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Abstract. For a vertex v of a graph G=(V,X), N(v)={ueV|u is
adjacent to v}. Then degree of the vertex v,d(v)= | N(v)|. We define
N.(v)={ueNW)|dy)=zdw)}. Similarly, N (V)={ueNW)|d(»)
<d(u)}. Then Strong degree of avertex v is d (v)=| N, (v)| and
weak degree of a vertex v is d (v)= N, (v)|. Consequently, we have
the following graph parameters — maximum strong degree
A, (G), minimum strong degree o, (G), maximum weak degree A (G)
and minimum weak degree o, (G). For any two adjacent vertices u and
v in a graph G=(V,X), u strongly [weakly] dominates v if
dw)=dv) [du)<d(v)]. A set DcV is a dominating set (strong
dominating set [sd-set], weak dominating set [wd-set] respectively) of G
ifevery velV —D is dominated (strongly dominated, weakly dominated
respectively) by some u € D. The domination number (strong domination
number, weak domination number respectively) y =y(G) (r,=y,(G),
7., =7.,(G) respectively) of G is the minimum cardinality of a
dominating set (sd- set, wd-set respectively) of G.

In this paper, we obtain a new lower bound and also an improved
upper bound for the weak domination number using the new parameters.
A new version of the “First Theorem in Graph Theory” is presented. We
define a new matrix called strong weak adjacency matrix of a graph and
give an algorithm to obtain the strong weak adjacency matrix from the
adjacency matrix and vice versa. Using the properties of the new matrix,

we can compute all the information about the new parameters defined
above.
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1. Introduction

The motivation to this paper comes from the strong weak domination
parameters defined by Sampathkumar and Pushpalatha '2. For any two
adjacent vertices # and v in a graph G=(V,X), u strongly [weakly]
dominates v if d(u)>d(v)[d(u)<d(v)]. Aset DV is a dominating set
(strong dominating set [sd-set], weak dominating set [wd-set] respectively)
of G if every velV -D is dominated (strongly dominated, weakly
dominated respectively) by some u € D.The domination number (strong
domination number, weak  domination number  respectively)
y=7(G) (v, =7,(G), y, =7,(G) respectively) of G is the minimum

cardinality of a dominating set (sd- set, wd-set respectively) of G. This
concept has been further studied by Domke, Hattingh, Rautenbach et al in '*
#3811 For undefined terminologies, the reader is referred to  *%3.

We obtain some sharp bounds to the weak domination number by
introducing some new degree concepts. In this paper, we define three new
parameters, viz., strong degree, weak degree and regular degree.

2. Strong Degree, Weak Degree, S-Silent
Number and W-Silent Number

For a vertex v of a graph G=(V,X), N(v)={ueV |u is adjacent to
vi. Then degree of v s d(v)=|N(v)|. Similarly, let
NW)={ueNW)|dWv)=du)} and N (V)={ueNW)|dWv)<d(u)}.
N.(v)={ueN(v)|d(v)=d(u)}. Then we define strong degree of v as
d.(v)=|N,(v)|, weak degree of v as d (v)=|N, (v)| and regular degree
of vas d,(v)=|N.(v)|. As a consequence, we have the following six graph
parameters — maximum strong degree of a graph A (G), minimum strong
degree O (G), maximum weak degree A (G), minimum weak degree
0,(G), maximum regular degree A (G), and minimum regular degree
0.(G). Further, a vertex v is called strong - silent (s- silent), if d_(v)=0
and weak - silent (w- silent), if d (v)=0. A set SV is said to be strong-

silent set (weak-silent set) if every vertex in S is s-silent (w-silent). The s-
silent (w-silent) number n,=n(G) (n,=n,G)) 1is the maximum
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cardinality of a s-silent (w-silent) set of G.We shall illustrate the above
concepts with an example.

0,1,0 0,2,0 0,2,0 0,2,0 0,2,0 0,1,0

0,1,0 0,2,0 0,2,0 0,2,0 0,2,0 0,1,0

S

1,31 1,3,1

1,31 1,3,1

T2

In the graphs G, and G, shown in Fig.2.1, the first, second and third
elements of a vertex label represent the strong degree, weak degree and
regular degree of the corresponding  vertices  respectively.
A, (Gl) = A(Gl =0), 55 (Gl) =0, Aw(Gl) =2. 5W(G1) =1 Ar(Gl) =2.
0.(G))=0. ,(G,)=12 and the n —set is the set of all vertices with first
coordinate Zero n G,. n,(G,)=0. Similarly,
A, (Gz) = A(Gz =0), 53 (Gz) =1 Aw(Gz) =3, 5W(G2) =0. A, (Gz) =2.
0.(G,)=0.n,(G,)=0 and 7, (G,)=1land the n —set is the set with
maximum degree vertex in G,. These two examples also exhibit that 6, and

o0, are not comparable. Also 77, and 7, are not comparable One can find
few more varieties of degree concepts in °.

Proposition 2.1. Let G=(V,E) be any graph. Then for any vertex
veV, dv)=dv)+d, (v)—d.(v).



306 R. S. Bhat, S.S Kamath and Surekha

Proof. For any vertex veV, let A=N(v), S=N,(v), W=N _(v) and
R=N_(v). We observe that 4=SUW and R=SNW. Therefore d(v)=
| A|=|SUW |=IS|+|W |~ [SAW|=| S|+ W |~|R|= d,(v)+d,(v)~d, ().

An edge x =uv is called a beam if d(u) =d(v). The number of beams in
a graph 1s denoted as ¢.. With this definition we give a simple but elegant
result.

Proposition 2.2. For any (p,q)— graph G,

(2.1) Dd()=>d ()=q+q,,
(2.2) >d,(v)=2q,,
velV

where ¢, is the number of beamsin G.

Proof. The result (2.1) follows from the fact that in counting the strong
degree or weak degree of a vertex every edge which is not a beam is counted
exactly once and the beams are counted twice. The result (2.2) follows from
the fact that in counting the regular degree of a vertex the beams are counted
twice and the edge which is not a beam is not at all counted. Note that for the

graph G, in Figl, g=16 and the number of beams =
q, =4. z d (v) =sum of all first coordinates of vertex labels in,

veV

G, = Zdw (v) = sum of all second coordinates of vertex labels in,
velV

G, =20=16+4=¢g+gq,. Thus, Proposition 2.2 is verified.

The following theorem is an aliter of first theorem in graph theory using
strong (weak) degree concepts.

Theorem 2. 3. For any (p,q)—graph G,

> @d,(v)-d,.(v)=).2d, (v)-d,(») =2q,

velV velV
Proof. Z dwv)= Z (d,(v)+d, (v)—d.(v)) (using Proposition 1)
veV vel
= Z 2d,(v)—d, (v)) (using Proposition 2)

velV

=2(9+q,)—2q, =2q.
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Corollary 2.3.1. For any graph G of order p and size q,
Z[ds (v)+d,(v)] is an even number.

vel
Proof. From Proposition 2.1, for any vertex v,
dv)=d, () +d, (V) ~d,(v).
Hence Y d (v)+d, (v)=)Y (d(v)+d,(v))=2g+2q,, which is an even

vel vel

number. We recall the following definitions given in ’. A vertex veV is
strong [weak] if d(v)=du)[d(v)<d(u)] for every ue N(v) in G. A
vertex v which is neither strong nor weak is called a balanced vertex. A
vertex v is regular if d(v)=d(u) for every ue N(v) in G. A regular
vertex is both strong and weak. A vertex v is strictly strong [strictly weak]
if d(v)>d(u)[d(v)<d(u)] for every ue N(v). A set ScV is said to be
strong (weak, balanced, regular respectively) if every vertex in § is a
strong (weak, balanced, regular respectively) vertex in G. The strong
number  (weak number, balanced number, regular number respectively)
s =85(G)(w=w(G), b=b(G), r =r(G) respectively) is the maximum
cardinality of a strong (weak, balanced, regular respectively) set of G. The
maximum strong set is denoted as s- set. Similarly we have w-set, b-set and
r-set. Further it is proved that p=s+w+b—r.

Proposition 2.4. Let G=(V,E) be any graph. Then
(1) A vertex veV isstrongifand only if d(v)=d (v).
(11) A vertex veV isweak if andonlyif d(v)=d (v).

(i1i1)) A vertex veV is balanced if and only if d(v)=d(u) for some
ueN(®) and d(v)=d(w) for some we N(v).

(iv) A vertex v eV isregularifandonlyif d(v)=d (v)=d, (v).
(v) A vertex veV is strictly strong if and only if d ,(v) = 0.
(vi) A vertex v eV is strictly weak if and only if d_(v)=0.

(vii) (8,(G), 6,(G)<8(G)<A,(G) <A (G)=AG).
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Proof. (i) Let velV be a strong vertex. Then d(v)>d(u) for every
ueV. Hence N, (v)={ueN(W)|dWv)=du)}=N_(v). Therefore d (v)=
d (v). Then by Proposition 1, we have d(v)=d_ (v). Converse follows from
the definition.

(i1) can be proved with the similar argument and hence we omit the proof.

(ii1) Let v be a balanced vertex. Suppose both the conditions do not hold.
Then d(v)=d(u) for every ue N(v). Hence v is a regular vertex — a

contradiction to our assumption. Conversely, suppose both the conditions
hold. Since d(v)<d(u) for some u € N(v), we conclude that v is not a

strong vertex. Similarly, v cannot be a weak vertex as d(v) > d(w) for
some we N(v). Further, v is not a regular vertex as d(v)#d(u) for every
u € N(v). Then v must be a balanced vertex.

(1v), (v) and (vi) follow from the definitions.
(vi) Since the strong degree is maximum at a vertex of maximum degree A,

we have A (G)=A(G).Since d, (v)<d(v), we have A (G)<A(G). Let v
be a vertex of minimum degree J. As every minimum degree vertex is a
weak  vertex, from (i) we  have dv)=d (v). Then

0=dv)=d, (v)<A,(G). Further d (v)<d(v) implies J (G)<J5(G) and
d (v)<d(v) implies 0.(G)<6(G). Therefore we have
(0,(G), 6,(G)) <£6(G). Hence the proof.

Corollary 2.4.1 Let G=(V,X) be any graph without beams. Then
() dW)=d,v)+d,O).

(i1) Further, if the balance number b=0, then for any vel either
d(v)=d (v) or d(v)=d (v) holds.

Proof. Since G is a graph without beams we have g =0. This implies
for any two adjacent vertices u and v, d(u)# d(v). Then we have d.(v)=0

for every veV. Then the result (i) follows from the fact that
dv)=d,(v)+d,(v)-d,(v).

To prove (i1). Since G is a graph without beams, we have d (v)=0.
Further, if 5=0, we have G has no balanced vertex. Thus for any two
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adjacent vertices u and v, either d(u)>d(v) or d(u)<d(v) holds. This

implies for any vertex vel either v is a strictly strong vertex or v is a
strictly weak vertex in G. Then from Proposition 2.4, we have either
d(v)=d (v) or d(v)=d, (v) holds forany veV.

3. Some New Bounds on Covering & Strong (Weak) Covering Numbers

We give the following definitions and a couple of results which we use
in sequel. S. S. Kamath and R. S. Bhat ’ defined strong (weak) vertex
coverings, strong (weak) independent sets. A strong (weak) set which is
independent is called a strong independent set [SIS] (weak independent set
[WIS]). The strong (weak) independence number spf,(G) (wB,(G)) of Gis
the maximum cardinality of a SIS (WIS). For an edge x=uv, v strongly
covers the edge x if d(v)>d(u) in G. Then u weakly covers x. A set
ScV isa Vertex Cover if every edge in G is covered by some vertex in
S. A set ScV is a Strong Vertex Cover [SVC] (Weak Vertex Cover
[WVC]) ifevery edge in G is strongly (weakly) covered by some vertex
in S. The vertex covering number o,(G) (strong vertex covering number

sa,(G), weak vertex covering number wa,(G) respectively) is the

minimum cardinality of a vertex cover (SVC,WVC respectively). They also
studieed the edge analogue of these parameters in .

Theorem 3.1 [Gallai]. For any graph G=V,E) with p vertices,
o, + B, =p.

Theorem 3.2 [6]. For any graph G=(V,E) with p vertices,
sa,+wph,=p and wa,+sp, = p.

Theorem 3.3. Let G =(V,X) be any isolate free graph. Then

@n,(G) = |]W| where I ={veV |d(v)>d(w) forevery we N(v)} and
I, isa WIS.

(i) 7,(G)=
and I is a SIS.

Proof. We first note that /, (/) is the set of all strictly weak (strictly

strong) vertices in G. Then (i) and (ii) follow from the fact that a vertex v is
in a s-silent (w-silent ) set if and only if, v 1is a strictly weak (strictly
strong) vertex in G. It is clear that every vertex in /, is weak. Further, no

I.| where [ ={veV|d(v)>d(w) forevery we N(v)}
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two vertices in / are not adjacent by the definition of 7, . Thus / is a

weak independent set. With the similar argument we have 7, is a SIS.

Theorem 3.4. Let G=(V,X) be any isolate free graph. Let S and W
be the s- set and w-set of G respectively with | S |>2,|W [~ 2.. Then

(1) n,(G)=0 1if, and only if, <W> the subgraph induced by the w-set has
no isolates. Further, the edges of <W> are the beams in G.

(i1) n,(G)=0 if, and only if, <S > the subgraph induced by the s-set has no
isolates. Further the edges of <S > are the beams in G.

Proof. Let 7, (G)=0. Then there exists no strictly weak vertex in G.
Hence for every weak vertex w e W, there exists at least one v e N(w) such
that d(w)=d(v). But then the vertex v is also a weak vertex in G. Hence
veW. Thus for any ve W there is some we W such that v is adjacent to
w. Hence <W> has no isolates. Conversely, Let <W> the sub graph induced
by the w—set has no isolates. Suppose 77,(G) # 0. Then there exists at least
one vertex vel, whichis s—silent. Since /,, is independent and /,, c W,
we have <W> has at least one isolated vertex — a contradiction. Any two
weak vertices u and v in W are adjacent if and only if d(u)=d(v). But
then the edge uv is a beam in G. Thus the edges of <W> are the beams in G.

The argument in respect of the second result is similar and hence we omit the
proof. In the next proposition, we get some bounds on covering numbers in
terms of newly defined parameters.

Proposition 3.5. Let G be a (p,q) graph with maximum degree A,

maximum weak degree A , s—silent number n,2 and w— silent number

w?

n,. Then
3.1) %1 <a, <sa, <p-n.,
(3.2) Ail <wa, <p-n,,

Further, these bounds are sharp.
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Proof. Since a vertex in G can cover at most A edges and we have to
exhaust all the ¢ edges, we need at least g/ A edges to cover all the edges
of G. This implies the lower bound in (3.1). A vertex in G can weakly
cover at most A edges and we have to exhaust all the ¢ edges, we need at
least [q/A,] edges to weakly cover all the edges of G. This implies the
lower bound in (3.2). Let SV be a i, —set of G. Since every vertex in §
is  s—silent, no vertex in S strongly cover any edge in G, we have V' —S§
isa SVCof G. Hence sa, <|V —S§|= p—n,. With the similar argument we
can prove the upper bound in (3.2).

It is easy to verify that any complete bipartite graph K, , with m#n
attains the upper bound in (3.1) and (3.2). We further observe that (if ;<7 )
a, (K,)=sa,(K,,)=m :@[4 and  wa, (K,,)=n =@{iw.

’ ’ n|A n|A
Hence K also attains the lower bound in (3.1) and (3.2). Thus the above

m,n

w

bounds in the proposition are sharp.

From Proposition 3.5, Theorem 3.1 and Theorem 3.2, we have the
following bounds for independence numbers.

Corollary 7.1. Forany (p,q) graph G,

q
<wp <p—|—|,
n, < wp,<p [J

A

w

4. New bounds on weak domination number

E

T

Fig. 4.1
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Since every strong (weak) covering is also a strong (weak) dominating
set, we have y <sa (7, <wea,). Consequently, we get an upper bound for

7, and y, as a corollary to the Proposition 3.5.

Corollary 3.5.2. Let G be any graph with p vertices, s— silent number
n, and w-silent number n,, then

(41) ]/s Sp_ns’

(4.2) Y. S p-1,.

Further these bounds are sharp.

The graphs G, and G, in Fig.4.1 attain the upper bound in (4.1). The

complete bipartite graph K m#n attain the upper bounds both in

m,n?

(4.1) and (4.2). Walikar et.al '* gave the following lower bound for .

1+ A

Sampathkumar and Pushpalatha '* offered the following upper bounds for
strong and weak domination number.

Theorem 4.1. For any graph G, [L—l <y,

Theorem 4.2. For any graph G with p vertices, maximum degree A,
minimum degree 0,

7y, <p-A and y,6 < p-90.

Proof. Since y <y, and y <y, , the lower bound given in Theorem C is
also a lower bound for y, and y,. Using the new parameters defined above,

we give a similar but an improved upper bound and a new lower bound for
7,, in the next Proposition.

Proposition 4.3. For any graph G with p vertices and maximum weak
degree A

(4.3) { P 1 <7.,Sp-A,,
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Proof. Any vertex v can weakly dominate at most A vertices and it self

implies we need at least [L—‘ vertices to weakly dominate all the

1+A

vertices of G. Hence the lower bound in (4.3) follows. Let v be a vertex of
maximum weak degree A .Then V' —N, (v) is a weak dominating set of G.

Hence the upper bound follows.

The following examples show that the bound in the above Proposition is
sharp. For the graph G, in Fig.3, y (G;)=5=8-3=p—A, . Hence G,
attains the upper bound in (4.3). For the graph G, in Fig.4.1, A =4and
7,, = 2. Hence G attains the upper and lower bounds in (4.3).

The independent weak domination number i, =i (G) is the minimum

cardinality of an independent weak dominating set (IWDS). Domke et.al.?
proved the conjecture y <i < p-06 posed by Sampathkumar and

Pushpalatha in '2. Under certain conditions we get an improved bound for
I

w*

Proposition 4.4. Let G be a (p,q) graph. VAW be the set of all
maximum weak degree vertices and D be any IWDS such that

Dn VAW z ¢ Then

4.4 <i <p-A_,
( V.S, Sp—A,

Proof. Let DNV, #¢ and ve DNV, . Let
N,(v)={ueN() | d(v)<d(u)}. Since D isindependent DN, (v)=4¢.
Therefore we have D cV — N, (v). Hence the result follows.

We strongly believe that if DNV, =¢ then i, <p—(A, +1) and
we put it as a conjecture.

Conjecture 4.4.1. For any graph G with p vertices and maximum
weak degree A, y <i <p-A,.
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5. Strong weak adjacency matrix

The adjacency matrix of a graph helps us to study the graph properties
like connectivity of a graph, number of components of a graph and
maximum and minimum degree of a graph etc. through computer. But this
adjacency matrix does not provide information about the new graph
parameters defined above like strong degree, weak degree of a vertex etc.
This cause compelled us to define a new matrix called strong weak
adjacency matrix of a graph. Using the properties of the new matrix we can
retrieve all the information about the new parameters defined above through
computer.

=
<
»
<
w
<
IS
<
w
<
EN
<
<
<
o
<
°

v, 0.0 0 0 0 0 0 0 0

v, 0.0 0 0 0 0 0 0 0

v, 0.0 0 0 0 0 0 0 0
A" Y000 00 0 00
vy 1. 1.0 0 0 0 0 -1 0
v, 01 1 0 1 0 1 1 0

v, 00 1 1 0 0 0 -1 0

vy 00 0 0 -1 0 -1 0 1

vy, 0.0 0 0 0 0 0 0 0

°

Strong-weak adjacency matrix of the graph G



A Bound On Weak Domination Number Using Strong 315

The strong weak adjacency matrix A, =[a,] of a labeled graph is a
p X p matrix such that
a; = lif v, is adjacent to v, and d(v,) >d(v;)
=-lif v, is adjacent to v, and d(v,) >d(v;)
= 0if v, is not adjacent to v, or d(v,) >d(v;)
Then weak strong adjacency matrix is defined as 4, =[a,] and
a; = 1 if v, isadjacentto v, and d(v,) <d(v,)
= -1 if v, isadjacentto v, and d(v,) <d(v,)
= 0 if v, isnotadjacentto v, or d(v,)>d(v)).
The above strong weak adjacency matrix of a graph G can also be
obtained using digraph by orienting the graph G as follows. If v, s
adjacentto v, and d(v;)2d(v;) then draw a directed arc from v, to v,. The

obtained digraph D is called the strong weak digraph. By reversing the
direction of every edge in D, we get a weak strong digraph.

Now define  a;, = 1if v, v, is a directed edge in D
= -1if both v, v, andv, v, are directed edges in D.
= 0if v, v, is not a directed edge in D.
Fig. 5.1 illustrates the construction of strong weak digraph D of a graph G.

The Strong weak adjacency matrix defined above satisfies the following
properties.
1. The number of non-zero entries in "
vertex v,.

row gives the strong degree of the

2. The number of non-zero entries in j” column gives the weak degree of
the vertex v..

3. The number of -1's in a row or column gives the regular degree of the
corresponding vertex and the total number of -1's  in the matrix is
always even.

4. The sum of number of 1’s and half the number of -1’s in the matrix is
equal to the number of edges in the graph G.

5. (4,) =4,.
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6. If i" row has at least one 1 and i” column has no 1’s, then v, isa

strong vertex. If i” column has at least one 1 and i” row has no 1’s,
then v, is a weak vertex. If i” row (column) has only -1’s, as non zero
entries then v, is a regular vertex.

7. If G is an isolate free graph, then the number of zero rows (zero
columns) gives the s—silent number 7 (G) (w-silent number 7 (G)).

8. Given any strong weak adjacency matrix A4, =[a;] of an isolate free

graph G, we can obtain the adjacency matrix B =[b;] of G as follows.

5 1 if a,+a, =1or-2
0 if a;+a,=0 ’

9. Given any adjacency matrix of an isolate free graph G we can get the
strong weak adjacency matrix using the following algorithm.

Let 4=[a,] be the adjacency matrix.
Let 4, =B, =[b;].
If a,=0 then b, =0.

1 if iay>iay
i=1 j=1

If a,=1 then b, =1-1 if iayziay.
i=1 j=1

0 if Zn:al_j<ial_j
i=1 j=1
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 Then Strong degree  of   a vertex  
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 Consequently, we have the following graph parameters – maximum strong degree 
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 A set 
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 is a dominating set (strong dominating set [sd-set], weak dominating set [wd-set] respectively) of  
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 The domination number (strong domination  number, weak domination number respectively) 
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 is the minimum cardinality of  a  dominating set (sd- set, wd-set respectively) of  
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In this paper, we obtain a new lower bound and also an improved upper bound for the weak domination number  using the new parameters. A new version of the “First Theorem in Graph Theory” is presented.  We define a new matrix called strong weak adjacency matrix of a graph and give an algorithm to obtain the strong weak adjacency matrix from the adjacency matrix and vice versa.  Using the properties of the new matrix, we can compute all the information about the new parameters defined above. 
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1. Introduction


 The motivation to this paper comes from the strong weak domination parameters defined by Sampathkumar and Pushpalatha 12.  For any two adjacent vertices  
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 is a dominating set (strong dominating set [sd-set], weak dominating set [wd-set] respectively) of  
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 of 
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 is the minimum cardinality of  a  dominating set (sd- set, wd-set respectively) of  
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 This concept has been further studied by Domke, Hattingh, Rautenbach et al in 1-2-4-5-8-11.  For undefined terminologies, the reader is referred to   3-6-13.  


We obtain some sharp bounds to the weak domination number by introducing some new degree concepts. In this paper, we define three new parameters, viz., strong degree, weak degree and regular degree.

2. Strong Degree, Weak Degree, S-Silent 

Number and W-Silent Number
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[image: image42.wmf]v


 of a graph 

[image: image43.wmf](,), (){|


GVXNvuVu


==Î


 is adjacent to 

[image: image44.wmf]}.


v


 Then degree of  

[image: image45.wmf]v


 is  

[image: image46.wmf]()|()|.


dvNv


=


 Similarly, let  

[image: image47.wmf](){()|()()}


s


NvuNvdvdu


=Î³


  and  

[image: image48.wmf](){()|()()}.


w


NvuNvdvdu


=Î£


 

[image: image49.wmf](){()|()()}.


r


NvuNvdvdu


=Î=


 Then we define strong degree of   
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 As a consequence, we have the following six graph parameters – maximum strong degree of a graph 

[image: image56.wmf](),


s


G


D


 minimum strong degree 

[image: image57.wmf](),


s


G


d


 maximum weak degree 

[image: image58.wmf](),


w


G


D


 minimum weak degree 

[image: image59.wmf](),


w


G


d


maximum regular degree 
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 Further, a vertex  
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  is called  strong - silent (s- silent), if 
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 is said to be strong-silent set (weak-silent set) if every vertex in  S  is s-silent (w-silent).  The s-silent (w-silent) number 
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We shall illustrate the above concepts with an example.
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In the graphs 
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 shown in Fig.2.1, the first, second and third elements of a vertex label represent the strong degree, weak degree and regular degree of the corresponding vertices respectively.               
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 These two examples also exhibit  that 
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Proposition  2.1. Let  

[image: image85.wmf](,)


GVE


=


 be any graph.  Then for any vertex 

[image: image86.wmf],


vV


Î


 

[image: image87.wmf]()()()().


wr


dvdvdvdv


=+-




Proof.  For any vertex 
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An edge 
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 With this definition we give a simple but elegant result. 
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where  
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Proof. The result (2.1) follows from the fact that in counting the strong degree or weak degree of a vertex every edge which is not a beam is counted exactly once and the beams are counted twice.  The result (2.2) follows from the fact that in counting the regular degree of a vertex the beams are counted twice and the edge which is not a beam is not at all counted. Note that for the graph  

[image: image103.wmf]2


G


 in Fig.1,   

[image: image104.wmf]16


q


=


 and the number of beams =   

[image: image105.wmf]4.


r


q


=




[image: image106.wmf]=


å


Î


V


v


s


v


d


)


(


sum of all first coordinates of vertex labels in,  

[image: image107.wmf]



[image: image108.wmf]2


()


w


vV


Gdv


Î


===


å


 sum of all second coordinates of vertex labels in, 



[image: image109.wmf]2


20164.


r


Gqq


==+=+


 Thus, Proposition 2.2 is verified.


The following theorem is an aliter of first theorem in graph theory using strong (weak) degree concepts. 
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(using Proposition 2)
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Corollary 2.3.1.  For any graph   G of order p and size q,
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 is an  even number.

Proof.  From  Proposition 2.1,  for any  vertex 
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 which is an even number. We recall the following definitions given in 7. A vertex 
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 A regular vertex is both strong and weak.  A vertex  

[image: image127.wmf]v


 is strictly strong [strictly weak] if 

[image: image128.wmf]()()[()()]


dvdudvdu


><


 for every 

[image: image129.wmf]().


uNv


Î


 A set 

[image: image130.wmf]SV


Í


 is said to be strong (weak, balanced, regular respectively) if every vertex in  

[image: image131.wmf]S


  is a strong (weak, balanced, regular respectively) vertex in 

[image: image132.wmf].


G
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 The maximum strong set is denoted as  s- set.  Similarly we have w-set, b-set and r-set.   Further it is proved that   
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Proposition  2.4.  Let 
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(ii) can be proved with the similar argument and hence we omit the proof. 
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To prove (ii). Since 
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. Some New Bounds on Covering & Strong (Weak) Covering Numbers

We give the following definitions and a couple of results which we use in sequel. S. S. Kamath and R. S. Bhat 7 defined strong (weak) vertex coverings, strong (weak) independent sets. A strong (weak) set which is independent is called a strong independent set [SIS] (weak independent set [WIS]). The strong (weak) independence number  
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From Proposition 3.5, Theorem 3.1 and Theorem 3.2, we have the following  bounds for independence numbers.
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4. 
New bounds on weak domination number
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Further these bounds are sharp.
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Sampathkumar and Pushpalatha 12 offered the following upper bounds for strong and weak domination number.
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Conjecture 4.4.1.   For any graph  
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5. Strong weak adjacency matrix

The adjacency matrix of a graph helps us to study the graph properties like connectivity of a graph, number of components of a graph and maximum and minimum degree of a graph etc. through computer.  But this adjacency matrix does not provide information about the new graph parameters defined above like strong degree, weak degree of a vertex etc.  This cause compelled us to define a new matrix called   strong weak adjacency matrix of a graph.  Using the properties of the new matrix we can retrieve all the information about the new parameters defined above through computer. 
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Strong-weak adjacency matrix of the graph 
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The above strong weak adjacency matrix of a graph 
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The Strong weak adjacency matrix defined above satisfies the following properties.


1.  The number of non-zero entries in  
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3.  The number of -1’s  in a row or column gives the regular degree of the corresponding vertex  and the total number of -1’s   in the matrix is always even.
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9. Given any adjacency matrix of an isolate free graph 
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