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Abstract: The purpose of the present paper is to find the necessary and
sufficient conditions under which an exponential change of Finsler metric
by h-vector becomes a projective change. We have also found the
condition under which this change of Finsler metric of Douglas space
gives a Douglas space.
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1. Introduction

Let F"=(M",L) be an n-dimensional Finsler space on a
differentiable manifold M", equipped with the fundamental function
L(x,y). In 1971, Matsumoto' introduced the transformation of Finsler
metric

(1.1) L'(x, y) = L(X, )+ B(X, Y),

where f(x,y)=b(x)y' and b;(x)are components of a covariant vector
depending on positional coordinates only. If L is a metric function of
Riemannian space then L reduces to the metric function of Randers space.
Such a Finsler metric was first introduced by G. Randers® from the stand-

point of general theory of relativity and applied to the theory of electon
microscope by R. S. Ingarden® who called a Finsler space with such metric
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as Randers space. The geometrical properties of this space have been
studied by various authors® "

In 1978, Numata® studied the properties of F™"=(M",L") which is

obtained from a Minkowskian space F"=(M",L) by the transformation
(1.1). In 1984, Shibata’ studied the properties of Finsler space
F"=(M",L) whose metric function L(x,y) is obtained from L(x,y) by
the relation

L(xy)=f(L.A)

where f is positively homogeneous of degree one in L and £. This change
of Finsler metric is called a f—change. The change (1.1) is a particular case
of - change called Randers change. Shukla, Prasad and Pandey
introduced the transformation of Finsler metric

(1.2) L=Le?", where S=h(X)Y',

in 2012. The change (1.2) is another particular case of f—change, called

exponential change. The authors™ - ** have dealt with Kropina change,
Matsumoto change, Kropina-Randers change, exponential-Randers change,
first approxinate Matsumoto change of Finsler metric respectively and
obtained conditions for these changes of metric to be projective and also the
condition under which the said change transforms a Douglas space into a
space of the same kind.

In the present paper we have obtained the above conditions for the
transformation (1.2) replacing b;(x) in g by h—vector b(x,y). Then we
call such change (1.2) an exponential change of Finsler metric by h— vector.
This h—vector b; is not only a function of coordinates, but it is also a

function of directional arguments satisfying the relation ab,/ayj = phy,
where p is a scalar function of (x,y) and h;(=g; —1I;1;) are components
of angular metric tensor. We shall use the following result obtained by
Shukla, Pandey and Joshi*®

(1.3) ékp=—€|k, n>2.
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Let F" =(M",L) where the Finsler space F" is obtained from F" by
an exponential change of Finsler metric by h—vector. The quantities
corresponding to F" are denoted by putting bar over those quantities.

The fundamental metric tensor g;;, the normalized element of support |

and angular metric tensor h; of F" are given by

1 212 oL %L

2 oy'oy oy oy'oy
We shall denote the partial derivative with respect to x' and y' by 0; and
o, respectively and write

Then

The geodesic of F" are given by the system of differential equations

2, _
G (x%j -0,
ds ds

where G'(x,y) are positively homogeneous of degree two in y' and are
given by

S L2
(L4)  2G'=g'(y"9;0,F —o;F), F=>

where g" are the inverse of g;;.

The well known Berwald connection BI=(G},,G}) of a Finsler

space is constructed from the quantity G appearing in the equation of
geodesic and is given by®

G;:aJGI, ;kzﬁkG;
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The Cartan’s connection CI" = (Fj,G},Cj) is constructed from the
metric function L by the following five axioms"’

(i) 9y =0, (i) g; =0, (iii) F) =F,
(iv) Ry =G, (v) C;k :Cliq'-

where , and |, denote h—and v —covariant derivatives with respect to

CI'. Itis clear that the h— covariant derivative of L with respectto BI" and
CI' is the same and vanishes identically. Furthermore, the h-— covariant
derivatives of L, Ly with respect to CI' are also zero.

We shall write

2. Difference Tensor D'
The exponential change of Finsler metric L by h— vector is given by
(2.1) C=Le”t, where  B(xy)=b(xy)y'.
We may put
(2.2) G'=G'+D".
Then Gj=G{+D} and G} =G} +Dj, where Dj=0;D' and

Dj, =0,Dj. The tensors D', D} and D}, are positively homogeneous in

y' of degree two, one and zero respectively. To find D' we deal with

equation® Ly, =0, i.e.

(2-3) ak I-ij - LierlE I-|rFJk -

Since o,8=h, from (2.1), we have
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(24a) L=¢"" Hl—%j L, +bi]

ﬂ 2
(1——+pL Lij+ﬂ—3|_i|_j
24b) L[ =-en|\ L L

ij )

1
+Lbb, —é(Lb +Lb)

(24c¢) 9,1 =eﬂ’L[£3(ﬁg —~ |_bi)ajL+i2(Lbi - BL)O,p

(1--)@ L+o,b],

24d) oL, =eM[(2- +pL)6kLu+{ (8% + pL> - pL2B)L,

—%(3L+,B)L L. +ﬁ(2L+ﬂ)(Lb +L;b)

_(L+5)
E

bb, }o,L +{—2 (P2~ L, +ﬁ4(2L+ﬁ)Li L

—M(Libj+Lb)+ J}akmﬂ(ﬂL ~Lb,)3,L,
'B(ﬁL Lb,)o, L F(Lbj—ﬂLj)akbi

+F(Lbi - BL)3b, +LL,0, 0]

and

24e) L, =e"[(2- +pL)Luk+ (8- pL?)
(Liij+LjLik+LkLij)+F(pL2_ﬂ)

(biL +b;Ly +bk|-ij)+§(2|-+ﬁ)
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(LLb, +LLb, +L,Lb)- (L:f)
2
(Lbjb, +Lbb, +Lbb) —"i—5(3L +ALLL,

1
+Fbibjbk].

Since Ly, =0 in F", after using (2.2), we have
akEij - I:ijr(Gkr +Dy) - I:rj (Fi +°Di) — I:ir(FjT( +°Dj) =0,

10 i i _cni
where™ Fy —Fj ="Dj,.

Substituting in the above equation the values of o, Ly, L, and I:ijr from

(2.4 d), (2.4 b) and (2.4 e) respectively and using (2.3) and then contracting
the equation thus obtained with y*, we get

B

F(ﬂ_pLz)(LiLjr + L4 + L L)

r =ij

N [2{%@ — B+ pLALy +

1
+F(pL2 - AL, +b; L, +b; Lij)+§(2L+ﬁ)(Li L;b, + LL,b;
(2.5) )

L+
+Lj Lrbi)_Tﬂ(Libjbr + ijrbi + Lrbibj)—F(3L+ﬂ)LiLjLr

1 1 2 1
+Fbibjbr} D' +{E(L—ﬂ+pL2)L,-r +%LrLj + b,
1 2 1
_é(l‘]br + Lrbj)} D/ +{E(L_ﬂ+pL2)Lir +'BL—3L L, +Eb b.

_é(l—ibr + Lrbl)} D; _%(Lbj = BL;) ([, +sOi)_%(Lbi - pL)
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1 1

_(L:;gﬂ) (Libj + iji)} roo - Lakpy 2,0L L Gr] 0.

where ‘0’ stands for contraction with respect to yi viz. ok = iI(yi,

o =T;y'y’ and we have use the fact that'* Dj, y* =°Di, y“ =D

Next, we deal with L;; =0, that is 9,1 —L;,G] —L,Fj =0, then we have
(2.6) ;L — L, (Gj + D)) - L, (R +°Dj) =0.

Putting the values of o;L;, L, and L, from (2.4 c), (2.4 b) and (2.4 a)

respectively in (2.6), using equation Ly; =9;L —L,Gj -L Fj =0, and
rearranging the terms, we get

bilj:{(1—€+pL)L +ﬁ—L|L ——2(le +Lb)+— bb}
+%(,BLi—Lbi)(roj+st)+{(1—€)L +b} i

which after using (1.5) gives

1 2
E(L—,B+pL2)Lir +'8L—3|—i|—r

(2.7) 2x 1

D"
]
+Eb|br - fg (Libr + I-rbi)

1

E(|_ ,B+pL2)LJr+ﬁL LiL,
+ D/
1
+Ebjbr—§(ijr+L,bj)
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+%(lm—i —Lby)(ro; +5o;)

+5 (BLy = L)t + )

+2[L;L’3Lr+beriﬁ
and
1 2 Vs
—(L-B+pL)L + 5 LiL,
(2.8) 2s. =1L L D!

ij J
1
+ Db ——é (Lb, +L,b)

1 2
I(L—ﬁ+pL2)Ljr +’B—3Ler
_ L D_I’
1 1

+%(ﬂ'—i — Lb;)(roj +So;)

—%(ﬂLj —Lb)(fy +So1)-

Subtracting (2.7) from (2.5) and contracting the resulting equation with y',
we obtain

1 2 1
(2.9) {—E(L—mpﬁ)l_jr +§(|_jbr + Lrbj)—% LiL, —Ebjbr} D'

B 1., L-p
—(FLj—Ebj %— TLr+br Dj +1p; =0.

Contracting (2.9) with y!, we get

(2.10) 2(L;LB L, +br) D" =ry.
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Adding (2.8) and (2.5) and contracting the resulting equation with y', we
get

1 2 1 !
(2.11) {E(L—,B+pL2)Lir +% LL, +Ebibr —é(Libr + Lrbi)} D

1
= F(Lbi — L) Top + Sio-

Inview of LL;, = g;, —L;L,, the equation (2.11) can be written as

@12 (LoD + {8 - L AL pl) Ly - LI D'

+3(L0 =L)D" = 5 (Lh L) Lt 5
Contracting (2.12) by b' = g'b; , we get
(213) 2L {L(L- /) +L%b* - F + pL3}o, D" + 2L(L-p)
+B(1%0% — )+ pBLYL D" = L(L%b? — fO)ry, + 2%,

where we have written s, for s b".

The equation (2.10) and (2.13) constitute the system of algebraic
equations in L D" and b.D" whose solution is given by

21n2 2 2
(2.14) erf:(Lb —2ﬂ2+|—ﬂ+pz ﬁz’)foo+2L3(L—ﬂ)50
2[L(L-B)+ %% - B2 + 1]

and

2 3
(215) LD = L('-—ﬁ’+pL2)2r00—2|_s,g |
2[L(L— )+ L?b* — g2 + 3p]
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Contracting (2.12) by g" and putting the values of b,D" and L ,D" from
(2.14) and (2.15) respectively, we get

1

T VN (I, Py

[(L—28+ pL2Y(L— B+ oL — 2L28e}y + L2{(L - 8

+pL) 1 — 21250 + 2L5{L(L— ) + b2 — 2 + s ],

_ i
where ' :L.
L

Proposition 2.1. The difference tensor D' =G' —G' of exponential change
of Finsler metric by h— vector is given by (2.16).

3. Conditions to be Projective Change

The Finsler space F" is said to be projective to Finsler space F" if
every geodesic of F" is transformed to a geodesic of F". It is well known
that the change L — L is projective if G' =G' +P(x,y)y', where P(x,Y)
is a homogeneous scalar function of degree one in y', called projective
factor’. Thus from (2.2) it follows that L— L is projective iff D' = Py'.

Now we assume that the exponential change L — L = Le”" is projective.
Then from equation (2.16), we have

i 1

D Py= 2L+ pPHLL—B)+ 20 — P+ ot

[(L—28+ pLPH(L - B+ pLP1y — 2L 250}y + L{(L -8

+pL) 1 — 21230 +2L%{L(L— ) + b2 — 22 + g)si].
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Contracting (3.1) with y,(= gijyj) and using the fact that s(i)yi =0 and
y;y' =L, we get

(L—B+Lp)ryy —2L%s,

(3.2) T 2{L2 (b2 +1+ pL)— AL+ B}

Putting the value of P from (3.2) in (3.1), we get

(33)  BUL-B+LP)r -2}y = L{(L -+ )i, —2L%s o'
+2L{(b? +1+ pL)L2 — B(L+ B},

Transvecting (3.3) by by, we get

S 2 B
(34) rp=-2L=2, where a=b*—-"= 0.

A L
Substituting the value of ry, from (3.4) in (3.2), we get
35 P=——.

Eliminating P and ry, from (3.5), (3.4) and (3.1), we get
(36) sh= (bi —é yi) S0

The equations (3.4) and (3.6) give the necessary conditions under which an
exponential change of Finsler metric by h-—vector becomes a projective
change.

Conversely, if conditions (3.4) and (3.6) are satisfied, then putting these
conditions in (2.16), we get

Di=—Xyi je D' =Py, where P=—2.
A

A

Thus F" is projective to F".
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Theorem 3.1. The exponential change of a Finsler metric by h— vector is
projective if and only if (3.4) and (3.6) hold, the projective factor P is given
by equation (3.5).

4. Exponential Change of Douglas Space

The Finsler space F" is called a Douglas space if and only if
G'y!-G'y' is homogeneous polynomial of degree three'® in y'. We shall
write hp(r) to denote a homogeneous polynomial in y' of degree r. If we
write BY = D'y} —DJy', then from (2.16), we get

L{(L— B+ pL")1p —2L%sp}

ij _ iyi _plyi
1) B 2(L- B+ pL2HL(L-B) + L2b2—ﬁ2+L3p}(by oY)
5 NN
+—L—ﬂ+ sz(soy SoY)-

If a Douglas space is transformed to a Douglas space by the exponential
change (2.1), then B must be hp(3) and vice-versa.

Theorem 4.1. The exponential change of Finsler metric by h—vector of

Douglas space leads to a Douglas space if and only if BY given by (4.1) is
hp(3) .
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