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1. Introduction

There have been a number of generalizations of metric space. One such
generalization is Menger space introduced in 1942 by Menger * who was
use distribution functions instead of nonnegative real numbers as valued of
the metric. Schweizer and Sklar ° studied this concept and then the
important development of Menger space theory was due to Sehgal and
Bharucha-Reid ®. For more results in this field see '~ '°.

Fisher in "' initiated the study of conditions for the existence of a

relation connecting the fixed points of two mappings in two different metric
spaces. Afterward, Fisher and T'urko glu ' proved a related fixed point
theorem for set valued mappings in two metric spaces. Chourasia and Fisher
1 established a related fixed point theorem for two pairs of set-valued
mappings in two metric spaces. Several researchers have extensively
developed related fixed point theorems in metric spaces. Pant 2° firstly
studied related fixed point theorems for single valued mappings in two
complete Menger spaces and generalized the results of Fisher '®~'7. Pant and
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Kumar *' extended the results of Namdeo et al. 2 to two pairs of single-
valued mappings. For more results 2* 2.

2. Preliminaries

Definition 2.1: A4 triangular norm A (shortly t-norm) is a binary
operation on the unit interval [0, 1] such that for all a, b, ¢, d € [0, 1]
following conditions are satisfied

(i) aAl =a;

(ii) aAb=b Aa;

(iii) aA b <c Ad whenever a <c and b <d;
(iv) adb (b Ac) =(aAb) Ac.

Examples 2.1: A triangular norm A (or t-norm) are
aAb = min {a, b}, aApb = ab
and aALb = max {a+b-1, 0}.
Definition 2.2: 4 mapping F: R—Ris called distribution function if it is

non-decreasing, left continuous with inf{ F(2): teR} = 0 and sup{ F(?):
teR} = 1, such that F(—0) = 0, F(o0) = 1.

We will denote by A the family of all distribution functions on (—o, ).
H (also known as Heaviside function) is a special element of A defined by

0 ift<o,

H(t):{I if t > 0.

If X is a nonempty set, F: X x X —A is called a probabilistic distance on X
is usually denoted by F .

Definition® 2.3 : The ordered pair (X, F) is called a probabilistic metric
space (shortly PM-space) if X is a nonempty set and F is a probabilistic
distance satisfying the following conditions

(M-0) Fo,(t) =1=HA)x =y,
(M-1)  Fo\(0)=0;
(M-2) Fiy(t) = Fyx(1);
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(M=-3) Fo-(0)=1F. (s)=1=F,(t+s)=1 forallx,y,z e Xandt,
s> 0.

The ordered triple (X, F, A) is called Menger space if (X, F) is a PM-space,
Ais a t-norm and the following condition is also satisfies

(M—4) Fo,(t+s)2F . (t) AF. , (s), or Fx , (t + s) 2A(Fy - (1).F , (s)),
forallx,y,z e Xandt s> 0.

Proposition® 2.1:  Let (X, d) be a metric space. Then the metric d
induces a distribution function F defined by F(t) = Z{t — d(x, y)) for all x,
yveXandt> 0. If t-norm Ais a Ab = min {a, b} for all a, b, € [0, 1] then
(X, F, A) is a Menger space. Further, (X, F, A) is a complete Menger space
if (X, d) is complete.

Definition'? 2.4: Let (X, F, A) be a Menger space and A be a
continuous t-norm

(a) A sequence {x,} in X is said to be converge to a point x in X (written
x,—x) iff for every & 0 and A&€(0, 1), there exists an integer ny =
no(& A) such that ¥, (¢) > 1 =A for all n 2 ny.

(b) A sequence {x,} in X is said to be Cauchy if for every £>0 and 1 &(0,
1), there exists an integer ny = ny(¢, 1) such that ¥,__ (¢ > 1 =4 for

alln >ngand p > 0.

(c) A Menger space in which every Cauchy sequence is convergent is
said to be complete.

Remark 2.1: If A is a continuous t-norm, it follows from (FM—4) that
the limit of sequence in Menger space is uniquely determined.

Lemma'® 2.1: Let {x,} be a sequence in a Menger space (X, F, A) with
continuous t-norm A and t At >t. If there exists a constant k € (0, 1) such
that

F . (k)>F ()
Jorallt>0andn =1, 2, ....., then {x,} is a Cauchy sequence in X.

Lemma 2.2: Let (X, F, A) be a Menger space. Then for all x, y € X, F,
y () is non decreasing.
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Lemma' 2.3: Let (X, F, A) be a Menger space. If there exists a constant
ke (0, 1) such that

F,, (kn>E,, 1),

for all t> 0 with fixed x,y € X, thenx =y.

Definition 2.5: Let (X, F, A) be a Menger space and £ (. A finite
sequence X = Xg, Xj .....X, =y is called &-chain from x to y if

E . W)>1-¢g forallt>0andi=1, 23, ...n

A Menger space (X, F, A) is called e-chainable if for any x, y € X, there
exist an &chain from x to y.

Definition® 2.6: Let (X, F, 4) be a Menger space and U a nonempty
subset of X. Then U is said to be probabilistically bounded if

sup,.oinf,  F () = L

x,yeU™x,

If X is itself probabilistically bounded, then X is said to be a
probabilistically bounded space.

Let CB(X) be a family of nonempty closed and bounded subsets of a
Menger space (X, F, A). For all U,V [1 CB(X) and for every t > 0, we define

D(Fu(£)) = sup{ Fop(£); a€U, bEV}
and O(Fuv(t)) = inf{ F,(t); a€U, bEV}.

If the set U consists of a single point a, we write d(Fy(t)) = 6(Fa(t)).
Also if the set V consists of a single point b, we write d(Fy(t)) = 8(Fau(t)).
It follows immediately from the definition that

(D) 3(Fuy(t)) = 8(Fyu(t)) 20,
(i1) d(Fuw(t)) =1, if and only if U = V = {a}, for all U,V eCB(X).

Proposition 2.2: In a Menger space (X, F, A) if a Aa >a for all a € [0,
1], then a A a = min{a, b}, forall a, b € [0, 1].
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3. Implicit Relation

Let I'* be the set of all real continuous functions I'(t;, tp, t3, t4, ts):
(R")’—>R which is non-decreasing in the first and last argument satisfying
the following conditions

(I'y)  Foru,v=>0,I(u,v,v,u,v)>0, implies thatu > v.

Ty T, 1,1,u,1)>20,0orI'(u,u, 1, 1,u) >0 implies u > 1.

Example 3.1: IfI'(t}, to, t3, ts, ts) =t; —at, — bty — cts + t5, when a,b,c>0
and a+b+c>2.Hereu, v>0, we have in (I',)

'u,v,v,u,v)=u—av—-bv—-cu+v0=>u>v,

ifa+b+cz2or%b_lzl‘
—C

Alsoin(ITy), T'(u,1,1,u,1)=u—-a.l-b.l-cu+1>20=>u>1,

ifa+b+c>2,
or I'uwu 1,1,uy=u—au—-b.l-c.l+tu>0=u>1,ifa+tb+c>2,
Example 3.2: Define I'(t}, t, t3, ta, ts) = 30t; —18t, — 7t3 — 6t4 + t5
then from (I',)
I'u,v,v,u,v)=24u —24v)>20=u>v,
and from (I'y)
Iuw 1,1,u,1)=30u—-18.1-7.1-6u+1>20=u>1
or Fu,u, 1,1,u)=30u—-18u—-7.1-6.1+u=20=u=>1.

Example 3.3: Let I'(ty, to, t3, t4, ts) = pt; —q max{tyts} —1ta +t5, p,q, r=0
and(q +r—p) >1.

From (T7,),

I'(u,v,v,u,v)=pu—qmax{v,v}+ru+v=(q+ryu—(p-1)v=>0

= u2v,if (q+r—p) =1,
from (I'y),
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I'(u, 1, 1,u, 1)=pu—gmax{l.1} -ru+1=(p-r)ju—(q—1)=0
=ux1,if (q+r-p)=1,

or I'(u,u, 1,1, u)=pu—qmax{u.l} —r.l+u

=>{p+lu-(q+r)20=u=>1,if (q+r—p)=I.

2 .2
Example 34: Let F(tl, t, t3, ta, t5) =t? _M

t, +1t
2.2
from (T%) Ly, v,v,u,v)= u3_2vu =w’(u-v)20=u>v,
vV+vV
2..2
from (rb) r(ua 17 17u7 1):u3—2'11—111=u2(u—l)2():>u21,a =>uz2 17
+
r 1.1 u)=.c 20T s
or (u7u7 ) 7u) u — =(ll —1)2031121
u+u
4. Main Result

Theorem 4.1: Let (X, F, 4), (X,G, 4), and (Z, H, A) be three complete
Menger spaces, where A is a continuous t-norm. If P is a continuous
mapping of Xinto CB(Y), Q is a continuous mapping of Y into CB(Z), and
R is a mapping of Z into CB(X) satisfying the inequalities

(4.1) T{0(Frgpy. ropx (KD, E, 1 (0,0(F,_rgpy (0),0(F,, rgpy (1), 0(Grpy pyr (), 0(Hgpy o (D)} 20,
(4.2) T{(Gppy, prox (k1) Gy (0,0(Gy, proy (0> 8(Gy: proy (1), 0(Hg, g (0),8(Frg,, poy (1)} =0.
(4.3) T{8(H oy, grrer (kD). H, . (6),6(H,, gpr, (0),0(H,,, gpry (1)), 0(Fy, gy (D), (G, pr (D)} 20,

forallx, x' €X, y,y' €Y,z z' €Z k € (0, 1) and t > 0, then ROP has a
unique fixed point u in X, PRQ has a unique fixed point v in Y, and QPR has
a unique fixed point w in Z. Further Pu = {v}, Qv= {w}, and Rw = {u}.

Proof: Let x = x' be an arbitrary point in X. We define the sequences
{xn} In X, {yn} in Y, and {z,} in Zinductively as follows. We choose a point
yiin Px;, then a point z; in Qz;, and then a point X, in Rz;. In general,
having chosen x; in X, y, in Y, and z, in Z, choose a point x,+; in Rz,, then
a point yu:+1 in PXy41, and then a point 7,4 in Qypy forn =1, 2, . . ...
Applying inequality (4.1), we get
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I {8(Fagpy, rapx,, KOLE . (0,8(F ropy, (0):0(E, o, ()
S(GPXH Py (t))9 S(HQPXH ,QPx, (t))} 2 09

or, F{S(FRQPXH JRQPx,,; (kt)), 1, 8(FRQPxn_1 RQPx, 1), 8(FRQPxn JRQPx,; v),
S(GPRQy“_l,PRQyn ®), S(HQPRZH_I,QPRZH 1)} =0,

or, F{S(FRQPX" JRQPx,,; (kt))’ 1, 8(FRQPx"_l ,RQPx, (t))>
8(GPRQyn_l ,PRQy, (t)), 8(HQPRzn_1 ,QPRz, (t))} 20, (a)

Using inequality (4.2), we get

1—‘{S(GPRQY,, PRQY, 4 (kt))’ Gyn >Ynsl (t)’ ES(Gyn -PRQy, (t))’ S(GYn-v-l -PRQy, (t))’
6(HQyn QY1 (t))’ 8(FRQy“ ,RQY,1 (t))} 2 07

1—‘{S(GPRQyn »PRQy,4 (kt))’ L, 8(GPRQ Yn-1-PRQy, (t))’ ES(GPRQyn -PRQy, (t))’
S(HQPRZ,H,QPRZ" (t))o 8(FRQPxn_1 ,RQPx,, (t))} 20,

{8(Gipray, pray,, D), L(Gprgy | proy, (D)s
S(HQPRZ,‘,l ,QPRz, (1), ES(FRQPX,‘,1 ,RQPx, ()} =0, (b)

on using inequality (a).

Further using (4.3), we get

TioHor,, arm,,, KOLH,, ;. ©,0(H,, opr, ©),
O(H, | arrs,., (D) 0(Fe,, k., (0),8(Cpr,, prs,., ()5 20,

or, F{S(HQPRZH ,QPRz, , (k)), 1, S(HQPRZIH ,QPRz, ()X
8(HQPRZn ,QPRz, ,, (t)), S(FRQPXH,I ,RQPx, (t)), 8(GPRleH,PRQyn (t))} 20,

or, I'{8(Hgpp, orrs,, (k). 1,8(Hopr,,  orrs, (1)
S(FRQPX“_I ,RQPx (t))’ 6((}PRQyn_l ,PRQy, (t))} 2 07 (C)
on using inequality (a) and (b). By induction using inequality (a), (b) and
(c), we get
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using condition (I',), we have

S(FRQPXH,RQPXHH (kt)) 2 S(FRQPXH,] ,RQPx, (t))

this implies  Foop, ropx, (K 2 Frop,  popy (D)
or

4.4 FE  (&H=F ().
Similarly we also have

(4.5) E  ()2F (D).

From (4.4) and (4.5), we have
Fxmxn+1 (kt)> FXH,X“ (t)> FXH’XW1 t/k)....... > FXI’X2 (t'k")—>1
as n —o, for any, t > 0.

For each £> 0 and each t > 0, we can choose ngpe N such that

F . (©O>1-g, foralln>n,.

For m, n € N, we suppose m > n. Then we have

{E, :F (¢ (m-n))E  (t/(m—n));
...... F  (t/(m-n)!>0,

Xm-1>Xm

or HE . O);(0-g)(1-¢).....(1-g)} 20,
ie.
(4.6) F . (®=1-e.

From definition 2.4 and (I'y), it is shown that {x,} is a Cauchy sequence in
complete Mengar space X.

Using inequality (4.2), we get
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I{8(Gpray, pray,, kDG, | ()G, oy (D)
O(Gy, , rray,., (0):0(Hoy, oy, , (' 2)A0(Frgy, ray,., (V/2))} 20,

Using lemma 2.4(b), we have

T{0(Giray, pray,, &1);8(Grrgy | pray, (D)5
&(Giray, , pray, (0):0(Grrgy, pray, , (KD);8(Giray, |, pray, ()} 20,

Using condition (I';), we have

8(Grrgy, ey, (K0) 2 8(Girgy, ooy, ()

this implies
(4' 7) GYn+l sYne2 (kt) 2 G Yn>Yn+l (t) ’

Similarly we also have

(4' 8) GYn»YnH (kt) 2 GYnfl’Yn (t)

From (4.7) and (4.8), we have

G, , k=G, (=G,  (tk=... 2G,  (Vk")—>1,

as n—oo, for any, t > 0. For each ¢'> 0 and each t > 0, we can choose nge N
such that

G, , (®O>1-¢', foralln>ng
For m', n'eN, we suppose m n'. Then we have
G, . ®:G, . ¢ m-n))G, (t/(m-n));
...... G, .. (t/(m'-n))}=0,

or T{G, . (:;(1-g)(1-g)....(1-g)} 20,

(4.9) G, . (B21-¢"

From definition 2.4 and (I'y), it is shown that {y,} is a Cauchy sequence in
complete Mengar space Y. Using condition (I",), we have
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S(Hopr,, vy, (KO) 2 8(Hpr,,  oprs, (D)

this implies
(4. 10)  Hop,, orrs,., kD = Hopgy, | ore, O = H, , kO 2H, , (0.
Similarly we also have
4.11) H,  (kt)=H, (1),
From (4.10) and (4.11), we have

H,, k2H, ,(O2H, , ¢K>...2H, (k") -1
as n —oo, for any, t> 0.
For each £"> 0 and each t > 0, we can choose n, e N such that

H, , ()>1-¢g", foralln>ng

For m", n"e N, we suppose m"> n". Then we have

T O F . (¢ (m"=n").F

n

t/ (m"-n");....F._ (t/(m'—n")} >0,

+15Xnng2 Xm"-1-Xm

or C{E  (©:0-e";(1-g"...(1-e")} >0,

(4.12) F (®>1-¢" .

From definition 2.4 and (I'y), it is shown that {z,} is a Cauchy sequence in
complete Mengar space Z. Since X is complete Mengar space and {X,},
{yn}and {z,} are Cauchy sequence so one has a limit u in X. Similarly, the
sequences {y,} and {z,} are also Cauchy sequences with limits v and w in
the complete Menger spaces Yand Z, respectively. Then we have

lim,,.RQPx, = {u} = lim;,.RQy,
(4.13) lim,,,PRQy, = {v} = lim,_,,PRz,

(4. 14) limy—-QPRZ, = {w} = limy_...QPx,

Using the continuity of P and Q, we have
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(4. 15) limy 0y, = lim,,,Px, = Pu= {v}
(4. 16) limy_,0z, = limy0Qyn = Qv = {w}

and then we see that QPu = {w}.

Now we show that u is a fixed point of RQP. Applying inequality (4.1), we
have

F{S(FRQPU,RQPXM (kv)); S(Fu,xn+1 (1);8(E, rgpa (1)

O(E, , rapx,., (KO 8(Gh, p,  (t/2))AS(H [(/2))} 20.

QPu,QPx,

Using lemma 2.4(a), we have

F{S(FRQPu,RQPXM (kt)); 8(FRQPu,RQPxn (1); 8(FRQPu,RQPxn (0)5
8(FRQPu,RQPxn+1 (kv)); 8(FRQPu,RQPxn )} =0,

Using condition (I';), we have

B(FRQPu,RQP Xnil (kt)) Z B(FRQPu,RQan (t))
= FRQPu,u (kt) 2 FRQPu,u (t),

which implies that RQPu = {u} and so u is a fixed point of RQP. We now
have

4.17) RQPu=Rw = {u},
on using (4.17) and then
(4.18) PRQv = PRQPu = {v} , QPRw = QPRQv = {w} ,

Hence v and w are fixed points of PRQ and QPR, respectively. Further, we
see that
RQv = {u}, PRw = {v}.

To prove the uniqueness of u, suppose that RQP has another fixed point u'.
Then, using inequality (4.1), we have
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T18(Frgpu:roru (K83 8(E,, ()3 3(F, raru (1);
S(Frgpuw (K1) 8(Gpy p (t/ 2)) AS(H g, gpy (/ 2)) } 2 0,
using lemma 2.4(a), we have
T{8(Frgpurrapu (K0); 11 8(Fygpyeropy (kD) 1} 2 0
using condition (I'y), we have
S(Frgpurorw (k) 2 1,
(4.19) = 8(Fegnuron(k0) 2 3(Fygnnar (1)
Next, using inequality (4.2), we have
(G, pur (K1) 2 (G pppu propu (KD)

F{S(GPRQPu ' PRQPU' (kt)); 8(Gyp, Pu’ ();0(Gy, ' PRQPu' (t);
S(GPRQPu',PRQPu' (kt)); S(HQPu',QPu' (t/ 2))A8(FRQPu',RQPu' t/2))} =0,

and

using lemma 2.4(b), we have

T{8(G propur prope (KD 15 158(G propy: propy (KD); 11 = 0
using condition (I'y), we have
S(G propurpror (k1) 21

(4,20) 8(GPRQPuLPRQPu‘ (kt)) 2 8(GPRQPu " PRQPu' (t))
Again using inequality (4.3), we obtain

8(HQPu ,QPu' (kt)) 2 8(HQPRQPu ', QPRQPU' (kt))

or  I'{8(H gpropugrrory (K0); 8(Hgpy gpu (1); 8(Hgpy gpropu (D)3
O(H gpropu:qpropu (KO 8(Frpy rapy (! 2)AB(G pgpy propu (/ 2)§ 2 0,

using lemma 2.4(c), we have
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T{8(H gpropurgprope (KD 151 8(H gpropyr gprope (K3 1} 2 1
using condition (I',), we have
S(H gproputgrrpn (k) 2 1,
@21y Oomonareon (0) > 8(Hgreopycrmon ()
Using inequalities (4.19), (4.20), and (4.21), we obtain

8(FRQPu',RQPu' (kt)) 2 S(GPRQPu',PRQPu' (kt)) 2
B(HQPRQPu‘,QPRQPu' (kt)) 2 B(FRQPu',RQPu' (t)) 2
(G PRQPu',PRQPU' (1) = 6(HQPRQPu " QPRQPU' ()=

t t
8(FRQPu ' RQPU' (E)) 2 8(G PRQPu',PRQPu' (E)) 2
t t
8(HQPRQPu',QPRQPu' (E)) 2 8(FRQPu ' RQPu' (P)) 2

t t
8(GPRQPu',PRQPu' (F)) 2 8(HQPRQPu',QPRQPu' (F)) 2

t t

2 e, > S(FRQPU',RQPu' (F)) 2 S(GPRQPu',PRQPu' (F))
t

2 8(H QPRQPu',QPRQPY' (F))

t
= 8(FRQPu ' RQPu' (kt)) = 8(F, RQPu',RQPU' )= 8(FRQPu " RQPu' (E))

t
F

t
8(GPRQPu',PRQPu' (kt)) 2 S(GPRQPU',PRQPU' (t)) 2 6((}PRQPU',PRQPu' (E)) 2

))7

t
2 8(Fyopy ropur (P)) 2 oo 2 0(Fyopyr ropu

t t
S(GPRQPu',PRQPu' (P)) 2 Z 8(GPRQPu',PRQPu- (F

and

t
8(HQPRQPu',QPRQPu' (kt)) 2 S(HQPRQPu',QPRQPu' (t)) 2 S(HQPRQPu',QPRQPu' (E)) 2

))7
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t t
8(HQPRQPu',QPRQPu' (P)) 2 iraeen 2 S(HQPRQPu',QPRQPu' (F))

foralln=1,2,....
t

Since 8(F RQPu',RQPY' (F

)) > las n —oo,

t
(G propur propu (F)) — lasn —oo
t
and S(HQPRQPu',QPRQPu' (F)) —lasn —oo,
it follows that RQPu' = u', PRQPu' = Pu'and QPRQPu' = QPu'are singleton

in F, G and H. Again using inequality (4.1), lemma 2.4(a), and lemma
2.3,we have

F{S(FRQPu,RQPu' (kt)); S(Fu,w (t)); S(Fu,u (t));
S(FRQPu',RQPu' (kt));S(GPu,Pu' t/ 2))A8(HQPu,QPu' (t/2)} =0,

r{8(FRQPu,RQPu' (kt)); d(F, wu' (1) S(Fu,u Q)5
8(FRQP ,RQPY' (kt)); S(FRQPu,RQPu' (t)} =0,
(4.22)  T{8(Frgpy ropu (1) 0(Frgpy rapw (05 15 15 8(Frgpy rope (D)} 20,

using condition (I',), we have
(4-23) 8(F RQPu,RQPY (t)) 21= FRQPu,RQPu' (t) 1.

Similaraly, using inequality (4.1), lemma 2.4(b), and lemma 2.3, we have

F{S(GPu,PRQPu' (kt)); 8(Gpu,Pu' (1); 6(Gpu,PRQPu );
3(Gpy propu (k1)); S(H gp, gpur (/ 2))AS(Frgp, ropu (t/ 2))} 2 0.

I'{d(G PRQPu,PRQPu' (1);0(G PRQPu,PRQPU ®);L1; 8(GPRQPu,PRQPu' 1)} =0.
Using condition (I'y), we have

(4.24) 8(GPRQPu,PRQPu' v)z1= GPRQPu,PRQPu' =1
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Again, using inequality (4.1), lemma 2.4(c), and lemma 2.3, we have

F{S(HQPu,QPRqu' (kt)), S(Hqu,quv (t)); 8(HQPu,QpRqu (t));
S(HQPu',QPRQPu' (kt));S(FRQPu,RQPu' (t/ 2))A8(GPRQPu,PRQPu' (t/ 2))} > 0.

F{S(HQPRQPu,QPRQPu' (t);6(H QPRQPu,QPRQPU' (1) 11; 8(HQPRQPu,QPRQPu' )} =0.
Using condition (I'y), we have

8(H gpropu,arrars () = 1,
(4.25) Hormorsomors ()21

From (4.23), (4.24) and (4.25),
RQPu= RQPu'= {u},
PRQPu =PRQPu' = Pu= {v},
QPRQPu= QPRQPu'= QPu={w},
which shows the uniqueness of u, v and w.

Example 4.1: Consider X = [0, 2], Y =[1, 5], and Z = [0, 10] and define

t
4.26) F ()=G  (O)=H_()=1t+]x—y|
0, if t=0,

if t>0,

for all x, y € X. Then (X, F, A), (Y, G, A), and (Z, H, A) are three complete
Menger spaces with continuous t-norm A(a, b) = min{a, b} forall a, b € [0,
1]. Define the set-valued mappings P: X— CB(Y), Q:Y — CB(Z) and R:
Z — CB(X) by
Px=[1+x,2]forallx € X,
Qy=[2y+1,5]forallyeY

and
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.1, if z€[0,5],
(427) Rz=1{’

@%L if z€ (5,10].

We can easily verify the inequalities with k = 1/2 €(0, 1). Thus all the
conditions of Theorem 4.1 are satisfied and RQP has a unique fixed point
{1} in CB(X), PRQ has a unique fixed point {2} in CB(Y), and QPR has a
unique fixed point {5} in CB(Z). Hence, P(1) = {2}, Q(2) = {5}, and R(5) =
{1}, and so RQP(1) = RQ(2) = R(5) = {1}, PRQ(2) = PR(5) = P(1) = {2},
and QPR(5) = QP(1) = Q(2) = {5}.

Corollary 4.1: Let (X, F, A), (Y, G, 4) and (Z, H, A) be three complete
Menger spaces, where A is a continuous t-norm. If Pis a continuous
mapping of X into Y, Q is a continuous mapping of Y into Z and R is a
mapping of Z into Xsatisfying the inequalities

(4.28)  I'{Fygpe rope (KOS E, (05 F rops (03 F, gopy (KU);
GPx,Px' (t/ 2)A HQPx,QPx' (t/ 2)} > O,
T4 Grrop. rrops (KD: Gy (0: Gy prgy (0: Gy prgy (KD

(t/ 2)AFy w0t/ 2)} >0,

HQy,Qy Qy.RQy

F{HQPRZ,QPRZ' (kt); H,, (t); Hz,QPRz‘ (t); Hz,QPRz‘ (kt);
Fe jo (V 2)AG g, i, (7 2)} 20,

forallx,x' € X,y,y€Y,z,7Z € Z,k € (0, 1) and t > 0, Then RQP has a
unique fixed point u in X, PRQ has a unique fixed point vin Y and QPR has
a unique fixed point w in Z. Further, Pu=v, Qv=w and Rw = u.

Example 4.2: Let X = [0, 2], Y = [1,3], Z = [3,5] and F,(t), Gy,(t) and
Hy y(t) be defined as in example 4.1. Then (X, F, A), (Y,G, A), and(Z, H,
A)be three complete Menger spaces with continuous t-norm A(a, b) =
min{a, b} for all a, b € [0, 1]. Define the mappings P: X - Y, Q: Y —
ZandR: Z — X by

Px=x +1 for all xe X,
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Qy=y+2forallye Y
and

Z  if ze[3,4],
(429) Rz

., if z€(4,5])

Also the inequalities (4.30) can be verified with k = 1/2 € (0, 1). Thus all
the conditions of Corollary 10 are satisfied and RQP has a unique fixed
point 1 in X, PRQ has a unique fixed point 2 in Y, and QPR has a unique
fixed point 4 in Z. Further, P(1) =2, Q(2) = 4, and R(4) = 1; that is, RQP(1)
= RQ(2) = R(4) =1, PRQ(2) = PR(4) = P(1) = 2, and QPR(4) = QP(1) =
Q(2) =4

The following corollaries are the natural results due to theorem 4.1 and
Corollary 4.1.

Corollary 4.2: Let (X, F, 4) and (Y,G, A) be two complete Menger spaces,
where A is a continuous t-norm. If P is a continuous mapping of Xinto
CB(Y), Q is a mapping of Y into CB(X) satisfying the inequalities

{8 (Fpy g (K1)); O(F,  (1)); O(F, gy (K1));
O(Eygpy (V 2))AS(Gop, pe (1 2))} 2 0,

(4.30) TH{3(G oy poy (kD));8(Gy ,(1); (G 5o, (D)5
8(Gypo (t/ 2))AS(Fy o (t/2))} > 0,

Y, PQY’ y,Qy’

forall x, x' €X, and y, y' €Y, ke(0, 1) and t > 0. Then QP has a unique
fixed point u in X and PQ has a unique fixed point vin Y.

Corollary 4.3: Let (X, F, A) and (Y, G, A4) be two complete Menger
spaces, where A is a continuous t-norm. If P is a continuous mapping of X

into Y, Q is a mapping of Y into X satisfying the inequalities

F{FQPX,QPX' (kt); F . ; Fx,QPx (t); Fx',QPx' (kt); Gy, e (0} =0,
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(4.31)  T{Gpoy oy K0: G, (05 G poy (05 G py (kD; Fyy 0 (D)} 2 0.

forallx, x' €X, and y, y' €Y, k € (0, 1) and t > 0. Then QP has a unique
fixed point u in X and PQ has a unique fixed point v in Y.

10.
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