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Abstract: In the present work we introduce a composition formula of 

the caputo – type MSM fractional derivatives with  H  function. The 

obtained results are in terms of H  function.  MGM fractional 

derivative provide a natural framework for the discussion of numerous 

kinds of real problems by the help of fractional derivative. Certain 

special cases of the main results given in this paper generalize many  

known results obtained recently.  Results which follows as special 

cases of our theorem are also cited. 
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1. Introduction 

 

The fractional calculus is a theory of integrals and derivatives of 

arbitrary real or even complex order. It is a generalization of classical 

calculus and has various applications. Fractional calculus has been used to 

model physical and engineering processes, which are found to be 

best represented by fractional differential equations. In the recent years, 

fractional calculus has played a very important  role in various fields like 

mechanics, electricity, chemistry, biology, economics, notably control 

theory, and signal and image processing. Major topics include  continuous 

time random walk, Levy statistics, fractional Brownian motion, 

abnormal diffusion, vibration and control,  fractional nucleon purpose 

kinetic model, power law, Riesz potential, fractional, nonlocal phenomena, 

fractional wavelet, fractional predator-prey system, soft matter mechanics, 

fractional signal and image processing, history-dependent process, porous 

media, fractional filters, biomedical engineering, fractional phase-locked 

loops, fractional variational principles, fractional transforms, singularities 
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analysis and integral representations for fractional differential systems, 

special functions related to half calculus, non Fourier heat conduction, fluid 

dynamics, chaos, acoustic dissipation, geophysics relaxation, creep, 

viscoelasticity, rheology and groundwater problems. 
 

Significant and importance of the fractional integral operators involving 

various special functions, have found  applications in various sub-fields of 

applicable mathematical analysis. Since last four decades, a number of 

workers like Love1, Marichev2, Purohit, Suthar and Kalla3, Rao, Garg and 

Kalla4, Kalla and Saxena5,6, Saigo7-9, Saigo and Maeda10, Kiryakova11-12, 

Srivastava, Lin and Wang13, Kataria and Vellaisamy14 etc. have studied the 

properties, applications and different extensions of various hypergeometric 

operators of fractional integration. A detailed account of such operators 

along with their properties and applications can be found in the research 

monographs by  Ansari,  Yilmaz, and  Alouni15, Prathima,  Nambisan, and  

Kumari16, Debnath and Bhatta17, Kilbas and Sebastian18-20, Kilbas, Srivastava 

and Trujillo21 etc. 

 

2. Preliminaries 

 
 

In 1987, Inayat-Hussain22 was introduced generalization form of Fox’s 

H- Function, which is popularly known as H Function is defined and 

represented in the following manner  
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It may be noted that the    contains fractional powers of some of the  
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gamma functions and m,n,p,q are integers such that 

   
1, 1,

, , ,j jp q
l m q l n p      are positive real number and 

   
1, 1,

,j jn m q
A B


 may take non-integer values, which we assume to be 

positive for standardization purpose.  
1,j p

  and   
1,j q

  are complex 

numbers. 
 

The nature of contour L, sufficient conditions 𝑜f convergence of 

defining integral (2.1) and other details about the H   Function can be seen 

in  the paper of Inayat- Hussain22. The behavior of the H Function for the 

small values of z  follows easily from a result given by Rathie23 

 

(2.3)       
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where , , , ,i i im n a A   and , ,j j jb B   appear in the definition of the H 

function. (sec 1.1). The H  function is analytic if 0  and the integral in 

(1) converges absolutely if 1

1
arg

2
z   , where 1  is given by equation   
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Throughout our present investigation, we use the following standard 

notations: 
 

The corresponding fractional differential operators10 have their respective 

form as 
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(2.6)    
 
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where  Re( ) 1m   and  Re( ) denotes the integer part of  Re  . 

 

Saigo7  introduced the fractional integral and differential operators involving 

Gauss hyper geometric function 2 1F
 
as the kernel. For , ,     and 

0x   with  Re 0  , the left- and right-hand sided Saigo fractional integral 

operators are defined by 
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respectively.  
 

(2.9) 
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respectively.  

 

The third Appell function F3 (also known as Horn function23), is defined by 
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such that max  , 1x y  , where  
n

z  is the Pochhammer symbol, which is 

defined as 
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The corresponding fractional differential operators are 
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where now [Re( )] 1m   . For    and 0  in (2.7)-(2.10), we get the 

corresponding Riemann – Liouville and Erdelyi – Kober fractional operators 

respectively7. 
 

The Gauss hyper geometric function is related to third Appell function 

as 
 

   3 2 1, , , , ; ; , , ; .F x y F x y xy               

 

The MSM fractional operators (2.3)-(2.6) are connected to Saigo operators 

(2.7)-(2.10) by 
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and 
 

(2.14)     
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      

 

The following are well known results for MSM integral operators of 

power functions4 
 

Lemma 2.1: Let , , , , ,         such that  Re 0  . 
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(2.16)   , ', , ', '( ) ( ' ) ( ' )
( ) .

( ) ( ) ( ' ' )
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In subsequent theorems, the conditions for the absolute convergence of 

the integral involved in (2.1) are assumed. Also, the contour C of integration 

is assumed to be the imaginary axis, i.e.,   0Re s  . 

 

3. Marichev-Saigo-Maeda  (MSM) Fractional Integration 

Representation related to the H  Function 

 

Our first set of results are contained in Theorem 3.1 below which is 

related to the left-hand sided MSM fractional integration of the H  function. 

 

Theorem 3.1: The following Marichev-Saigo-Maeda  (MSM) Fractional 

Integration representation formulas hold true for the H  function 
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   

 
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provided that 0x  and each member of (3.1) exist i.e. 

, , , , , , a         be such that  Re , 0    and 

      0, 0 0 , 0Re max Re Re           . 

 

Proof. The left-hand side of (2.15) is given by 
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1
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where  x s  is defined as (2.2). Interchanging the order of integration and 

using (2.15) & (2.18) is equal to 
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the result now follows from (2.1). 
 

In view of (2.13), we have the following result for Saigo operators. 

 

 

For the  𝐻̅-function  

 

Corollary 3.1: Let , , , , a      be such that  Re , 0    and 

    0,  Re .max Re    Then the left-hand sided generalized fractional 
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The above corollary leads to Erdelyi-Kober fractional integral as follows. 

 

Corollary 3.2: 
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provided that , , , a     be such that  Re , 0    and

    0, .Re max Re    Then the left-hand sided Erdelyi-Kober fractional 

integration  , 0,

, 0I I 

 



 of the I-function is given for 0x  . 
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The following result corresponds to the right-hand sided MSM fractional 

integration of the H  function. 
 

Theorem 3.2: Each of the following MSM fractional integration 

representation formulas hold true for the H  function 
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for 0x   provided that , , , , , , a         be such that  Re , 0    

and         ,   ' ,   ' .Re max Re Re Re               

 

Proof. Using (2.1), the left hand side of (3.3) is given by 
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where  x s  is defined as (2.2). Interchanging the order of integration and 

using (2.16) & (3.4) reduces to 
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The result now follows from (2.1). 

 

The Saigo and Erdelyi-Kober fractional integration of the 𝐻̅-function follow 

as corollaries. 

 

Corollary 3.3: Let , , , , a      be such that  Re , 0   and 

      Re max Re , Re .      Then the right-hand sided generalized 

fractional integration , ,I  

  of the H  function is given for 0x  by 
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Corollary 3.4: Let , , , a     be such that  Re , 0   and 
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