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64                                  Rajesh K. Saini     Kumar 21 extended the results of Namdeo et al. 22 to two pairs of single-valued mappings. For more results 23 - 25.   2. Preliminaries   Definition 2.1: A triangular norm ∆ (shortly t-norm) is a binary operation on the unit interval [0, 1] such that for all a, b, c, d ∈ [0, 1] following conditions are satisfied  (i) a∆ 1 = a;  (ii)  a∆ b = b ∆ a;  (iii) a∆ b ≤ c ∆ d whenever a ≤ c and b ≤ d;  (iv)  a∆ b (b ∆ c) = (a ∆ b) ∆ c.  Examples 2.1:  A triangular norm ∆ (or t-norm) are     a∆b = min {a, b}, aΔ�b = ab    and           aΔLb =  max {a + b –1, 0}.   Definition 2.2: A mapping F: R→R+is called distribution function if it is non-decreasing, left continuous with inf{ F(�): �∈R} = 0 and sup{ F(�): 
�∈R} = 1, such that F(−∞) = 0, F(∞) = 1.  We will denote by ∆ the family of all distribution functions on (−∞, ∞). 
ℋ(also known as Heaviside function) is a special element of ∆ defined by            0 if  t  0,    1 if  t  0.(t)  ≤= >H   If X is a nonempty set, F: X × X →∆ is called a probabilistic distance on X is usually denoted by Fx,y .   Definition5 2.3 :  The ordered pair (X, F) is called a probabilistic metric space (shortly PM-space) if X is a nonempty set and F is a probabilistic distance satisfying the following conditions  (M–0)  Fx, y (t) = 1= ℋ(t)⇔ x = y;  (M–1)  Fx, y (0) = 0;  (M–2)  Fx,y(t) = Fy,x(t); 



   Related Fixed Point Theorem of Set Valued Mappings     65   (M–3)  Fx, z (t) = 1, Fz,y(s) = 1 ⇒Fx, y (t + s) = 1, for all x, y, z ∈ X and t, s > 0.  The ordered triple (X, F, ∆) is called Menger space if (X, F) is a PM-space, 
∆ is a t-norm and the following condition is also satisfies  (M–4)  Fx, y (t + s) ≥Fx, z (t) ∆Fz, y (s), or Fx, y (t + s) ≥∆(Fx, z (t),Fz, y (s)),    for all x, y, z ∈ X and t, s > 0.   Proposition6 2.1:   Let (X, d) be a metric space. Then the metric d induces a distribution function F defined by Fx,y(t) = ℋ(t – d(x, y)) for all x, y ∈ X and t > 0. If t-norm ∆ is a ∆ b = min {a, b} for all a, b, ∈ [0, 1] then (X, F, ∆) is a Menger space. Further, (X, F, ∆) is a complete Menger space if  (X, d) is complete.   Definition12 2.4:  Let (X, F, ∆) be a Menger space and ∆ be a continuous t-norm  (a) A sequence {xn} in X is said to be converge to a point x in X (written xn→x) iff for every ε> 0 and λ∈(0, 1), there exists an integer n0 = n0(ε, λ) such that n , x xF (ε) > 1 −λ for all n ≥ n0.  (b) A sequence {xn} in X is said to be Cauchy if for every ε>0 and λ∈(0, 1), there exists an integer n0 = n0(ε, λ) such that  n , n px xF + (ε) > 1 −λ for all n ≥ n0 and p > 0.  (c) A  Menger space in which every Cauchy sequence is convergent is said to be complete.   Remark 2.1:   If ∆ is a continuous t-norm, it follows from (FM–4) that the limit of sequence in Menger space is uniquely determined.   Lemma15 2.1:   Let {xn} be a sequence in a Menger space (X, F, ∆) with continuous t-norm ∆ and t ∆ t ≥ t. If there exists a constant k ∈ (0, 1) such that                                 n n 1 n 1 nx ,x x ,xF (kt) F (t)+ −≥   for all t > 0 and n = 1, 2, ..... , then {xn} is a Cauchy sequence in X.   Lemma 2.2:   Let (X, F, ∆) be a Menger space. Then for all x, y ∈ X,  Fx, y (⋅) is non decreasing.  



66                                  Rajesh K. Saini      Lemma15 2.3:  Let (X, F, Δ) be a Menger space. If there exists a constant k∈ (0, 1) such that                      x,y x,ykt  F F ,( ) (t)≥         for all t > 0 with fixed  x, y ∈ X, then x = y.   Definition 2.5:  Let (X, F, ∆) be a Menger space and ε> 0. A finite sequence x = x0, x1 .....xn = y is called ε-chain from x to y if              i  i 1x , xF + (t) > 1 – ε,     for all t > 0 and i = 1, 2, 3, .....n.  A Menger space (X, F, ∆) is called ε-chainable if for any x, y ∈ X, there exist an ε-chain from x to y.   Definition8 2.6: Let (X, F, Δ) be a Menger space and U a nonempty subset of X. Then U is said to be probabilistically bounded if               t 0 x,y U x,yFsup inf  1(t) > ∈ = .   If X is itself probabilistically bounded, then X is said to be a probabilistically bounded space.   Let CB(X) be a family of nonempty closed and bounded subsets of a Menger space (X, F, Δ). For all U,V ∈ CB(X) and for every t > 0, we define                D(Fu,v(�)) = sup{ Fa,b(�); a∈U, b∈V}   and         δ(Fu,v(�)) = inf{ Fa,b(�); a∈U, b∈V}.   If the set U consists of a single point a, we write δ(Fu,v(�)) = δ(Fa,v(�)). Also if the set V consists of a single point b, we write  δ(Fu,v(�)) = δ(Fa,b(�)). It follows immediately from the definition that  (i)   δ(Fu,v(�)) = δ(Fv,u(�)) ≥0,  (ii)  δ(Fu,v(�)) = 1, if and only if U = V = {a}, for all U,V ∈CB(X).   Proposition 2.2: In a Menger space (X, F, ∆) if a ∆ a ≥ a for all a ∈ [0, 1], then a ∆ a = min{a, b}, for all a, b ∈ [0, 1].  



   Related Fixed Point Theorem of Set Valued Mappings     67   3.   Implicit Relation   Let Γ* be the set of all real continuous functions Γ(t1, t2, t3, t4, t5): (R+)5
→R which is non-decreasing in the first and last argument satisfying the following conditions  (Γa) For u, v ≥ 0, Γ(u, v, v, u, v) ≥ 0, implies that u ≥ v.  (Γb) Γ(u, 1, 1, u, 1) ≥ 0, or Γ(u, u, 1, 1, u) ≥ 0 implies u ≥ 1.  Example 3.1:   If Γ(t1, t2, t3, t4, t5) = t1 – at2 – bt3 – ct4 + t5, when  a, b, c ≥ 0 and  a + b + c ≥ 2. Here u, v ≥ 0, we have in (Γa)    

Γ(u, v, v, u, v) = u – av – bv – cu + v≥ 0⇒ u ≥ v,    if a + b + c ≥ 2 or a b 1 1.1 c+ − ≥−   Also in (Γb) , Γ(u, 1, 1, u, 1) = u – a.1 – b.1 – cu + 1≥ 0 ⇒ u ≥ 1,   if a + b + c ≥ 2,  or  Γ(u, u, 1, 1, u) = u – au – b.1 – c.1 + u≥ 0 ⇒ u ≥ 1, if a + b + c ≥ 2,    Example 3.2:   Define Γ(t1, t2, t3, t4, t5) = 30t1 –18t2 – 7t3 – 6t4 + t5 then from (Γa)                   Γ(u, v, v, u, v) = (24u  – 24v)≥ 0 ⇒ u ≥ v,  and from (Γb)                  Γ(u, 1, 1, u, 1) = 30u – 18.1 – 7.1 – 6.u +1≥ 0 ⇒ u ≥ 1  or      Γ(u, u, 1, 1, u) = 30u – 18u – 7.1 – 6.1 + u≥ 0 ⇒ u ≥ 1.  Example 3.3:   Let Γ(t1, t2, t3, t4, t5) = pt1 – q max{t2t3} – rt4 + t5,   p, q, r ≥ 0 and(q + r – p) ≥1.  From (Γa),          Γ(u, v, v, u, v) = pu – q max{v, v} + ru + v=(q + r) u – (p –1)v ≥ 0   
⇒    u ≥ v, if  (q + r – p) ≥1, from (Γb),  



68                                  Rajesh K. Saini         Γ(u, 1, 1, u, 1) = pu– qmax{1.1} –ru +1= (p – r)u – (q – 1)≥ 0  
⇒ u ≥ 1, if  (q + r – p) ≥1,  or Γ(u, u, 1, 1, u) = pu – q max{u.1} – r.1 + u   
⇒(p +1)u – (q +r) ≥ 0 ⇒ u ≥ 1, if  (q + r – p) ≥1.  Example 3.4:    Let  Γ(t1, t2, t3, t4, t5) = 2 23 3 41 2 52t  tt t t−

+
 from  (Γa)        Γ(u, v, v, u, v) =  2 23 22v uu u (u v) 0 u v,v v− = − ≥ ⇒ ≥

+
 from (Γb)        Γ(u, 1, 1, u, 1) = 2 23 22.1 uu u (u 1) 0 u 1,1 1− = − ≥ ⇒ ≥

+
,  ⇒ u ≥ 1, or  Γ(u, u, 1, 1, u) = 2 23 52.1 1u (u 1) 0 u 1.u u− = − ≥ ⇒ ≥

+
  4. Main Result   Theorem 4.1: Let (X, F, Δ), (X,G, Δ), and (Z, H, Δ) be three complete Menger spaces, where Δ is a continuous t-norm. If P is a continuous mapping of  Xinto CB(Y), Q is a continuous mapping of  Y into CB(Z), and R is a mapping of Z into CB(X) satisfying the inequalities  RQPx, RQPx ' x,x ' x, RQPx x ', RQPx ' Px, Px ' QPx, QPx '{ (F ( )),F (t), (F (t)), ((4.1) kt t G HF ( )), ( (t)), ( (t) } 0)  ,Γ δ δ δ δ δ ≥   PRQx, PRQx ' y,y ' y, PRQy y ', PRQy' Qy, Qy ' RQy, RQy '{ (G ( )), (t), ( (t)), ( ( )), ( (t)), ((4.2) kt G G G t (t) }F  0.)HΓ δ δ δ δ δ ≥ QPRz, QPRz ' z,z ' z, QPRz z ', QPRz ' Rz, Rz ' PRz, PRz '{ ( ( )), (t), ( (t)), ( ( )), ( (t)), ((4.3) H kt (t))}H H H t F G 0 ,Γ δ δ δ δ δ ≥ for all x, x' ∈ X, y, y' ∈ Y, z, z' ∈ Z, k ∈ (0, 1) and t > 0, then RQP has a unique fixed point u in X, PRQ has a unique fixed point v in Y, and QPR has a unique fixed point w in Z. Further Pu = {v}, Qv= {w}, and  Rw = {u}.   Proof: Let x = x' be an arbitrary point in X. We define the sequences {xn} in X, {yn} in Y, and {zn} in Zinductively as follows. We choose a point y1in Px1, then a point z1 in Qz1, and then a point x2 in Rz1. In general, having chosen xn in X, yn in Y, and zn in Z, choose a point xn+1 in Rzn, then a point yn+1 in Pxn+1, and then a point zn+1 in Qyn+1 for n = 1, 2, . . .. . Applying inequality (4.1), we get 
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n n 1 n n 1
RQPx ,RQPx x ,x x ,RQPx x ,RQPxPx ,Px QPx ,QPx{ (F (kt)),F (t), (F (t)), (F (t)),(G (t)), (H (t))} 0,+ + + +

+ +

Γ δ δ δ

δ δ ≥    n n 1 n 1 n n n 1
n 1 n n 1 n

RQPx ,RQPx RQPx ,RQPx RQPx ,RQPxPRQy ,PRQy QPRz ,QPRzor, { (F (kt)),1, (F (t)), (F (t)),(G (t)), (H (t))} 0,+ − +

− −

Γ δ δ δ

δ δ ≥        n n 1 n 1 n
n 1 n n 1 n

RQPx ,RQPx RQPx ,RQPxPRQy ,PRQy QPRz ,QPRzor, { (F (kt)),1, (F (t)),(G (t)), (H (t))} 0, (a)+ −

− −

Γ δ δ

δ δ ≥    Using inequality (4.2), we get  
n n 1 n n 1 n n n 1 n 1

n n 1 n n 1
PRQy ,PRQy y ,y y ,PRQy y ,PRQyQy ,Qy RQy ,RQy{ (G (kt)),G (t), (G (t)), (G (t)),(H (t)), (F (t))} 0,+ + + +

+ +

Γ δ δ δ

δ δ ≥    n n 1 n 1 n n n 1
n 1 n n 1 n

PRQy ,PRQy PRQ y ,PRQy PRQy ,PRQyQPRz ,QPRz RQPx ,RQPx{ (G (kt)),1, (G (t)), (G (t)),(H (t)), (F (t))} 0,+ − +

− −

Γ δ δ δ

δ δ ≥   
n n 1 n 1 n

n 1 n n 1 n
PRQy ,PRQy PRQ y ,PRQyQPRz ,QPRz RQPx ,RQPx{ (G (kt)),1, (G (t)),(H (t)), (F (t))} 0,+ −

− −

Γ δ δ

δ δ ≥   (b)  on using inequality (a).   Further using (4.3), we get            n n 1 n n 1 n n
n 1 n 1 n n 1 n n 1

QPRz ,QPRz z ,z z ,QPRzz ,QPRz Rz ,Rz PRz ,PRz{ (H (kt)),H (t), (H (t)),(H (t)), (F (t)), (G (t))} 0,+ +

+ + + +

Γ δ δ

δ δ δ ≥          n n 1 n 1 n
n n 1 n 1 n n 1 n

QPRz ,QPRz QPRz ,QPRzQPRz ,QPRz RQPx ,RQPx PRQy ,PRQyor, { (H (kt)),1, (H (t)),(H (t)), (F (t)), (G (t))} 0,+ −

+ − −

Γ δ δ

δ δ δ ≥   
n n 1 n 1 n

n 1 n n 1 n
QPRz ,QPRz QPRz ,QPRzRQPx ,RQPx PRQy ,PRQyor, { (H (kt)),1, (H (t)),(F (t)), (G (t))} 0,+ −

− −

Γ δ δ

δ δ ≥              (c) on using inequality (a) and (b). By induction using inequality (a), (b) and (c), we get  



70                                  Rajesh K. Saini     using condition (Γa), we have    n n 1 n 1 nRQP x ,RQP x RQPx ,RQP x(F (kt)) (F (t))
+ −

δ ≥ δ   this implies n n 1 n 1 nRQP x ,RQP x RQPx ,RQP xF (kt) F (t)
+ −

≥   or  
n n 1 n 1 nx ,x x ,x(4.4) F (kt) F (t).

+ −
≥              Similarly we also have   

( ) n 1 n n 2 n 1x ,x x ,xF (kt)4.5 F (t).
− − −

≥        From (4.4) and (4.5), we have    n n 1 n 1 n n 2 n 1 1 2 nx ,x x ,x x ,x x ,xF (kt) F (t) F (t/ k)....... F (t/ k ) 1
+ − − −

≥ ≥ ≥ →   as n →∞, for any, t > 0.  For each ε> 0 and each t > 0, we can choose n0∈ N such that            n n 1x ,xF (t) 1
+

> − ε ,   for all n > n0.  For m, n ∈ N, we suppose m ≥ n. Then we have            m n n n 1 n 1 n 2
m 1 m

x ,x x ,x x ,xx ,x{F (t);F (t/ (m n));F (t/ (m n));......F (t/ (m n))} 0,+ + +

−

Γ − −

− ≥   or  m nx ,x{F (t); (1 ); (1 )......(1 )} 0,Γ − ε − ε − ε ≥   i.e.     
( ) n mx ,xF ( .4 6 t). 1≥ −ε   From definition 2.4 and (Γb), it is shown that {xn} is a Cauchy sequence in complete Mengar space X.   Using inequality (4.2), we get  
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n 1 n 1 n n 1 n n 1

PRQy ,PRQy y ,y y ,PRQyy ,PRQy Qy ,Qy RQy ,RQy{ (G (kt));G (t)); (G (t));(G (t)); (H (t/ 2)) (F (t/ 2))} 0,+ +

+ + + +

Γ δ δ

δ δ ∆δ ≥   Using lemma 2.4(b), we have              n n 1 n 1 n
n 1 n n n 1 n 1 n

PRQy ,PRQy PRQy ,PRQ yPRQy ,PRQy PRQy ,PRQy PRQy ,PRQy{ (G (kt)); (G (t));(G (t)); (G (kt)); (G (t))} 0,+ −

− + −

Γ δ δ

δ δ δ ≥   Using condition (Γa), we have           n n 1 n 1 nPRQy ,PRQy PRQy ,PRQ y(G (kt)) (G (t))
+ −

δ ≥ δ   this implies  
n 1 n 2 n n 1y ,y y ,y(4.7) G (kt) G (t).
+ + +

≥               Similarly we also have    (4. 8)     n n 1 n 1 ny ,y y ,yG (kt) G (t).
+ −

≥   From (4.7) and (4.8), we have            n n 1 n 1 n n 2 n 1 1 2 ny ,y y ,y y ,y y ,yG (kt) G (t) G (t/ k) ....... G (t/ k ) 1
+ − − −

≥ ≥ ≥ ≥ → ,   as n→∞, for any, t > 0. For each 'ε > 0 and each t > 0, we can choose nε'∈ N such that              n n 1y ,yG (t) 1 '
+

> − ε ,   for all n >nε' For m', n'∈N, we suppose m'≥ n'. Then we have  
' ' ' ' ' '

' '
m n n n 1 n 1 n 2

m 1 m
x ,x x ,x x ,xx ,x{G (t);G (t/ (m n ));G (t/ (m n ));......G (t/ (m n ) ' ' ' '' ' )} 0,+ + +

−

Γ − −

− ≥   or m n' 'x ,x{G (t);(1 );(1 )......(1 )} 0,' ' 'Γ − ε − ε − ε ≥   (4. 9)  'n m'x ,xG (t) .1 '≥ − ε                               From definition 2.4 and (Γb), it is shown that {yn} is a Cauchy sequence in complete Mengar space Y. Using condition (Γa), we have  



72                                  Rajesh K. Saini        n n 1 n 1 nQPRz ,QPRz QPRz ,QPRz(H (kt)) (H (t)),
+ −

δ ≥ δ   this implies   (4. 10)     n n 1 n 1 n n n 1 n 1 nQPRz ,QPRz QPRz ,QPRz z ,z z ,zH (kt) H (t) H (kt) H (t).
+ − + −

≥ ⇒ ≥       Similarly we also have  
n 1 n n 2 n 1z ,z z ,z(4.11) H (kt) H (t),
− − −

≥          From (4.10) and (4.11), we have    n n 1 n 1 n n 2 n 1 1 2 nz ,z z ,z z ,z z ,zH (kt) H (t) H (t/ k) ....... H (t/ k ) 1
+ − − −

≥ ≥ ≥ ≥ →   as n →∞, for any,  t > 0.  For each ε''> 0 and each t > 0, we can choose nε''∈ N such that             n n 1z ,zH (t) 1 ''
+

> − ε ,   for all n >nε'' .  For m'', n''∈ N, we suppose m''≥ n''. Then we have     '' '' '' '' '' 'm n n n 1 n ' '' m '1 n m 1 '2x ,x x ,x x ,x x ,x{F (t);F (t/ (m n ));F (t/'' '' (m n ));......F (t/ (m n ))} 0,'' '' '' ''
+ + + −

Γ − − − ≥   or   m n'' ''x ,x{F (t);(1 ); (1 )......(1 )} 0'' '' '' ,Γ − ε − ε − ε ≥   (4. 12)   '' ''n mx ,xF (t) '1 '≥ − ε  .                     From definition 2.4 and (Γb), it is shown that {zn} is a Cauchy sequence in complete Mengar space Z. Since X is complete Mengar space and {xn}, {yn}and {zn} are Cauchy sequence so one has a limit u in X. Similarly, the sequences {yn} and {zn} are also Cauchy sequences with limits v and w in the complete Menger spaces Yand Z, respectively. Then we have                        limn→∞RQPxn = {u} = limn→∞RQyn       (4. 13)          limn→∞PRQyn = {v} = limn→∞PRzn    (4. 14)           limn→∞QPRzn = {w} = limn→∞QPxn              Using the continuity of P and Q, we have 



   Related Fixed Point Theorem of Set Valued Mappings     73   (4. 15)            limn→∞yn = limn→∞Pxn = Pu = {v}  (4. 16)             limn→∞zn = limn→∞Qyn = Qv = {w}      and then we see that QPu = {w}.          Now we show that u is a fixed point of RQP. Applying inequality (4.1), we have 
n 1 n 1

n 1 n 1 n 1 n 1
RQPu,RQPx u,x u,RQPux ,RQPx Pu,Px QPu,QPx{ (F (kt)); (F (t)); (F (t))(F (kt)); (G (t/ 2)) (H (t/ 2))} 0.+ +

+ + + +

Γ δ δ δ

δ δ ∆δ ≥   Using lemma 2.4(a), we have  
n 1 n n

n 1 n
RQPu,RQPx RQPu,RQPx RQPu,RQPxRQPu,RQPx RQPu,RQPx{ (F (kt)); (F (t)); (F (t));(F (kt)); (F (t))} 0,+

+

Γ δ δ δ

δ δ ≥
  Using condition (Γa), we have            n 1 nRQPu,RQP x RQPu,RQPxRQPu,u RQPu,u(F (kt)) (F (t))F (kt) F (t),+

δ ≥ δ

⇒ ≥
    which implies that  RQPu = {u} and so u is a fixed point of RQP. We now have   (4. 17)         RQPu = Rw = {u},       on using (4.17) and then                      (4. 18)         PRQv = PRQPu = {v} , QPRw = QPRQv = {w} ,        Hence v and w are fixed points of PRQ and QPR, respectively. Further, we see that                     RQv = {u}, PRw = {v}.   To prove the uniqueness of u, suppose that RQP has another fixed point u'. Then, using inequality (4.1), we have  



74                                  Rajesh K. Saini     ' ' ' 'RQPu ,RQPu u ,u u ,RQPuRQPu ,u ' '' ' ' ' ' 'Pu ,Pu QPu ,QPu{ (F (kt)); (F (t)); (F (t));(F (kt)); (G (t/ 2)) (H (t/ 2))} 0,Γ δ δ δ

δ δ ∆δ ≥   using lemma 2.4(a), we have                     RQPu ,RQPu RQPu ,' ' ' 'RQPu{ (F (kt));1;1; (F (kt));1} 0Γ δ δ ≥   using condition (Γb), we have     RQPu ,RQP 'u'(F (kt)) 1,δ ≥   (4.19)             ' 'RQPu ,RQPu RQPu ,RQPu' '(F (kt)) (F (t))⇒δ ≥ δ .  Next, using inequality (4.2), we have              Pu ,Pu PRQPu ,PRQP' u' ' '(G (kt)) (G (kt))δ ≥ δ   and PRQPu ,PRQPu Pu ,Pu Pu ,PRQPuPRQPu ,PRQPu QPu ,QPu RQPu ,RQ' ' ' ' ' P' ' ' ' ' 'u'{ (G (kt)); (G (t)); (G (t));(G (kt)); (H (t/ 2)) (F (t/ 2))} 0,Γ δ δ δ

δ δ ∆δ ≥   using lemma 2.4(b), we have          PRQPu ,PRQPu PRQPu ,' ' ' PRQ u'P{ (G (kt));1;1; (G (kt));1} 0Γ δ δ ≥   using condition (Γb), we have             PRQPu ,PR' 'QPu(G (kt)) 1δ ≥    (4.20)    PRQPu ,PRQPu PRQPu ,PRQPu' ' ' '(G (kt)) (G (t)).δ ≥ δ  Again using inequality (4.3), we obtain  QPu ,QPu QPRQPu ,QP' ' ' RQP 'u(H (kt)) (H (kt))δ ≥ δ   QPRQPu ,QPRQPu QPu ,QPu QPu' ' ' ' ' ',QPRQPuQPRQPu ,QPRQPu RQPu ,' ' ' ' ' 'RQPu PRQPu ,PRQPuor { (H (kt)); (H (t); (H (t);(H (kt); (F (t/ 2) (G (t/ 2)} 0,Γ δ δ δ

δ δ ∆δ ≥   using lemma 2.4(c), we have 



   Related Fixed Point Theorem of Set Valued Mappings     75    QPRQPu ,QPRQ' ' 'Pu QPRQPu Q ',QPR Pu{ (H (kt));1;1; (H (kt);1} 1Γ δ δ ≥   using condition (Γb), we have  QPRQPu ,QPR 'Pu' Q(H (kt)) 1,δ ≥    (4.21)    QPRQPu ,QPRQPu' ' ' 'QPRQPu ,QPRQPu(H (kt)) (H (t)).δ ≥ δ        Using inequalities (4.19), (4.20), and (4.21), we obtain  RQPu ,RQPu PRQPu ,PRQPuQPRQPu ,QPRQPu RQPu ,RQP' ' ' 'u' '' '(F (kt)) (G (kt))(H (kt)) (F (t))δ ≥ δ ≥

δ ≥ δ ≥  ' ' 'PRQPu ,PRQPu QPRQPu ,QPRQPu
RQPu ,RQPu PRQPu ,PRQ

'
Pu' ' ' '

(G (t)) (H (t))t t(F ( )) (G ( ))k kδ ≥ δ ≥

δ ≥ δ ≥

QPRQPu ,QPRQPu RQPu ,RQPu 2
PRQPu ,PRQPu QPRQPu ,QPRQ

' ' ' '
' ' ' 'Pu2 2

t t(H ( )) (F ( ))k kt t(G ( )) (H ( ))k kδ ≥ δ ≥

δ ≥ δ ≥  
' ' 'RQPu ,RQPu PRQPu , '

'
PRQPu2n 2n

QPRQPu ,QPR 'QPu 2n
t t.......... (F ( )) (G ( ))k kt(H ( )).k≥ ≥ δ ≥ δ

≥ δ  
RQPu ,RQPu RQPu ,RQPu RQPu ,RQPu

RQPu ,RQPu RQPu ,RQPu2 2
' ' ' ' ' '

' ' ' n'
t(F (kt)) (F (t)) (F ( ))kt t(F ( )) ...... (F ( )),k k⇒ δ ≥ δ ≥ δ

≥ δ ≥ ≥ δ   
' ' ' ' ' '
' ' ' '

PRQPu ,PRQPu PRQPu ,PRQPu PRQPu ,PRQPu
PRQPu ,PRQPu PRQPu ,PRQPu2 2n

t(G (kt)) (G (t)) (G ( ))kt t(G ( )) ..... (G ( )),k kδ ≥ δ ≥ δ ≥

δ ≥ ≥ δ  and QPRQPu ,QPRQPu QPRQPu ,QPRQP' ' ' ' 'u QPRQPu ,QPRQP 'u t(H (kt)) (H (t)) (H ( ))kδ ≥ δ ≥ δ ≥  



76                                  Rajesh K. Saini     QPRQPu ,QPRQPu QPRQPu ,QP' ' RQ2 2n' 'Put t(H ( )) ....... (H ( )).k kδ ≥ ≥ δ  for all n = 1, 2, . . ..  Since    RQPu ,RQP ' 2n' u t(F ( )) 1kδ → as  n →∞,                       PRQPu ,PRQ ' 2n' Pu t(G ( )) 1kδ → asn →∞  and        QPRQPu ,QPRQP' n'u 2t(H ( )) 1kδ → as n →∞,   it follows that  RQPu' = u', PRQPu' = Pu'and QPRQPu' = QPu'are singleton in F, G and H. Again using inequality (4.1), lemma 2.4(a), and lemma 2.3,we have  RQPu,RQPu u,u u,uRQPu ,RQPu Pu,Pu QPu,QP' '' ' ' 'u{ (F (kt)); (F (t)); (F (t));(F (kt)); (G (t/ 2)) (H (t/ 2))} 0,Γ δ δ δ

δ δ ∆δ ≥   RQPu,RQPu u,u u,uRQP u ,RQPu RQPu,RQPu' '' ' '{ (F (kt)); (F (t)); (F (t));(F (kt)); (F (t))} 0,Γ δ δ δ

δ δ ≥RQPu,RQPu RQPu,RQPu RQPu,RQ' P' u'(4.22) { (F (t)); (F (t));1;1; (F (t))} 0,Γ δ δ δ ≥   using condition (Γb), we have  RQPu,RQ 'Pu RQPu,R 'QPu(4.23) (F (t)) 1 F (t) 1.δ ≥ ⇒ ≥       Similaraly, using inequality (4.1), lemma 2.4(b), and lemma 2.3, we have  ' '' Pu,PRQPu Pu,Pu Pu,PRQPuPu ,PRQPu QP u,QPu RQP' ' 'u,RQPu{ (G (kt)); (G (t)); (G (t));(G (kt)); (H (t/ 2)) (F (t/ 2))} 0.Γ δ δ δ

δ δ ∆δ ≥   PRQPu,PRQPu PRQPu,PRQPu PRQPu,' ' PRQPu'{ (G (t)); (G (t));1;1; (G (t))} 0.Γ δ δ δ ≥        Using condition (Γb), we have  PRQPu,PRQ 'Pu PRQP , u'u PRQP(4.24) (G (t)) 1 G (t) 1.δ ≥ ⇒ ≥     



   Related Fixed Point Theorem of Set Valued Mappings     77     Again, using inequality (4.1), lemma 2.4(c), and lemma 2.3, we have  QPu,QPRQPu QPu,QPu QPu,QPRQPuQP u ,QPRQPu RQPu,RQPu PRQP u,PR' '' ' ' 'QPu{ (H (kt)); (H (t)); (H (t));(H (kt)); (F (t/ 2)) (G (t/ 2))} 0.Γ δ δ δ

δ δ ∆δ ≥    QPRQPu,QPRQPu QPRQPu,QPRQPu QPRQPu,QPRQ' Pu' '{ (H (t)); (H (t));1;1; (H (t))} 0.Γ δ δ δ ≥   Using condition (Γb), we have           QPRQPu,QPR 'QPu(H (t)) 1,δ ≥     (4.25)  QPRQPu,QPR 'QPuH (t) 1≥ .  From (4.23), (4.24) and (4.25),           RQPu= RQPu'= {u},          PRQPu =PRQPu' = Pu= {v},          QPRQPu= QPRQPu'= QPu={w},       which shows the uniqueness of u, v and w.  Example 4.1: Consider X = [0, 2], Y = [1, 5], and Z = [0, 10] and define  
x,y x,y x,y t ,       if  t > 0,t x y(4.26) F (t) G (t) H (t) 0,                     if  t = 0, + −= = =   for all x, y ∈ X. Then (X, F, Δ), (Y, G, Δ), and (Z, H, Δ) are three complete Menger spaces with continuous t-norm  Δ(a, b) = min{a, b} for all a, b ∈ [0, 1].  Define the set-valued mappings  P: X→ CB(Y),   Q: Y → CB(Z) and R: Z → CB(X) by  Px = [ 1 + x, 2] for all x ∈ X,   Qy = [2y + 1, 5] for all y ∈ Y   and    



78                                  Rajesh K. Saini     ( ) z if  z [0,5],[ ,1],5Rz     z(1, ], if  z (5,10].5 4.27  ∈= ∈   We can easily verify the inequalities with k = 1/2 ∈(0, 1). Thus all the conditions of Theorem 4.1 are satisfied and RQP has a unique fixed point {1} in CB(X), PRQ has a unique fixed point {2} in CB(Y), and QPR has a unique fixed point {5} in CB(Z). Hence, P(1) = {2}, Q(2) = {5}, and R(5) = {1}, and so RQP(1) = RQ(2) = R(5) = {1}, PRQ(2) = PR(5) = P(1) = {2}, and QPR(5) = QP(1) = Q(2) = {5}.   Corollary 4.1: Let (X, F, Δ), (Y, G, Δ) and (Z, H, Δ) be three complete Menger spaces, where Δ is a continuous t-norm. If  Pis a continuous mapping of  X into Y, Q is a continuous mapping of Y into Z and R is a mapping of Z into Xsatisfying the inequalities  ' 'RQPx,RQPx x,x x,RQPx ,RQPxPx,Px QPx, xP ' ''x' Q(4.28) {F (kt);F (t);F (t);F (kt);G (t/ 2) H (t/ 2)} 0,Γ

∆ ≥
  ' ' y'PRQPu,PRQPu y,y y,PRQy ,PRQyQy,Qy RQy ',RQ '' y{G (kt);G (t);G (t);G (kt);H (t/ 2) F (t/ 2)} 0,Γ

∆ ≥   QPRz,QPRz z,z z,QPRz ,' ' ' z '' ' QPRzRz,Rz PRz,PRz{H (kt);H (t);H (t);H (kt);F (t/ 2) G (t/ 2)} 0,Γ

∆ ≥   for all x, x' ∈ X, y, y' ∈ Y, z, z' ∈ Z, k ∈ (0, 1) and t > 0, Then RQP has a unique fixed point u in X, PRQ has a unique fixed point v in Y and QPR has a unique fixed point w in Z. Further, Pu = v, Qv= w and Rw = u.  Example 4.2: Let X = [0, 2], Y = [1,3], Z = [3,5] and Fx,y(t), Gx,y(t) and Hx,y(t) be defined as in example 4.1. Then (X, F, Δ), (Y,G, Δ), and(Z, H, Δ)be three complete Menger spaces with continuous t-norm Δ(a, b) = min{a, b} for all a, b ∈ [0, 1]. Define the mappings P: X → Y, Q: Y → ZandR: Z → X by            Px= x + 1 for all x∈ X,   



   Related Fixed Point Theorem of Set Valued Mappings     79           Qy = y + 2 for all y∈ Y  and                 z if  z [3,4],,4(4.29) Rz     z 1, if  z (4,5].5
 ∈= + ∈       Also the inequalities (4.30) can be verified with k = 1/2 ∈ (0, 1). Thus all the conditions of Corollary 10 are satisfied and RQP has a unique fixed point 1 in X, PRQ has a unique fixed point 2 in Y, and QPR has a unique fixed point 4 in Z. Further, P(1) =2, Q(2) = 4, and R(4) = 1; that is, RQP(1) = RQ(2) = R(4) =1, PRQ(2) = PR(4) = P(1) = 2, and QPR(4) = QP(1) = Q(2) = 4.  The following corollaries are the natural results due to theorem 4.1 and Corollary 4.1.  Corollary 4.2: Let (X, F, Δ) and (Y,G, Δ) be two complete Menger spaces, where Δ is a continuous t-norm. If P is a continuous mapping of  Xinto CB(Y), Q is a mapping of  Y into CB(X) satisfying the inequalities  QPx,QPx x,x' ' x,QPx,QPx Px,Pxx' ' '{ (F (kt)); (F (t)); (F (kt));(F (t/ 2)) (G (t/ 2))} 0,Γ δ δ δ

δ ∆δ ≥    PQy,PQy y,y y,PQ' 'y' y,PQy Qy,' 'Qy(4.30) { (G (kt)); (G (t)); (G (t));(G (t/ 2)) (F (t/ 2))} 0,Γ δ δ δ

δ ∆δ ≥   for all x, x' ∈X, and  y, y' ∈ Y, k∈(0, 1) and t > 0. Then QP has a unique fixed point u in X and PQ has a unique fixed point v in Y.   Corollary 4.3: Let (X, F, Δ) and (Y, G, Δ) be two complete Menger spaces, where Δ is a continuous t-norm. If P is a continuous mapping of X into Y, Q is a mapping of Y into X satisfying the inequalities            QPx,QPx x,x x,QPx ,QP' ' x x Px' ',' Px{F (kt);F (t);F (t);F (kt);G (t)} 0,Γ ≥  
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