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Abstract. For a vertex v of a graph ( , ),    N(v)={u V| uG V X  is 

adjacent to }.v Then degree of the vertex , ( )  | ( ) | .v d v N v We define 

( ) { ( ) | ( ) ( )}.sN v u N v d v d u   Similarly, ( ) { ( ) | ( )wN v u N v d v 
( )}.d u Then Strong degree  of   a vertex  v   is   ( ) | ( ) |s sd v N v and

weak  degree of a vertex  v is   ( ) | ( ) | .w wd v N v Consequently, we have 

the following graph parameters – maximum strong degree 
( ),s G minimum strong degree ( ),s G maximum weak degree ( )w G

and minimum weak degree ( ).w G For any two adjacent vertices  u and  

v in a graph ( , ),    uG V X strongly [weakly] dominates  v   if  

( ) ( )      [d(u) d(v)].d u d v  A set D V is a dominating set (strong 

dominating set [sd-set], weak dominating set [wd-set] respectively) of  G
if every  v V D  is dominated (strongly dominated, weakly dominated 
respectively) by some .u D The domination number (strong domination  
number, weak domination number respectively) ( )   ( = (G),s sG      

( )w w G  respectively) of G is the minimum cardinality of  a  

dominating set (sd- set, wd-set respectively) of  .G
In this paper, we obtain a new lower bound and also an improved 

upper bound for the weak domination number  using the new parameters. 
A new version of the “First Theorem in Graph Theory” is presented.  We 
define a new matrix called strong weak adjacency matrix of a graph and 
give an algorithm to obtain the strong weak adjacency matrix from the 
adjacency matrix and vice versa.  Using the properties of the new matrix, 
we can compute all the information about the new parameters defined 
above. 
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1. Introduction

The motivation to this paper comes from the strong weak domination 
parameters defined by Sampathkumar and Pushpalatha 12.  For any two 
adjacent vertices  u and  v in a graph ( , ),  uG V X strongly [weakly] 
dominates v if  ( ) ( )[ ( ) ( )].d u d v d u d v  A set D V is a dominating set
(strong dominating set [sd-set], weak dominating set [wd-set] respectively)
of  G if every  v V D  is dominated (strongly dominated, weakly 
dominated respectively) by some .u D The domination number (strong 
domination  number, weak domination number respectively)

( ) ( ( ), ( ) )s s w wG G G respectively        of G is the minimum

cardinality of  a  dominating set (sd- set, wd-set respectively) of  .G This 
concept has been further studied by Domke, Hattingh, Rautenbach et al in 1-2-

4-5-8-11.  For undefined terminologies, the reader is referred to   3-6-13.  
We obtain some sharp bounds to the weak domination number by 

introducing some new degree concepts. In this paper, we define three new 
parameters, viz., strong degree, weak degree and regular degree.

2. Strong Degree, Weak Degree, S-Silent 
Number and W-Silent Number

For a vertex  v of a graph ( , ),  ( ) { |G V X N v u V u   is adjacent to 
}.v Then degree of  v is  ( ) | ( ) | .d v N v Similarly, let  

( ) { ( ) | ( ) ( )}sN v u N v d v d u   and  ( ) { ( ) | ( ) ( )}.wN v u N v d v d u  
( ) { ( ) | ( ) ( )}.rN v u N v d v d u   Then we define strong degree of   v as   

( ) | ( ) |,s sd v N v weak  degree of  v as  ( ) | ( ) |w wd v N v and  regular degree

of v as  ( ) | ( ) | .r rd v N v As a consequence, we have the following six graph 

parameters – maximum strong degree of a graph ( ),s G minimum strong 

degree ( ),s G maximum weak degree ( ),w G minimum weak degree 

( ),w G maximum regular degree ( ),r G and minimum regular degree 

( ).r G Further, a vertex  v is called  strong - silent (s- silent), if ( ) 0sd v 
and  weak - silent (w- silent), if ( ) 0.wd v  A set S V is said to be strong-

silent set (weak-silent set) if every vertex in  S  is s-silent (w-silent).  The s-
silent (w-silent) number ( ) ( ( ))s s w wG G     is the maximum 
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cardinality of a s-silent (w-silent) set of .G We shall illustrate the above 
concepts with an example.

In the graphs 1G and 2G shown in Fig.2.1, the first, second and third 

elements of a vertex label represent the strong degree, weak degree and 
regular degree of the corresponding vertices respectively.               

1 1 1 1 1 1( ) ( 6), ( ) 0, ( ) 2. ( ) 1. ( ) 2.s s w w rG G G G G G          

1 1( ) 0. ( ) 12r sG G   and the s  set is the set of all vertices with first 

coordinate zero in 1 1. ( ) 0.wG G  Similarly, 

2 2 2 2 2 2( ) ( 6), ( ) 1, ( ) 3, ( ) 0. ( ) 2.s s w w rG G G G G G          

2 2( ) 0. ( ) 0r sG G   and 2( ) 1w G  and the w  set is the set with 

maximum degree vertex in 2.G These two examples also exhibit  that s and  

w are not comparable. Also s and w are not comparable. One can find 

few more varieties of degree concepts in 9.

Proposition 2.1. Let  ( , )G V E be any graph.  Then for any vertex

,v V ( ) ( ) ( ) ( ).w rd v d v d v d v  
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Proof. For any vertex , ( ), ( ), ( )s wv V let A N v S N v W N v    and 

( ).rR N v We observe that A S W  and .R S W  Therefore ( )d v 
| | | | | | | |A S W S W     | | | | | | | | ( ) ( ) ( ).s w rS W S W R d v d v d v      

An edge x uv is called a beam if ( ) ( ).d u d v The number of beams in 

a graph is denoted as .rq With this definition we give a simple but elegant 

result. 

Proposition 2.2. For any ( , ) ,p q graph G
  

(2.1) ( ) ( ) ,s w r
v V v V

d v d v q q
 

   

(2.2) ( ) 2 ,r r
v V

d v q



where  rq   is the number of beams in  .G

Proof. The result (2.1) follows from the fact that in counting the strong 
degree or weak degree of a vertex every edge which is not a beam is counted 
exactly once and the beams are counted twice.  The result (2.2) follows from 
the fact that in counting the regular degree of a vertex the beams are counted 
twice and the edge which is not a beam is not at all counted. Note that for the 
graph  2G in Fig.1,   16q  and the number of beams =   

4.rq  
Vv

s vd )( sum of all first coordinates of vertex labels in,  

2 ( )w
v V

G d v


  sum of all second coordinates of vertex labels in,

2 20 16 4 .rG q q     Thus, Proposition 2.2 is verified.

The following theorem is an aliter of first theorem in graph theory using 
strong (weak) degree concepts.

Theorem 2. 3. For any ( , ) ,p q graph G

(2 ( ) ( )) (2 ( ) ( )) 2 ,s r w r
v V v V

d v d v d v d v q
 

    

Proof.  ))()()(()( vdvdvdvd r
Vv

ws
Vv

 


(using Proposition 1)

        = ))()(2( vdvd r
Vv

s 


(using Proposition 2)

        2( ) 2 2 .r rq q q q           
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Corollary 2.3.1.  For any graph   G of order p and size q,

)]()([ vdvd w
Vv

s 


is an  even number.

Proof.  From Proposition 2.1, for any vertex ,v

( ) ( ) ( ) ( ).s w rd v d v d v d v  

Hence  ( ) ( ) ( ( ) ( )) 2 2 ,s w r r
v V v V

d v d v d v d v q q
 

      which is an even 

number. We recall the following definitions given in 7. A vertex v V is 
strong [weak]  if ( ) ( )[ ( ) ( )]d v d u d v d u  for every ( ) .u N v in G A 
vertex  v   which is neither strong nor weak  is called a   balanced  vertex. A 
vertex  v is  regular if ( ) ( )d v d u for every ( )u N v in .G A regular 
vertex is both strong and weak.  A vertex v is strictly strong [strictly weak] 
if ( ) ( )[ ( ) ( )]d v d u d v d u  for every ( ).u N v A set S V is said to be
strong (weak, balanced, regular respectively) if every vertex in  S   is a 
strong (weak, balanced, regular respectively) vertex in .G The strong   
number       (weak number, balanced number, regular number respectively)

( ) ( ( ), ( ), ( ) )s s G w w G b b G r r G respectively    is the maximum 
cardinality of a strong (weak, balanced, regular respectively) set of .G The 
maximum strong set is denoted as  s- set.  Similarly we have w-set, b-set and 
r-set.  Further it is proved that   .p s w b r   

Proposition 2.4. Let ( , )G V E be any graph. Then 

(i)   A vertex  v V is strong if and only if ( ) ( ).sd v d v

(ii)  A vertex  v V is weak  if and only if ( ) ( ).wd v d v

(iii) A vertex  v V is balanced if and only if ( ) ( )d v d u for some 
( )u N v and ( ) ( )d v d w for some ( ).w N v

(iv) A vertex  v V is regular if and only if ( ) ( ) ( ).s wd v d v d v 

(v) A vertex v V is strictly strong if and only if ( ) 0.wd v 

(vi) A vertex  v V is strictly weak  if and only if ( ) 0.sd v 

(vii) ( ( ), ( )) ( ) ( ) ( ) ( ).s w w sG G G G G G           
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Proof. (i) Let v V be a strong vertex. Then ( ) ( )d v d u for every 

.u V Hence ( ) { ( )| ( ) ( )} ( ).w rN v u N v d v d u N v    Therefore ( )wd v 
( ).rd v Then by Proposition 1, we have  ( ) ( ).sd v d v Converse follows from 

the definition.

(ii) can be proved with the similar argument and hence we omit the proof. 

(iii) Let v be a balanced vertex. Suppose both the conditions do not hold.    
Then ( ) ( )d v d u for every ( ).u N v Hence v   is a regular vertex – a 
contradiction to our assumption. Conversely, suppose both the conditions 
hold. Since ( ) ( )d v d u for some ( ),u N v we conclude that v is not a 
strong vertex. Similarly,  v cannot be a weak vertex as   ( ) ( )d v d w for 
some ( ).w N v Further, v is not a regular vertex as ( ) ( )d v d u for every         

( ).u N v Then  v must be a balanced vertex.

(iv), (v) and (vi) follow from the definitions. 
(vi) Since the strong degree is maximum at a vertex of maximum degree ,
we have ( ) ( ).s G G   Since  ( ) ( ),wd v d v we have  ( ) ( ).w G G   Let v

be a vertex of minimum degree . As every minimum degree vertex is a 
weak vertex, from (ii) we have ( ) ( ).wd v d v Then 

( ) ( ) ( ).w wd v d v G     Further ( ) ( )wd v d v implies  ( ) ( )w G G  and  

( ) ( )sd v d v implies ( ) ( ).s G G  Therefore we have

( ( ), ( )) ( ).w sG G G   Hence the proof.

Corollary  2.4.1  Let ),( XVG  be any graph without beams. Then 

(i)    ( ) ( ) ( ).s wd v d v d v 

(ii) Further, if  the balance number 0,b  then for any  v V either 

( ) ( )sd v d v   or ( ) ( )wd v d v holds. 

Proof. Since G is a graph without beams we have 0.rq  This implies 

for any two adjacent vertices u and , ( ) ( ).v d u d v Then we have ( ) 0rd v 
for every .v V Then the result (i) follows from the fact that 

( ) ( ) ( ) ( ).s w rd v d v d v d v  

To prove (ii). Since G is a graph without beams, we have ( ) 0.rd v 
Further, if  0,b  we have G has no balanced vertex. Thus for any two 
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adjacent vertices u and ,v either ( ) ( )d u d v or ( ) ( )d u d v holds. This 
implies for any vertex v V either v is a strictly strong vertex or v is a 
strictly weak vertex in .G Then from Proposition 2.4, we have either

( ) ( )sd v d v or ( ) ( )wd v d v holds for any  .v V

3. Some New Bounds on Covering & Strong (Weak) Covering Numbers

We give the following definitions and a couple of results which we use 
in sequel. S. S. Kamath and R. S. Bhat 7 defined strong (weak) vertex 
coverings, strong (weak) independent sets. A strong (weak) set which is 
independent is called a strong independent set [SIS] (weak independent set
[WIS]). The strong (weak) independence number 0 ( ) ( ( ))os G w G  of G is 

the maximum cardinality of a SIS (WIS). For an edge  ,x uv v strongly 
covers the edge x if ( ) ( )d v d u in .G   Then u   weakly covers .x A set   
S V is a   Vertex Cover if every edge in G is covered by some vertex in 

.S A set S V is a Strong  Vertex Cover [SVC] (Weak Vertex Cover
[WVC])   if every edge  in G is strongly (weakly) covered  by some vertex 
in .S The vertex covering number 0 ( )G (strong vertex covering number  

0 ( ),s G weak vertex covering number 0 ( )w G respectively) is the 

minimum cardinality of a vertex cover (SVC,WVC respectively). They also 
studieed the edge analogue of these parameters in 10. 

Theorem 3.1 [Gallai].  For any graph ( , )G V E with  p   vertices,

0 0 .p                          

Theorem 3.2 [6].  For any graph ( , )G V E with p vertices,

0 0s w p   and  0 0 .w s p  

Theorem 3.3.  Let ( , )G V X be any isolate free graph. Then

(i) ws IG )( where { | ( ) ( ) ( )}wI v V d v d w for every w N v    and 

wI is a WIS.

(ii) sw IG )( where { | ( ) ( ) ( )}wI v V d v d w for every w N v   

and sI is a SIS.

Proof. We first note that ( )w sI I is the set of all strictly weak (strictly 

strong) vertices in .G Then (i) and (ii) follow from the fact that a vertex  v is 
in a s-silent (w-silent ) set if and only if,  v is a strictly weak (strictly 
strong) vertex in  .G It is clear that every vertex in wI is weak. Further, no
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two vertices in wI are not adjacent by the definition of  .wI Thus wI is a 

weak independent set. With the similar argument we have sI is a SIS.

Theorem 3.4.  Let ( , )G V X be any isolate free graph. Let S and W
be the s- set and w-set of G respectively with | | 2,| | 2.S W  . Then 

(i) 0)( Gs if, and only if,  W the subgraph induced by the w-set  has 

no isolates. Further, the edges of W are the beams in .G

(ii) 0)( Gw if, and only if,  S the subgraph induced by the s-set  has no 

isolates. Further the edges of S are the beams in .G

Proof. Let 0)( Gs . Then there exists no strictly weak vertex in .G

Hence  for every weak vertex ,w W there exists at least one ( )v N w such 
that ( ) ( ).d w d v But then the vertex v is also a weak vertex in .G Hence 

.v W Thus for any v W there is some w W such that v is adjacent to 
.w Hence  W has no isolates. Conversely, Let W the sub graph induced 

by the w set  has no isolates. Suppose 0)( Gs . Then there exists at least 

one vertex Wv I which is s  silent. Since WI is independent and ,WI W

we have W has at least one isolated vertex – a contradiction. Any two 

weak vertices u and v in W are adjacent if and only if ( ) ( ).d u d v But 

then the edge uv is a beam in .G Thus the edges of W are the beams in .G

The argument in respect of the second result is similar and hence we omit the 
proof. In the next proposition, we get some bounds on covering numbers in 
terms of newly defined parameters.

Proposition 3.5.  Let G be a ( , )p q graph with maximum degree ,
maximum weak degree  ,w s  silent number s and  w silent number 

.w Then

(3.1) ,o o s

q
s p         

  

(3.2) 0 ,w
w

q
w p 

 
    

  

Further, these bounds are sharp.
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Proof.  Since a vertex in G can cover at most   edges and we have to 
exhaust all the q edges, we need at least /q    edges to cover all the edges 
of G. This implies the lower bound in (3.1).  A vertex in G can weakly 
cover at most  w edges and we have to exhaust all the q edges, we need at 

least [ / ]wq    edges to weakly  cover all the edges of .G This implies the 

lower bound in (3.2). Let S V be a s  set of .G Since every vertex in S

is     s  silent, no vertex in S strongly cover any edge in ,G we have  V S
is a SVC of .G Hence  | | .o ss V S p     With the similar argument we 

can prove the upper bound in (3.2).

It is easy to verify that any complete bipartite graph ,m nK with   m n
attains the upper bound in (3.1) and (3.2). We further observe that (if m n )    

, ,( ) ( )o m n o m n

mn q
K s K m

n
        

and ,( ) .o m n
w

mn q
w K n

n


 
    

  

Hence  ,m nK also attains the lower bound in (3.1) and (3.2). Thus the above 

bounds in the proposition are sharp.

From Proposition 3.5, Theorem 3.1 and Theorem 3.2, we have the 
following  bounds for independence numbers.           

Corollary 7.1. For any ( , )p q graph ,G

,s o

q
w p        

and           ,w o
w

q
s p 

 
     

4. New bounds on weak domination number
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Since every strong (weak) covering is also a strong (weak) dominating 
set, we have ( ).s o w os w     Consequently, we get an upper bound for 

s and w as a corollary to the Proposition 3.5.

Corollary 3.5.2.  Let G be any graph with p vertices, s  silent number 

s and  w silent number w then

(4.1) ,s sp  

(4.2) .w wp  

Further these bounds are sharp.

The graphs 4G and 5G in Fig.4.1 attain the upper bound in (4.1). The 

complete bipartite graph , ,m nK m n attain  the  upper bounds both in 

(4.1) and (4.2). Walikar et.al 10 gave the following lower bound for .

Theorem 4.1. For any graph  , ,
1

p
G      

  

Sampathkumar and Pushpalatha 12 offered the following upper bounds for 
strong and weak domination number.

Theorem 4.2. For any graph G with p vertices, maximum  degree ,
minimum degree ,

s p        and    .w p  

Proof. Since s  and ,w  the lower bound given in Theorem C is 

also a lower bound for s and  .w Using the new parameters defined above, 

we give a similar but an  improved upper bound and a new lower bound for  

w in the next Proposition.

Proposition 4.3.  For any graph G with p vertices and  maximum weak  

degree w

(4.3) ,
1 w w

w

p
p

 
      



A  Bound On Weak Domination Number Using Strong             313

Proof. Any vertex v can weakly dominate at most w vertices and it self 

implies we need at least 







 w

p

1
vertices to weakly dominate all the 

vertices of .G Hence the  lower bound in (4.3) follows. Let v be a vertex of 
maximum weak degree .w Then ( )wV N v is a weak dominating set of .G

Hence the upper bound follows.

The following examples show that the bound in the above Proposition is 
sharp. For the graph 3G in Fig.3, 3( ) 5 8 3 .w wG p      .Hence 3G

attains the upper bound in (4.3). For the graph 6G in Fig.4.1, 4w  and 

2.w  Hence 6G attains the upper and lower bounds in (4.3).

The independent weak domination number ( )w wi i G is the minimum 

cardinality of an independent weak dominating set (IWDS).  Domke et.al.2

proved the conjecture w wi p    posed by Sampathkumar and 

Pushpalatha in 12. Under certain conditions we get an improved bound for 
.wi

Proposition 4.4.   Let G be a ),( qp graph.  
w

V be the set of all 

maximum weak degree vertices and  D be any IWDS such that

.
w

D V   Then 

(4.4) ,w w wi p   

Proof.  Let  w
VD and .

w
v D V  Let 

( ) { ( ) ( ) ( )}.wN v u N v d v d u     Since  D is independent ( ) .wD N v  

Therefore  we have  ( ).wD V N v  Hence the result follows.

We strongly believe that if   w
VD   then   )1(  ww pi and 

we put it as a conjecture.

Conjecture 4.4.1.   For any graph  G with  p vertices and   maximum 

weak  degree ,w   .w w wi p   
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5. Strong weak adjacency matrix

The adjacency matrix of a graph helps us to study the graph properties 
like connectivity of a graph, number of components of a graph and 
maximum and minimum degree of a graph etc. through computer.  But this 
adjacency matrix does not provide information about the new graph 
parameters defined above like strong degree, weak degree of a vertex etc.  
This cause compelled us to define a new matrix called   strong weak 
adjacency matrix of a graph.  Using the properties of the new matrix we can 
retrieve all the information about the new parameters defined above through 
computer. 

1 2 3 4 5 6 7 8 9

1

2

3

4
sw

5

6

7

8

9

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
A  (G)  

1 1 0 0 0 0 0 1 0

0 1 1 0 1 0 1 1 0

0 0 1 1 0 0 0 1 0

0 0 0 0 1 0 1 0 1

0 0 0 0 0 0 0 0 0

v v v v v v v v v

v

v

v

v

v

v

v

v

v





 

Strong-weak adjacency matrix of the graph G
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The strong weak adjacency matrix [ ]sw ijA a of a labeled graph is a 

p x p matrix such that

ija =  1 if iv is adjacent to jv and ( ) ( )i jd v d v

     = -1 if iv is adjacent to jv and ( ) ( )i jd v d v

         =  0 if iv is not adjacent to jv or ( ) ( )i jd v d v

Then weak strong adjacency matrix is defined as  [ ]ws ijA a and   

ija   =   1 if  iv is adjacent to jv and ( ) ( )i jd v d v                        

=  -1   if  iv is adjacent to jv and ( ) ( )i jd v d v

                  =   0   if  iv is not adjacent to jv or ( ) ( ).i jd v d v

The above strong weak adjacency matrix of a graph G can also be 
obtained using digraph by orienting the graph G as follows. If  iv   is 

adjacent to jv and  ( ) ( )i jd v d v then draw a directed arc from iv to .jv The 

obtained digraph D is called the strong weak digraph.  By reversing the 
direction of every edge in ,D we get a weak strong digraph. 

Now define   ija =   1 if  i jv v is a directed edge in D

             =  -1 if  both   i jv v and j iv v are  directed edges in .D

        =   0 if  i jv v is not a directed edge in .D

Fig. 5.1  illustrates the construction of strong weak digraph D of  a graph .G

The Strong weak adjacency matrix defined above satisfies the following 
properties.
1.  The number of non-zero entries in  thi row gives the strong degree of the 
vertex .iv

2.  The number of non-zero entries in thj column gives the weak degree of 

the vertex .jv

3.  The number of -1’s  in a row or column gives the regular degree of the 
corresponding vertex  and the total number of -1’s   in the matrix is 
always even.                   

4.   The sum of number of 1’s and  half the number of -1’s in the matrix is 
equal to the number of edges in the graph .G

5.   ( ) .T
sw wsA A          
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6.  If  thi row has at least one 1 and  thi column has no 1’s,  then  iv is a 

strong vertex. If thi column has at least one 1 and thi row has no 1’s,  
then  iv is a weak vertex.  If thi row (column) has only -1’s, as non zero 

entries then  iv is a regular vertex. 

7.  If G is an isolate free graph, then the number of zero rows (zero 
columns) gives the s  silent number  )(Gs (w-silent number )(Gw ). 

8.  Given any strong weak adjacency matrix ][ ijsw aA  of an isolate free 

graph ,G we can obtain the adjacency matrix ][ ijbB  of  G as follows.

,
00

211









jiij

jiij

ij aaif

oraaif
b

9. Given any adjacency matrix of an isolate free graph G we can get the 
strong weak adjacency matrix using the following algorithm.

Let ][ ijaA  be the adjacency matrix.               

Let [ ].sw sw ijA B b 

If   = 0 ija then   = 0.ijb

If  1ija   then  

1 1

1 1

1 1

1

1 .

0

n n

ij ij
i j

n n

ij ij ij
i j

n n

ij ij
i j

if a a

b if a a

if a a

 

 

 





  






 

 

 
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In this paper, we obtain a new lower bound and also an improved upper bound for the weak domination number  using the new parameters. A new version of the “First Theorem in Graph Theory” is presented.  We define a new matrix called strong weak adjacency matrix of a graph and give an algorithm to obtain the strong weak adjacency matrix from the adjacency matrix and vice versa.  Using the properties of the new matrix, we can compute all the information about the new parameters defined above. 
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1. Introduction


 The motivation to this paper comes from the strong weak domination parameters defined by Sampathkumar and Pushpalatha 12.  For any two adjacent vertices  
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 This concept has been further studied by Domke, Hattingh, Rautenbach et al in 1-2-4-5-8-11.  For undefined terminologies, the reader is referred to   3-6-13.  


We obtain some sharp bounds to the weak domination number by introducing some new degree concepts. In this paper, we define three new parameters, viz., strong degree, weak degree and regular degree.
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 As a consequence, we have the following six graph parameters – maximum strong degree of a graph 
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We shall illustrate the above concepts with an example.
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 shown in Fig.2.1, the first, second and third elements of a vertex label represent the strong degree, weak degree and regular degree of the corresponding vertices respectively.               
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Proof. The result (2.1) follows from the fact that in counting the strong degree or weak degree of a vertex every edge which is not a beam is counted exactly once and the beams are counted twice.  The result (2.2) follows from the fact that in counting the regular degree of a vertex the beams are counted twice and the edge which is not a beam is not at all counted. Note that for the graph  
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 Thus, Proposition 2.2 is verified.


The following theorem is an aliter of first theorem in graph theory using strong (weak) degree concepts. 
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Corollary 2.3.1.  For any graph   G of order p and size q,
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Proof.  From  Proposition 2.1,  for any  vertex 
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 which is an even number. We recall the following definitions given in 7. A vertex 
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(ii) can be proved with the similar argument and hence we omit the proof. 
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. Some New Bounds on Covering & Strong (Weak) Covering Numbers

We give the following definitions and a couple of results which we use in sequel. S. S. Kamath and R. S. Bhat 7 defined strong (weak) vertex coverings, strong (weak) independent sets. A strong (weak) set which is independent is called a strong independent set [SIS] (weak independent set [WIS]). The strong (weak) independence number  
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Further, these bounds are sharp.
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From Proposition 3.5, Theorem 3.1 and Theorem 3.2, we have the following  bounds for independence numbers.



          


Corollary 7.1.
 For any 

[image: image329.wmf](,)


pq


graph 

[image: image330.wmf],


G






[image: image331.wmf],


so


q


wp


hb


éù


££-


êú


D


êú




and

          



[image: image332.wmf],


wo


w


q


sp


hb


éù


££-


êú


D


êú




4. 
New bounds on weak domination number
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Further these bounds are sharp.
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Sampathkumar and Pushpalatha 12 offered the following upper bounds for strong and weak domination number.
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The following examples show that the bound in the above Proposition is sharp. For the graph 
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Conjecture 4.4.1.   For any graph  
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5. Strong weak adjacency matrix

The adjacency matrix of a graph helps us to study the graph properties like connectivity of a graph, number of components of a graph and maximum and minimum degree of a graph etc. through computer.  But this adjacency matrix does not provide information about the new graph parameters defined above like strong degree, weak degree of a vertex etc.  This cause compelled us to define a new matrix called   strong weak adjacency matrix of a graph.  Using the properties of the new matrix we can retrieve all the information about the new parameters defined above through computer. 
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Strong-weak adjacency matrix of the graph 
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The above strong weak adjacency matrix of a graph 
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 can also be obtained using digraph by orienting the graph 
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Fig. 5.1  illustrates the construction of strong weak digraph 
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The Strong weak adjacency matrix defined above satisfies the following properties.


1.  The number of non-zero entries in  
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 row gives the strong degree of the vertex 
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3.  The number of -1’s  in a row or column gives the regular degree of the corresponding vertex  and the total number of -1’s   in the matrix is always even.


                  


4.   The sum of number of 1’s and  half the number of -1’s in the matrix is equal to the number of edges in the graph 
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7.  If 
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8.  Given any strong weak adjacency matrix 
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9. Given any adjacency matrix of an isolate free graph 
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 we can get the strong weak adjacency matrix using the following algorithm.


Let 
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