2)X -4(x.2) Y][ ( +§H
)

[(r.2)n(X)é-g(X.Z)n(Y)E+n(Y)n(2) X —n(X)n(2)Y ]

Differentiating the equation (4.16) covariantly, we get

@.17) (VWC*)(X,Y)Z=@(IOa+ISb) [8(r.2)X-g(X.2)Y]

) F(Y,zm(X)¢—g<x,z>n<y>¢}.

+#1(Y)7(2) X -n(X)n(2)Y

Noting that we may assume that all vector fields X, Y, Z, W are orthogonal to
£ and using (2.1), we get

(4.18) (v,C'\x.v)z =d’§f) (10a+19)g(v,2)X - (X, 2)Y]

Applying ¢ to the both sides of (4.18) and using (2.1) and (2.2), we get
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(4.19) gaz(vwc*)(x,y)zzdrg/)(loa+15b) [8(Y.2)x-g(X.2)Y].

By (3.1) the equation (4.19) reduces to

AW (x,7)Z + BW)g(v,Z)X - g(x,Z)Y]
= M(10a +15b)g(v,Z2)Xx —g(x,Z)Y]
Putting W = {ei }, where {ei }i=1,2,3 is an orthonormal basis of the

tangent space at any point of the manifold and taking summation over
i,1<1<3 we obtain

C'(x,Y)z=Ag(r.2)x -g(x,2)]

where A= M(lOa +15b)+ B(ei) is a scalar, since A is a non-zero 1-
21A(e;) Ale;)

form. Then by Schur’s theorem A will be a constant on the manifold.
Therefore, (M ’, g) is of constant curvature A . Thus we get the following
theorem:

Theorem 4.5. A 3-dimensional generalized ¢ -recurrent Quasi-conformal
para-Sasakian manifold is of constant curvature.
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