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Abstract. Let B(G) denotes the set of all blocks of a graph G. A vertex
veV and ablock be B(G) is said to block dominate (b-dominate)
each other if v isinthe blockb. Aset D CV issaid to be a vertex
block dominating set (VBD set) if every block in G is b-dominated by
some vertex in D. The vertex - block domination number ¥, = ¥,, (G)
is the minimum cardinality of a block dominating set of G. Similarly a
set FC B (G) is said to be a block - vertex dominating set (BVD set) if
every vertex in G is b-dominated by some block in F. The block vertex
domination number ¥, =¥, (G) is the minimum cardinality of a block

vertex dominating set of G. In this paper we initiate a study of these new
varieties of mixed block domination and obtain few bounds on the new
parameter.
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1. Introduction

For any undefined terminologies we refer™”. By a graph G(p,q) we
mean a connected finite simple graph with p vertices and ¢ edges. A
maximal connected nonseperable subgraph is called a block of G. A
maximal complete subgraph is a clique. Le B(G) denotes the set of all
blocks of G . Since edges of any graph can be partitioned into blocks of G,
the study of graphs through their blocks of G is quite natural and was
initiated in the early ages since the origin of graph theory. We find several
characterization of graphs in literature using blocks of a graph. In® we
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observe that a block behaves like an edge with multiple vertices. A vertex
veV isacutpointif G-v is disconnected. Let C(G) denotes the set of

all cutpoints of G . If a block be B(G) contains a cutpoint ce C(G) then
we say that b and c are incident to each other. Two blocks b, and b, are
adjacent if there is a common cutpoint incident with b, and b, Again two cut
points ¢, and ¢, are adjacent if there is a common block incident with ¢,
and ¢, A block graph B;(G) is a graph with vertex set B(G) and two
blocks b, and b, are adjacent in B;(G) if and only if there is a common cut
point incident with b, and b,. A cut point graph C,(G) is a graph with
vertex set C(G) and any two cut points ¢, and c, are adjacent in C,;(G) if
and only if there is a common block incident with ¢, and c,. It is observed
that B, (B;(G))=C,(G). Further a block cut point graph BC(G) is a
bigraph with vertex set B(G)UC(G) and a cut point ce C(G)and a block
be B(G) are adjacent if and only if ¢ is incident with the block b . A block

b is a pendant block if it is incident with only one cutpoint, otherwise b is a
nonpedant block.

Remark 1. Number of cutpoints in G = number of blocks in B;(G) =

number of vertices in C;(G).

To acquaint the new terminologies and definitions, we give some
preliminary results on blocks discussed®.

1.1 Block walks and Block Paths and Block Trees

A block-walk (B-walk) is a sequence of blocks and cutpoints say,
b,c,,b,,c,.bs,...... b ,c _.,b beginning and ending with blocks in which

m=2°"m-1°"m
The length of a block

walk is the number of cut points in a block walk. If all the cut points are
distinct (and hence all the blocks are distinct) in a block walk, then such a

walk is called a block path. A block path with m blocks is denoted as B

each cutpoint ¢; is incident with the blocks b, ,b,,, .

pm -

Any block path B, =~ contains m—1 cut points.
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B- Caterpillar B, B-star Bl,2,1,3,1

Fig. 1.1

Let V  be the non-cutpoints in the block b and X, be the edge set of
the block be B(G) . Then G-—b is a graph with vertex set V -V and the
edge set X — X, Note that by our definition of block removal, if b=x is a
pendant edge thenG —b # G—x . A graph G is said to be block connected if
there is a block path between any two blocks of G . We observe that if b
is a nonpendant block of G then G —b is a disconnected graph. If d isa
pendant block, then G —d remains connected.

A graph G is a B-CaterpillarB,, , if removal of all pendant blocks

cm?

results in a B-path B, ~where B, is some times called B- spine of G. A

graph G with m blocks is B-complete graph B, if any two blocks of G

are adjacent. In particular, a star K, = B, is a B-complete graph. A graph
G is a B-star denoted by Bml,mz ...... m, 1f there exists a block b with k

cutpoints and i" cutpoint is incident with  m, +1 blocks, m,e N,1<i<k.

k

Therefore any B-star has (1+ Zsz blocks. The block b is then called the
i=1

central block. B-star is a flower if the central block does not contain any
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noncutpoint. B-path with 5 blocks, B,; B-complete graph By, B-star B,
and B- caterpillar B , are shown in the Fig.1.1

A graph G is said to be a block tree if there exists a unique block path
between any two blocks of a graph.

Theorem® 1.1. Every connected graph is a block tree.
1.2 Block degree and Cutpoint degree

The different types of block degrees are defined®. vb-degree (vertex
block-degree) d ,(u) of a vertex u, is the number of blocks incident on u .

For any noncutpointweV,d,(w)=1 and for any cut point

ceC (G),dvb (c) > 2. Similarly, bv-degree (block vertex-degree) of a block
£, dpy (f) is the number of vertices in the block f and be-degree (block edge-
degree) of a block f,d,, (f)is the number of edges in the block f. bb-

degree (block block-degree) of a block h,d,,(h) is the number of blocks
adjacent to h. Finally, cutpoint-degree of a block b,d_(b) is the number of
cutpoints incident on b. If b is a pendant block then d, (b) =1. For any
nonpendant block d (b) 22. Let A,(G) and J,(G) denote the
maximum and minimum vb-degrees of G. Then A,, (G),d,,(G)A,, (G),

6, (G),A,,(G),8,,(G)A,(G)and 6,(G) are similarly defined. One can

find a study of several kinds of degree concepts in graphs4’5’6. The following
results appear7’8. Those results in our terminologies read as follows.

Proposition 1.2.1 . For any graph G, with m blocks and n cut

points,

(1.1) >, w)-H=m-1 Harary®
ueV

(1.2) > d.(h)-D=c-1 Gallai’

he B(G)

Surekha and P. G. Bhat® proved that sum of vb-degree of all cutpoints and
sum of cutpoint degree of all blocks are equal.
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Proposition3 1.2.2. For any graph G, with m blocks and n cut
points,

(1.3) D> d, ()= ) d.(h=m+n-1.

ceC(G) he B(G)

After defining B-path it is natural to define block distance between two
blocks. We present some results on Block distance.

2. B-distance between Two Blocks

The length of a B-path is the number of cutpoints in it. For any two
blocks b,,b, € B(G), the B-distance d(b,,b,) is the length of the B-path

from b, to b, Further, d (b,,b,) has the following properties:
(i) d(b.,b,)=0 and d(b,b,)=0 ifandonlyif b =b,
i) d(b.b,) =d(by.b).
(iii) d(b.b,)<d(b,.b,)+d(b;.b,).

Using B-distance we can define the central tendencies of a block, like B-
radius and B-diameter of a block in a graph. The B-eccentricity of a block

he B(G) is defined ase(h)= max)d(h,g). Then  B-diameter

h,geB(G
d,(G)= max e(h) and B-radius r,(G)= min e(h) . The set of blocks with
h,geB(G) he B(G)

minimum eccentricity is called B-center C,(G) of the graph. Immediately
these parameters yield a lower bound for the usual diameter d (G ) and radius

r(G) of a graph. Hence we have d,(G)<d(G) and r,(G)<r(G) and
equality holds if G is a tree.

Proposition 2.1. Let G be a graph with B-diameter d,(G) and B-

radius 1,(G). Let B;(G) and C,;(G) be the block graph and cutpoint graph
of G. Then
@.1) 1(G) < d,(G)<2,(G),
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(2.2) d,(G)=d,(B;(G))+1,
(2.3) d,(G)=d,(C,;(G))+2,
2.4) r,(G) <1, (Bs(G))+1,
(2.5) 1, (G)=1,(Co(G))+1.

. _| 4,(6)
Proof. Equation (2.1) follows from the fact that 1, (G)= :

To prove (2.2). Consider the diametrical B-path in G . Then
d,(G)= number of cutpoints in the diametrical B-path in G

= number of blocks in the diametrical B-path in B, (G) (using

Remark 1)
= number of cutpoints in the diametrical B-path in

(Bs(G))+1=4d,(B:(G))+1
Since B (B;(G))=C;(G) equation (2.3) follows from (2.2).
To prove (2.4). Again from (2.1) and (2.2), we have

n(G){d” (G)] =de(BG(G))”)F{db(B;(G)WH: 1, (B; (G))+1

2 2
as desired.
Also from (2.3) we have, d, (G)=d, (C,(G))+2.
d, (G d, (C,(G
Hence rb(G)z{ ”(2 W:{ o ;( W +1=1,(C,(G))+1 which yields

(2.5).

A skeleton of G 1is obtained by deleting all the pendant blocks from G .
An i" skeleton S,(G) is obtained iteratively by getting skeleton of G, i

times. Therefore G=5,(G). If a vertex v is a cutpoint both in G and

S,(G) then v is a nonend-cutpoint of G, otherwise v is an end-cutpoint
of G.
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Proposition 2.2. For any graph G with m blocks the block center
C,(G) is B-complete.

Proof. Case 1. Suppose m= 1. Then d,(G) =r,(G) = 0. Hence
C,(G) =B, and the result follows.

Case 2. Suppose m>1 and G=B,,
Then d,(G) =r,(G) = 1. Hence C,(G) =B, and the result follows.

Case 3. Suppose m>1 and G is not a B-complete graph.

Claim: G has atleast two pendant blocks and two end-cutpoints.

Consider the diametrical B-path inG. Then the two blocks with

maximum B-eccentricity are the required two pendant blocks and the
cutpoint incident on these two blocks are the required two end-cutpoints.

Hence our claim. Now obtain the skeleton S, (G). Then all the blocks are at

B-distance one less than the B-distance in the original graph. Also the blocks
which were in the block center in the original graph remain same in the new

graph. Hence C,(G) =C,(S,(G)). Let k, be the number of blocks in
S, (G). Check whether S, (G) is B-complete and if so, from case 1 and case
2, the result follows and we stop. If S (G) is not B-complete, we get
S,(G). We repeat the process of getting skeleton S,,,(G) from S, (G)
iteratively, if and only if S,(G) is not B-complete. After say n steps we get
S.(G)  which is  B-complete  with k& blocks  and

n

C,(G)=C,(S,(G))=S,(G) which is B-complete. Then by case 1 and case
2, the result follows. This completes the proof.
From the above proof we can get an algorithm to get B-centre of G

which eventually gives the B-radius of G. Note that if we take skeleton of G,
i times implies that block radius of G isi+ 1.

i=0

count = m

k = count
begin

while (Si(G)in)
Si(G) :Si+l(G)
i=i+ 1
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count = number of blocks in S,,, (G)

k = count
end while
G, (G) =S5, (G)
block radius of G =i +1

end

3. Mixed Block Domination

The study of mixed domination was initiated by Sampathkumar and S. S.
Kamath’. A vertex v, m-dominates an edge x in G if xe <N [v]> Similarly

an edge x m-dominates a vertex v if veN[x]. A set DV is said to be a
vertex edge dominating set (VED set) if every edge in G is m-dominated by
some vertex in D . The vertex - edge domination number y,, =¥, (G) is the

minimum cardinality of a VED set of G. Another parameter cutfree
domination number ¥, (G)defined as minimum number of vertices in a

dominating set such that <S> is block of G is introduced by Paulraja and

Armugamm. The minimal number of cliques that cover all the vertices of a
graph is well known in graph theory as partition number 6(G) introduced
by Berge'! and has been celebrated in Berge’s conjecture on perfect graphs.
This number is also called as point clique covering number by Choudam et
al’?. They studied its edge analogue line clique covering number 6,(G)
defined as the minimum number of cliques that cover all the lines of a graph.
Parthasarathy and Choudam™ studied the same concepts extending it to
product graphs. These definitions motivated to ask the question what is the
minimum number of blocks (instead of cliques) required to cover all the
vertices? Answer to this question lead to define different block domination
parameters.

A vertex veV and a block be B(G) is said to block dominate (b-

dominate) each other if v is in the block . A set DcV is said to be a
vertex- block dominating set (VBD set) if every block in G is b-dominated
by some vertex in D. The vertex - block domination number y,, =,,(G)
is the minimum cardinality of a block dominating set of G . Similarly a set
F < B(G) is said to be a block - vertex dominating set (BVD set) if every

vertex in G is b-dominated by some block in F. The block-vertex
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domination number ¥, =¥, (G) is the minimum cardinality of a block

vertex dominating set of G . In this paper we initiate a study of these new
varieties of mixed block domination.
We now give 7, and y, ~of some standard graphs. Since the results are

straightforward we omit the proof.
Proposition 3.1. (i) For any B-complete graph B, with m blocks,

7vb(Bm) =1 and 7/bv(Bm) = m.
(ii) For any B-star B, . . withk cutpoints,

k
7/vb(Bml R ) = k and 7/7\’(Bml My o Y ) S 1+ Zmi
i=1

k

(iii) For any flower ¥, (B, , )= m,.

i=1

Proposition 3.2. For any B- path B, with m blocks,

m+1

Voo (Bo) :% and Yo (B, ZT'

Proof. Since each cut point b-dominates two blocks in a B-path in order
to b-dominate all the m blocks we need % cutpoints. In a B- path with
m blocks there will be at least m+1 vertices, and each block b-dominates at
least two vertices, we need atmost mT—l-l blocks to b-dominate all the

vertices.
3.1 VB independence number
Vertex covering number o,(G) is defined as the minimum number of
vertices needed to cover all the edges of G. Edge covering number &,(G) is
similarly defined. The independence number [5,(G)(edge independence
number B,(G)) is the maximum number of vertices (edges) such that no two

vertices (edges) are adjacent inG . The four parameters defined above are
related by classical theorem now known as Gallai’s Theorem. The strong
(weak) coverings and strong (weak) independent sets are studied by S. S.
Kamath and R. S. Bhat®.
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Theorem’ 3.1.1. For any isolate free graph G=(V,X) with p
vertices ,

3.1) a,+ B, = p.
(3.2) a,+ B =p.

We now define a new type of independent sets called vertex block
independent (abbreviated as VB independent) sets. A set ScV issaid to

be VB independent if <S> the subgraph induced by the set § does not
induce any block of G. The VB independence number f3,(G)  is the

maximum number of vertices in a VB independent set of G . Since
V —C(G) does not induce any block of G, we have the set V—-C(G) is a

VB independent set and hence S, (G)= p—n. Note that for any tree 7, by
our definition ¥, (T)=¢,(T),p,(T)=4,(T) and ¥, (T)=e,(T).

Proposition 3.1.2. Let G be a (p, q) graphand SV ,then S isa
VBD setof G ifandonlyif V — S is VB independent set of G .

Proof. Let S be a VBD set of G. Then, since every block is b-
dominated by some vertex in S, at least one vertex of every block is in §.

Hence <V—S> cannot induce any block ofG. Hence V—-Sis VB

independent.

Conversely, let S be a VB independent set of G . Suppose that V- § is
not a VBD set. Then there exists at least one block b€ G which is not b-
dominated by any vertex in V —S . This implies all the vertices of b are in

S . Then <S > contains the block b which contradicts the fact that S is VB
independent set of G .

3.2 Gallai’s type Theorem

Proposition 3.2.1. For any graph G with p vertices,

(3.3) 7., (G)+B,(G)=p.

Proof. Let S, bea y,-setof G. Then from Propoition 3.1.2, V - §, is
a VB independent set of G . Hence £, (G) >V — S, |. Therefore
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(i) Y0 (G)+B,(G)=p.

To prove the reverse in equality, suppose that S, isa S, -set of G, then
again from Proposition 3.2, we have V - §, 1is a VBD set of G. Hence
|V —S, <%, (G) . Therefore

(ii) ¥ (G)+B,(G) < p.
Then the result follows from (i) and (ii).
4. Bounds on Vertex Block Domination Number

Proposition 4.1. For any block Caterpillar B, with block diameter
d,(B,,) and block radius r,(B,,)

Proof. Deleting all the pendant blocks from the block caterpillar B, we
get a block spine B,, which is a B-path with m blocks. Hence there exists a
longest B-path B, ,, with m+ 2 blocks in the B-caterpillar B, Then

m+2
r,(B.) =

BP m+2

Therefore for any B,, we havey,, (B,, )< d,(B,,)-

=%, (Bp,.r) <7, (B.,). Now suppose every cut point of

has a pendant block in B,, so that ¥, (B, ) =m+ 1 =d,(B,,).

A cutpoint c is called a support cutpoint if c is incident with a pendant
block. Similarly a nonpendant block which is adjacent to a pendant block is
called a support block.

Proposition 4.2. Let G be any graph with s support cutpoints, then

4.2) 5s<7,(G)

and equality holds if and only if every nonpendant block of G is a support
block of G.
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Proof. In order to b-dominate all the pendant blocks every support
cut point is essential in a VBD set. Hence the set S of all support cutpoints

is a subset of all VBD set of G. Therefore s<y, (G).

Suppose s =7,, (G), then the set S of all support cutpoints is a minimum

VBD set of G. If possible there exists a nonpendant block » in G which is
not a support block in G. Then all the cutpoints of the block b are not support
cut points hence are not in S. But then b is not dominated by any vertex in S.
Hence S is not a VBD set of G- a contradiction.

Conversely, if every non pendant block of G is a support block of G.

Then we already have 5<%, (G). Since every block is a support block,

each block has at least one support cutpoint and hence all these blocks are b-
dominated by the corresponding support cutpoint in S, and hence no more
vertices are needed to b-dominate any block. Thus we conclude that

s=7,(G).
Proposition 4.3. Let G be any graph with n cut points, then ¥, (G)<n
and equality holds if and only if every cut point of G is a support cut point.

Proof. Since the set of all cut points is a VBD set of G we have
7., (G)<n. Suppose ¥, (G)=n. Then C(G) the set of all cut points of G
forms a minimum VBD set of G. If possible there exists a cut point ¢ which
is not a support. Then c is incident with at least two nonpendant blocks say
b,and b, which has two support cut points ¢, and ¢,. Hence V— {c} is a
VBD set of G — a contradiction. Converse is straightforward and hence we
omit the proof.

In the next proposition we get a bound for %, in terms of maximum VB

degree A, .

Proposition 4.4. Let G be any graph with m blocks and maximum VB
degree A, and minimum CVB degree J,,  then

(4.3) Lﬂw <y,
(4.4) LL1 <y,.

Further these bounds are sharp.
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Proof. Since any cutpoint can b-dominate atmost A , blocks, we need

Aﬂ vertices to b-dominate all the blocks of G. This yields the

vb

bound in (4.3). Again a block can b-dominate atmost 4,,, vertices, we need

14

atleast | — |blocks to b-dominate all the vertices of G. Any B-complete

A

bv

graph attains the bound in [4.3] any B-path in which every block has same
number of vertices attains the bound in [4.4].
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