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Study of Hypersurfaces of Modified Finsler Space
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Abstract: M. Mastumoto® defined modified Finsler space
F™=(M"L") from F"=(M",L) by the following transformation
L? =12+ B, where B=b (x)y'and b (x) is covector and function
of position co-ordinates only. In the present paper we have study the

relation between hypersurfaces of F" and F™ taking normalized
semi-parallel vector field X; (x) in place of b, (x)%
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1. Introduction
Let F"=(M",L) be n-dimensional Finsler space, where M" is differential

n-manifold and L is Finsler fundamental function. (F},N},Cj, ) is Cartan
connection coefficients of F". These coefficients are given by’
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where g, is fundamental function of F" and g®is its inverse. The non-
zero torsion tensors of F"with respect to Cartan connection are given by?

: - OONY
1.4 (v)hv torsion tensor P =—¢—Fi:
oy
(1.5) (V)htorsion tensor R;, =& N —&,N,.

Now, we shall consider' modified Finsler space F*”=(|\/|“,L*) from
F"=(M",L) in the following way
(1.6) L2 =12+ 2,

where B is one form given as B=b(x)y', b(x) is covector. The

fundamental metric tensor of F™ in term of fundamental metric tensor of
F", can be derived from (1.6)

(1-7) gi]j =0t bibj
and its inverse is given by

1.8 —qi— .
(1.8) 9'=9"-1"

In the present paper, we take normalized semi-parallel vector field X,
(function of position co-ordinate only) in place of b;(x)* which satisfies
the following condition

19) {m) X,Cl =0

(b) Xi\j zp(gij - Xixj)’

where p is scalar function of position co-ordinate only.
For normalized semi-parallel vector field, from (1.7) and (1.8), we have

(1.10) g;; =0; + X, X,
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XX

1.11 N gl ,
(1.11) 9"=9"-7~7

where X is length of X, .

Cartan connection coefficients of F™given as In view of (1.9a), (1.10)
and (1.11), we have

(112) ci=cl.

In view of (1.1), (1.10) and (1.11), we have

o pX'(g, - XX
(1.13) FJ.*k':Fj'k+p (g‘kz %)

and in view of (1.2) and (1.13), we have

pxi(gjk_xjxk)yk
2 .

(1.14) N =N+

In view of (1.4), (1.13) and (1.14) (v)hv torsion tensor Py of F™ in term
of (v)hv torsion tensor P, of F" is given by

(1.15) Py =P
2. Hypersurfaces of Finsler space

A hypersurface M"* of the manifold M" can be parametrically
represented by

(2.1) X =x(u“),

where u“ is Guassian co-ordinate on M"*and® varying from 1 to (n-1).
From (2.1) ,we construct a matrix which element is BL(U)Z% and
u

assume that the rank of this matrix is (n-1). B, (u) =§ia is called Projection
u

a

factor. These (n-1) vectors B, =(B‘) may be regarded as (n-1) linearly
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independent vector tangent to M"* at the point u“, so these vector B, form

basis of tangent space of M"* at the point u“, if vector X'tangentto M"*
at the point u“,then it can be expressed as

(2.2) X' =B X“,

where X*is component of X' with respectto u”.
If the supporting element y'at the point u“ of M"' assumed to be

tangential to M"™, so we may write
(2.3) y' =B!v*,

where v“ is treated as supporting element of M"* at the point u“ .
Then the Finsler metric of M"* is given by

(2.4) L(u,v)= L(x(u),y(u,v)).

Thus, we get (n-1) dimensional Finsler space F"*=(M"* C(u,v)), which
is Finslerian hypersurface of F"=(M",L}, and L(u,v) is called induced
metric on M"*. Ateach point u® of F"*, the unit normal N' is defined by

(2'5) gljB;zN] :0!
(2.6) g;N'N’ =1.
If (B,N,) is the inverse matrix of (B,,N') ,we have

(2.7) B'B,=0;, NN'=1, B'N'=B\N,=0.
Further, we use the following notation,

(2.8) Bl =B.B)....., Bl y=——"—, By =

(2.9) M, :CijkBgﬂNk’ M :CijkBi NN, Y = Gi Bgﬂ

a
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For Induced Cartan connection ICT (F;;,N;,C;;) on F"*', the Normal
curvature vector H_and fundamental h-tensor are given by

(2.10) H, =N, (B, +N|B})
(2.11) H,s =N;(Bl, + FiBJ)+M,H,.

Suppose N™ is unit normal to the hypersurface F™* of F™ . B! (u) is
invariant under this transformation.

* *

(2.12) g;BINT=0,  g;N"N" =1,
Contracting (2.5) by v* ,we have

(2.13) y,Ni =0,

Now, contracting (1.10) by N'N" and using (2.6), we have
g;N'N’ =1+(X,N')’
or

i i
N + N 1

o i\/1+(XiN‘)2 _\/1+(xir\|i)2

To fix the orientation, we take positive sign compairing (2.13) and second
equation of (2.11), we get

(2.14)

i
(2.15) NI g N

1+(X,N'Y

contracting (1.10) by B!N™ and using first equation of (2.11) and (2.14),
we have
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(2.16) (X:By)(X;N")=0.
Suppose
(2.17) X.B! =0,

contracting (2.16) by v* ,we have
Xy =0 or B=0,
which is not possible for transformation. Hence, we have

(2.18) X N/ =0.

|
In view of (2.17) and (2.14), we have
(2.19) N"=N'".

Lemma® 2.1: The induced Cartan (Berwald) connection of F"*
coincide intrinsic Cartan (Berwald) connection of F"* iff

M,, =0 or H, =0

3. Hyperplane

Definition® 3.1: If each path of a hypersurface F"* with respect to
induced Cartan connection IFT is a path of enveloping space F" with
respect to FI", then F"* is called hyperplane of first kind.

A path with respect to Finsler connection (Fj,,N},C}, ) is given by

d2x' S dx
3.1 N.| x,— |=0.
(3.1) L ( dsj

The name Hyperplane of first kind has been given by Rapcsak®. Kikuchi’
said it totally extremal hypersurface.
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Lemma® 3.1: A hypersurfaces F"* is a hyperplane of first kind iff
normal curvature vector H, vanishes identically.

Theorem 3.1: Let X, be normalized semi-parallel vector field with

respect to Cartan connection on F". Then hypersurfaces F"* is a

hyperplane of first kind iff hypersurfaces F™* is a hyperplane of first
kind.

Proof : The normal curvature vector of F™* is given by
(3.2) H, =N/ (B, +Nj'B}).
In view of (1.10), (1.14) and (2.19) , equation (3.2) can be written as

+pB/‘;(gjk—ijk)yk XN

3.3 H,=H
(33) ) . .

In view of (2.18) and (3.3), we get
(3.8) Hy=H,.
From equation (3.8) and lemma 3.1,we have theorem 3.1.

Definition® 3.2: If each h-path of a hypersurface F"*'with respect to
induced Cartan connection IFT" is a h-path of enveloping space F" with
respect to FI", then F"* is called hyperplane of second kind.

With respect to Finsler connection (Fj‘k, N},C}k) h-path is given by

i Ayl 2, _ i Auk
(3.9 dl+N'.dL—0, ax +Fj ox_ ox _

= P22 -0,
ds ' ds ds?>  * ds ds

The name Hyperplane of second kind has been given by Rapcsak®.
Kikuchi’” named it weakly geodesic hypersurface.

Lemma’ 3.2: With respect to Cartan connection a hypersurface is
hyperplane of second kind iff H_, =0.

Theorem 3.2: Let X, be normalized semi-parallel vector field with
respect to Cartan connection on F". Then hypersurfaces F"* is a
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hyperplane of second kind iff hypersurfaces F™* is a hyperplane of
second kind.

Proof : Fundamental h-tensor of F™ is given by

(3.10) H., = N7 (Bl +FiBY)+H M
(3.11) M, =C;BLNIN™ =C,BIN'N*=M,.

In view of (1.13) ,(2.19) , (3.8) and (3.11), equation (3.10) can be written as

p(gjk—xjxk)Bo{;

(312) Hz:,/f:Ha[f+XiNi 2

In view of (2.19) and (3.12),we have

(3.13) H,,=H,,.

From equation (3.13) and lemma 3.2,we have theorem 3.2

Definition® 3.3: A hypersurface F"* of enveloping space F"endowed
with a Finsler connection FI", is called hyperplane of second kind if the
unit normal vector N' of F"* with respect to L(x,y) is parallel along

(u“(s).v“(s)) on F".

The name Hyperplane of third kind Rapcsak®. Kikuchi’ said it totally
geodesic.

Lemma® 3.3: A hypersurface is hyperplane of third kind with respect
to Cartan connection iff H_,=0and M_, =0.

Theorem 3.3: Let X, be normalized semi-parallel vector field with

respect to Cartan connection on F". Then hypersurfaces F"* is a
hyperplane of third kind iff hypersurfaces F™" is a hyperplane of third
kind.

Proof: From equation (3.13) , we have

(3.14) H.,=H,
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and M_, of F™isgivenas

* * i Nk i ITNLS
M., =C;BiBIN* =C,BIBIN“=M,,

or

(3.15) M’ =M

aff af "

In view of (3.14), (3.15) and lemma 3.3, we have theorem 3.3.
4. Special Finsler Space

Definition® 4.1: A Finsler space F" is called Berwald space if the
horizontal connection coefficient G; of Berwald connection is function of

position co-ordinate only.

Theorem 4.1: Let X, be normalized semi-parallel vector field with

respect to Cartan connection on F". Then hyperplane F"* of first kind is
Berwald space iff hyperplane F™* of first kind is Berwald space ,
provided B“X, =0.

Proof: The non- linear connection of Berwald connection and cartan
Connection are same®. The horizontal connection coefficient G of

Berwald connection of F™ is given as

. ONY

In view of (1.14) and (4.1), we have

pxi(gjk_xjxk)

(4.2) G, =G + 5

Induced Berwald connection of F™* is given as
(4.3) Gy =B (B, +G}Bx ).

k= pr

In view of (4.2) and (4.3), we have
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G;;a ZGZ +BeX! p(gﬂy _Xﬂxy)
4 'y i '

(4.4) G, =Gj; provided B*X'=0.

From (4.4), we have theorem 4.1.

Definition® 4.2: A Finsler space F" is called Landsberg space if (v)hv
torsion tensor of Cartan connection P, vanishes identically.

Theorem 4.2: Let X, be normalized semi-parallel vector field with

respect to Cartan connectionon F".Then hyperplane F"* of first kind is
Landsberg space iff hyperplane F™* of first kind is Landsberg space .

Proof: (v)hv torsion tensor of cartan connection P’ of F™ is
given by (1.15)

(4.5) P, =P .
(v)hv torsion tensor of P,” of F™is given as

*a *ipap jk
(4.6) Py = Py Bi B/ny'

In view of (4.5) and (4.6) ,we have

(4.7) Pre =P,

where P; is (v)hv torsion tensor of F"*.
From equation (4.7), we have theorem 4.2.

Corollary 4.1: If we put p=0 in (1.9b), we have® parallel vector field
X, ,in view of® contravariant component X' is function of position co-
ordinate only. In case p =0 these result is special case of*.
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