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Abstract: The object of the present paper is to study non-invariant
hypersurfaces of nearly Sasakian manifolds equipped with

(f, g,u,v, ﬂ) - structure. Some properties obeyed by this structure are
obtained. The second fundamental form of a non-invariant
hypersurface of a nearly Sasakian manifold with (f, g,u,v,ﬂ) -

structure has been traced under the condition when f is parallel. The
necessary and sufficient conditions also have been obtained for totally

umbilical non-invariant hypersurfaces With(f, g,u,v, /1) - structure of

nearly Sasakian manifold to be totally geodesic.
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1. Introduction

In 1970, S. I. Goldberg et. al' introduced the notion of a non-invariant
hypersurface of an almost contact manifold in which the transform of a

tangent vector of the hypersurface by the (1,1)structure tensor field ¢
defining the almost contact structure is never tangent to the hypersurface.
The notion of (f>g.u,v,A4) - structure was given by K.Yano®. It is well
known™* that a hypersurface of an almost contact metric manifold always
admits a ( f, g,u,v,/i) - structure. Authors’ proved that there always exists a



320 Rajendra Prasad, Shyam Kishor and Satya Prakash Yadav

(f,g,u,v,A)- structure on a non-invariant hypersurface of an almost contact

metric manifold. They also proved that there does not exist invariant
hypersurface of a contact manifold. R. Prasad® studied the non-invariant
hypersurfaces of trans-Sasakian manifolds. In the present paper, we study the
non-invariant hypersurfaces of nearly Sasakian manifolds.

2. Preliminaries

Let M be an almost contact metric manifold with almost contact metric
structure (@,&,77,¢) where ¢ is (1,1) tensor field, 77 is 1- form and g is a
compatible Riemannian metric such that

(2.1) ¢’ =-1+n®¢&, n&)=1, ¢o£=0, nop=0,
(2.2) g(PX,9Y)=g(X.Y)-n(X)n),

forall X.YeTM .

An almost contact metric manifold is a nearly Sasakian manifold® if

(2.4) (V@)Y +(V,H)X =2¢(X,V)E-n(Y)X —n(X)Y,

for all vector field X,Y on M, where V is the operator of covariant
differentiation with respect to g. From (2.4), we have

(2.5) Vi E=—0X -V, 9)X .

A hypersurface of an almost contact metric manifold M (¢, &n, g) is called
a non-invariant hypersurface, if the transform of a tangent vector of the
hypersurface under the action of (I1,1)tensor field ¢ defining the contact
structure is never tangent to the hypersurface. Let X be a tangent vector on
a non-invariant hypersurface of an almost contact metic manifold M , then
¢X is never tangent to the hypersurface.

Let M be a non-invariant hypersurface of an almost contact metric
manifold. Now, if we define the following

(2.6) #X = fX +u(X)N,
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(2.7) N =-U ,
(2.8) E=V+AN, A=n(N);
(2.9) n(x)=v(X),

where f is a (1,1) tensor field, u, v are 1-forms, N is a unit normal to the

hypersurface, X e€TM and u(X)#0, then we get an induced

(f,g,u,v,A)— structure on M satisfying the conditions®*:

(2.10) fP=—I+u®U+v®V,

(2.11) fU ==V, fV=2U,

(2.12) uof = Av,vof =—Au,

(2.13) uU)=1-A%u(V)=v(U)=0,v(V)=1- A%,

(2.14) 8UX, fY)=g(X,Y —u(X)u(¥) —v(X)v(¥),

(2.15) 8(X, fY)=-g(fX.Y),g(X,U) =u(X),
g(X,V)=v(X),

forall X,Y e TM, where A =r1( ]Q).
The Gauss and Weingarten formulae are given by

(2.16) V,Y=V,Y+0(X,Y)N,
(2.17) V,N=-A_X,

for all X,YeTM , where V and V are the Riemannian and induced

Riemannian connections on M and M respectively and N is the unit
normal vector in the normal bundle 7-M. In this formula ¢ is the second
fundamental form on M related to A, by
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(2.18) o(X,Y)=g(AX,Y), for X,YeTM.

3. Non-invariant Hypersurfaces

Lemma 3.1: Let M be a non-invariant hypersurface with (f,g,u,v,A)—

structure of a nearly Sasakian manifold M , then

(3.1
(V)Y +(V,0)X = (V)Y +(V,)X +(X, fY)+ (0¥, X)N+(V, )Y

+HV, )X +20(X,Y)U —u(Y)A,Y
(3.2) (VY +(V,m)X =(V,u)Y +(V,u)X —2Ac(X,Y),
(3.3) V,E=(V,V-14,X)+(c(X,V)+ XN .

Proof: Consider

(Vio)Y = (V1) =9(V,Y)
=V, (fY +u(Y)N)—p(V, Y +5(X,Y)N
=V Y +V, w@)N) = f(V, ¥)=u(V V)N = (X,Y)(-U)
=V, fY +0(X, N +u(V)AX) +(V ()N = (Y, Y)
—u(V,Y)N +0(X,Y)U,

which gives

(B4 (V@Y =(V, )Y —u(¥)A X +0(X,Y)U +(V,w)Y +0(X, fY)N .
Similarly, we have
(3.5 (V)X =(V, /)X —u(X)AY +5(X,V)U +((V,u)X +0(¥, XN,
From (3.4) and (3.5), we have

(V)Y +(V,0)X = (V)Y +(V,u)X +0(X, fY)+ (oY, fX)HN
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+V, Y +(V, )X +20(X,Y)U
—u(Y)A X —u(X)AY
Also,
VY =V, (¥) =1V Y)
= V(@) =w(V,¥)=a(X,Y)n(N);

therefore
(3.6) (V7)Y =(V,»)Y -A0(X.Y),
Similarly

3.7 (VX =(V,mMX -10(X.Y),

Adding (3.6) and (3.7), we get
(Vin)Y +(V,7) X =(V,v)Y +(V,v) X =240 (X.Y).
Further, consider
V,§=V, $+a(X. 6N
=V ,V+V, AN +c(X,V)N
=V, V+AV ,N+(XA)N+0(X,V)N

or
Vi E=(V,V+AA,X)+(0(X.V)+ XN .

Theorem 3.2: Let M be a non-invariant hypersurface
(f.g,u,v,A)— structure of a nearly Sasakian manifold M , then

323

with

(3.8) 0(X.E)U = f£*X —u(X)U + f* (V)X )-u((V)X)U + f(V,.E),

(3.9) u(V &) =-u(fX)-u(fV0)X).
Proof: Consider

(6X¢)£ = vx¢§_¢(6x§)
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= -0(-0x-9((¥,0)x)

or

(3.10) (V,9)&=~0(~X ~u(X) N~ (V. 0)X)-u((V.HX)N).

Since we know the relation

B (Vy9)E=-0(V, &) +o(X.E)U.

Equation (3.10) and (3.11), gives

(V&) +0(X.E)U =—p(~X ~u(X) N = 1 (V,0) X —u((7,0) X ) N

=9(X)-u(X)U +9(f(V,0) X )-u((V.0) X )U.

Now from (2.6) and (2.7), we have

~f (V&) ~u(V )N +0(X.E)U = f(fX)+u(fXON —u(X)U
+f (£ (V) X)+u(r (V) X)W
—u((V0)X)U.

Equating tangential and normal parts, we have
o (X, E)U = f2X —u(X)U + f* (V) X )=u((V.0) XU + f(V ).
and

u(V &) =—u(fX)-u(f(V.9)X).

Theorem 3.3: Let M be a non-invariant hypersurface with
(f,g.u,v,A)— structure of a nearly Sasakian manifold , M then

(3.12) (Vo f)Y+(V,f)X =2¢(X.Y)V—v(Y)X —v(X)Y +20(X,YV)U
+u(Y)A X —u(X)A,Y,
(3.13)  (Vou)Y+(V,u)X =24g(X.Y)-0o(X,AY)-0o(Y, fX).

Proof: In view of (3.1) and (2.4), we have
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(Vif)Y+(Vy )X —u(Y)A X —u(X)AY +20(X.Y)U
(V)Y +(V,u) X +0(X, f¥)+0 (V. X))} N
=2g(X,Y)V-n(Y)X -n(X)Y+21g(X.Y).

Equating tangential and normal components of above, we can obtain (3.18)
and (3.19) respectively.
Theorem 3.4: Let M be a noninvariant hypersurface with

(f,g.u,v,A)— structure of a nearly Sasakian manifold M, then

(Vi@)Y +(V,0) X =2g(X,Y)+2¢(X.Y)V-v(Y)X
~u(X)Y +40(X,Y)U.

(3.14)

Proof: Consider

or

3.15) (V@)Y = (Vy f)Y —u(Y) A X +O-(X’Y)U+{+O-(X,ﬂ’)

(Vu)Y J
Similarly
3.16) (V,0)X =(Vyf)X —u(X)A,Y+0(X.Y)U (Vi) X N
. = - Y+ , + ,
3.16) (V,¢ J)X-u(X)AY +o ro (v, /%)
Using (3.15) and (3.16), we have
(3.17) (Vi8)Y +(V,0) X =((Viu)Y +(V,u) X +0 (X, fY)
+o (Y, X)N +(V )Y +(V, /)X
+20(X,Y)U-u(Y)A X -u(X)AY.
Now from (3.17), we have
(3.18) (Vy9)Y +(V,0) X =2¢(X.Y)V-n(Y)X —7(Y)+24g(X.Y).
From (3.17) and (3.18), we have
(3.19) (V)Y +(V, f)X =2g(X,Y)V—v(Y)X —v(X)Y +20(X,Y)U

ru(Y)A X —u(X)AY .
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(3.20) (V)Y +(V,u) X =24g (X.Y) =0 (X, fY)-o (Y, X),

now equation (3.17), (3.19), (3.20) enables us to deduce (3.14).
Now we proceed for some interesting results on totally geodesic
noninvariant hypersurfaces.

Theorem 3.5: Let M be a totally umbilical noninvariant hypersurface
with (f,g.u,v,A)—structure of a nearly Sasakian manifold. Then it is

totally geodesic if and only if
(3.21) u(X)+u((V.0)X)+XA=0,

and, in particular, if nearly Sasakian manifold admits a contact structure,
then (3.21) can be expressed as

(3.22) %u+d(log/l)=0.

Proof: Consider

V&=V, Ero (X 6N

=V, (V+AN)+o(X.V)N
=V, V+V, AN+ (X,V)N
=V,V+AV,N+(XA)N+c(X,V)N
or
(3.23) V,&=(VV-24,X)+(c(X.V)+XA)N,
From (2.5) and (3.23), we calculate
_fX_”(X)N_f((vifb)x)_“((ﬁifb)x)ﬁ
=(V,V-2A,X )+(c(X.V)+XA)N,
Equating normal part, we have

(3.24) o(X.V)=-u(X)-u(V0)X-XA.
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Now if M is totally umbilical, then A, =¢7, {is Kahlerian metric and

(2.18) reduces intoo (X,Y) =g (A, X.Y)=g({X.Y)={g(X.Y),

therefore o(X,Y)={g(X.Y),

and equation (3.24) gives

(3.25) u(X)+u(V.0)X +XA+{v(X)=0.

If M is totally geodesic i.e. { =0, then (3.25) gives
u(X)+u((V.0)X)+XA=0.

Now, if nearly Sasakian manifold is equipped with contact structure then
(3.21) takes the form u(X )+ XA =0. This concludes the required condition

(3.22).

Theorem 3.6 Let M be a noninvariant hypersurface with
(f,g.u,v,A) = structure of a nearly Sasakian manifold. If f is parallel, then

we have

(3.26) o(X.¥)=—— )(u(x)v(y))+Lu(x)u(y),

3(1-4° 3(1-22)

where j1=0(U,U)=g(AU,U).Also,M is totally geodesic if and only if

(3.27 %u(x)+u(€5¢)x+x/1=0

Proof: Since fis parallel then equation (3.19) reduces into
20(X,Y)U=v(Y)X+v(X)Y-2g(X.,Y)V
—u(Y)ANX —u(X)ANY+v(X)fY).
Applying u both sides, we obtain

(3.28) 2(1-2%)o (X.Y) =u(Y)v(X)~u(Y)u(AX)
—u(X)=u(X)u(AY).

N

In view of (3.28), we have

3(1-2%)o(X,U)=(1-2")u(X )u(A,U)
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or

(3.29) u(ANX)zév(X)— £ u(x),

where =0 (U,U).
Following the similar way, we can get
1

U
ER TR R

In the light of equations (3.28), (3.29) and (3.30), we have

(3.30)  u(AY)=

2(1—/12)6(X,Y)=§u(Y)v(X)+§u(X)v(Y)

U
+mu(X)u(Y).

Next, from (3.24) and (3.26), we have
gu(x)w(ﬁf;ﬁ)x +XA=0.

Further, if nearly Sasakian manifolds posses contact structure, then
iu(X)+X/1=O :%u+3d(log/1)=0

Theorem 3.7: Let M be a noninvariant hypersurface with
(f,g.u,v,A)—structure of a nearly Sasakian manifold. If U is parallel, then

we have
(3.31)  AX+f(AX)+(V, f)X =0.

Proof: Consider
(Vig)N=V 6N -V N

= 9,0-9(-4,X)
= -V, U-¢(X.U)N+f(A,X)+u(A,X)N,
332)  (Vi8)N=-V,U+f(AX).

From equation (2.4), we have
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(3.33)  (Vy9)Y+(V,9) X =2g(X.Y)V -n(¥)X —n(X)Y
—n(Y) X +n(X) fY +2gAUX,Y).

On puttingY = N, we have
(3.34)  (Vy4)N+(V,0)X =—AX —v(X)N .
Also
(335) (V0)X =(Vor) X —u(X) AN +{(V ) X + (N, X )} N,
Using (3.32), (3.34) and (3.35), we get

—V U+ f(AX)+(V,0)X ==AX —v(X)N
Now equating tangential part, we have
(3.36) V U=AX+f(AX)+(V.f)X.
If U is parallel, then (3.36) implies

AX+f(AX)+(V,f)X =0.

This completes the proof.
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