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        40                              Akansha and P. N. Pandey    conformal curvature tensor on a K-Contact and Sasakian manifolds. In 2005, C. S. Bagewadi and N. B. Gatti4 studied conservative curvature tensor on an Einstein manifold. In 2007, several authors including C. S. Bagewadi and D. G. Prakasha5 made significant contributions towards the spaces with conservative curvature tensors.  In 2008, D. G. Prakash, C. S. Bagewadi and Venkatesha6 studied the conformally and quasi- confirmally conservative curvature tensors on a trans- Sasakian manifold. In 2012, C. S. Bagewadi and M. C. Bharthi7 introduced the concept of conservative conditions on curvature tensor of a Kaehler manifold. In 2015, S. Kumari and P. N. Pandey8 studied a Finsler space with conservative Berwald curvature tensor and obtained some significant results. The aim of the present paper is to study a Finsler Space with conservative normal projective curvature tensor.   2. Preliminaries  Consider an n-dimensional Finsler SpaceFn equipped with a metric function F ( ),i ix y satisfying the requisite conditions (H. Rund9 and P. L. Antonelli(ed.)10). Suppose ijg , ijkG , ijkhH , ijkπ & ijkhN denote the components of the corresponding metric tensor, Berwald connection coefficients, components of Berwald curvature tensor, normal projective connection coefficients and components of normal projective curvature tensor respectively. ijkhH and ijkhNare positively homogeneous of degree zero in iy and are skew symmetric in their last two lower indices.  The Berwald connection coefficients and the normal projective connection coefficients are related as  (2.1) (a) i ijkh jhkπ π= ,              (b) 0i jjkh yπ = ,   (c) i ikhi khiGπ = ,          (d) 11( )i h r ijkh jkry G ynπ =
+

,   (e) 21( )i iikh ikhGnπ =
+

,        (f) ( )11( )i i i r i rjkh hkj h jkr j hkrG Gnπ π δ δ− = −
+

.   The components of Berwald- Ricci tensor are given by  rjk jkrH H= . 



  A Finsler Space with Conservative Normal Projective Curvature Tensor             41   The components of Berwald curvature tensor, deviation tensor, torsion tensor & Ricci tensor satisfy the following  (2.2) (a) i i hjk hjkH H y= ,      (b) i ij kh jkhH H∂ =ɺ ,    (c) i i hj hjH H y= ,      (d) i ijk kjH H=− ,    (e) 1( )iiH n H= − ,     (f)    1( )kkH y n H= − ,    (g) 3 i i ikh k h h kH H H=∂ −∂ɺ ɺ ,    (h)   kkh hH y H= ,    (i) rrkh hk khH H H= − .  Bianchi identities for the components of Berwald Curvature tensor are given by 9-10  (2.3)   (a)  0i i ijkh khj hjkH H H+ + = ,     (b)   0( ) ( ) ( )i i i r i r i r ijkh m jhm k jmk h kh jmr hm jkr mk jhrH H H H G H G H G+ + + + + = .  Relation between the components of Berwald curvature tensor and normal projective curvature tensor is given by1  (2.4)  1( )ii i rhkj hkj h rkjyN H Hn= − ∂
+
ɺ .  The Berwald covariant differential operator is defined as  (2.5)  ( ) ( )i i i r r i i rj k k j r j k j rk r jkT T T G T G T G=∂ − ∂ + −ɺ ,  where ijT are the components of an arbitrary tensor of type (1, 1); ( )k  denotes the Berwald covariant differential operator.  Relation between the Berwald covariant differential operator and the directional differential operator is given by  (2.6)  ( )( ) ( )i i r i i rk j h k j j rkh r jkhhT T T G T G∂ − ∂ = −ɺ ɺ .  where i ij kh jkhG G∂ =ɺ are the components of symmetric tensor and satisfy  (2.7)  0.i j i k i hjkh jkh jkhG y G y G y= = =  



        42                              Akansha and P. N. Pandey    Definition 2.1: A Finsler Space nF  with conservative Berwald curvature tensor is characterized by  (2.8)  0( )rjkh rH = , with 0ijkhH ≠ .  Definition 2.2: A Finsler Space nF  with conservative normal projective curvature tensor is characterized by  (2.9)  0( )rjkh rN = , with 0ijkhN ≠ .  Contracting the indices i& h in (2.4), we have  (2.10)  r rrkj rkjN H= .  Transvecting (2.4) with respect to hy , we have  (2.11)  i h ihkj kjN y H= .  Contracting the indices i & j in (2.4), we have  (2.12)  1i rhk hk h rkiyN H Hn= − ∂
+( ) ɺ .  After carrying out some simple calculations, (2.12) reduces to  (2.13)  1 11 1 1jk jk kj j kn nN H H Hn n n−= − + ∂ ∂

+ + +
( )( ) ( ) ( ) ɺ ɺ .  First Bianchi identity for the components of normal projective Curvature tensor is given by  (2.14)  0i i ijkh khj hjkN N N+ + = .  Normal projective curvature tensor is skew symmetric in its last two lower indices, i.e.  (2.15)  i ijkh jhkN N=− .  Relation between the components of projective curvature tensor and normal projective curvature tensor is given by 



  A Finsler Space with Conservative Normal Projective Curvature Tensor             43   (2.16)   ( ) ( )i i i i i ijkh jkh k hj j kh h kj j hkW N M M M Mδ δ δ δ= + − − − ,  where (2.17)  ( )2 11kh kh hkM nN Nn−= +
−

.  Definition 2.3: A Finsler Space nF  with conservative projective curvature tensor is characterized by  (2.18)   0rjkh rW =( ) , with 0ijkhW ≠ .  The components of projective curvature tensor, deviation tensor and torsion tensor satisfy the following  (2.19)  i j ijkh khW x W=ɺ ,  (2.20)  i k ikh hW x W=ɺ .   3. Conservativeness of Berwald Curvature tensor in a Finsler Space with Conservative Normal Projective Curvature Tensor    Let us consider a Finsler Space nF  with conservative normal projective curvature tensor characterized by (2.9).  Differentiating covariantly (2.4) with respect to mx , we get  (3.1) ( )1( ) ( ) ( )( )ii i rjkh m jkh m j rkh myN H Hn= − ∂
+
ɺ .  On contracting the indices &i m  and using (2.9), we get  (3.2) ( ) 01( ) ( )( )rr sjkh r j skh ryH Hn− ∂ =

+
ɺ .  Transvecting (3.2) by jy , we get  (3.3) 0( )rkh rH = .  Again transvecting (3.3) by ky , we have  (3.4) 0( )rh rH = . 



        44                              Akansha and P. N. Pandey    Thus, we have the theorem  Theorem 3.1: In a Finsler Space with conservative normal projective curvature tensor, Berwald torsion tensor and Berwald deviation tensor are conservative.  On transvecting Bianchi’s second identity (2.3)(b) by jy and using (2.2)(a) and (2.7), we have  (3.5) 0( ) ( ) ( )i i ikh m hm k mk hH H H+ + = .  Contracting the indices &i m and using (3.3), we get  (3.6) ( ) ( )h k k hH H= .  Differentiate partially (3.5) with respect to jy , we get  (3.7) ( ) ( )j h k j k hH H∂ =∂ɺ ɺ .  Using the commutation formulae (2.6), we get  (3.8) ( ) ( )jh k jk hH H= .  Hence, we have the theorem  Theorem 3.2: The Ricci tensor jkH and the vector kH  of a Finsler space with conservative normal projective curvature tensor satisfy ( ) ( )jh k jk hH H=  and ( ) ( )h k k hH H= equivalently.  For Berwald torsion tensor, the commutation formulae (2.6) is given as  (3.9) ( ) ( )i i r i i r i rj kh m jkh m kh jmr rh jmk kr jmhH H H G H G H G∂ − = − −ɺ .  Contracting the indices &i m , we have  (3.10) 0( )r r s s r s rjkh r kh jsr rh jsk kr jshH H G H G H G+ − − = .  Rotating cyclically , &j k h  in (3.10), we have  (3.11) 0( )r r s s r s rkhj r hj ksr rj ksh hr ksjH H G H G H G+ − − = .  Rotating cyclically , &j k h  in (3.10), we have  



  A Finsler Space with Conservative Normal Projective Curvature Tensor             45   (3.12)  0( )r r s s r s rhjk r jk hsr rk hsj jr hskH H G H G H G+ − − = .  Adding (3.10), (3.11) and (3.13) and using (2.2)(d), we get  (3.13)  0r s r s r skh jsr hj ksr jk hsrH G H G H G+ + = .  Transvecting (3.13) by jy , we get  (3.14)  0r s r sk hsr h ksrH G H G− = .  (3.15)  r s r sk hsr h ksrH G H G= .  Thus, we have the following theorem  Theorem 3.3: The identities (3.13) and (3.15) hold in a Finsler space with conservative normal projective curvature tensor.  Consider  (3.16) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )s s r rj skr h k sjr h j rk h kr h k rj h jr hH H y H H H H y ∂ −∂ = ∂ − −∂ − 
ɺ ɺ ɺ ɺ   

( ) ( )
( ) ( )0 ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ). r r r rj rk h j k r h k rj h k j r hr rj rk h jk h k rj h kj hj k h jk h k j h kj hjk h jk h kj h kj hH y H y H y H yH y H H y HH H H HH H H H=∂ −∂ ∂ −∂ +∂ ∂

=∂ − −∂ +

=∂ − −∂ +

= − − +

=

ɺ ɺ ɺ ɺ ɺ ɺɺ ɺɺ ɺ .  Hence we have  (3.17)  s r s rj skr h k sjr hH y H y∂ =∂ɺ ɺ( ) ( ) .  For Berwald curvature tensor, the commutation formulae (2.6) is given as  (3.18)  ( )( ) ( )i i r i i r i r i rl jkh m l jkh jkh lmr rkh lmj jrh lmk jkr lmhmH H H G H G H G H G∂ − ∂ = − − −ɺ ɺ .  Transvecting (3.18) by my , we get  (3.19)  ( ) 0( ) ( )m i m il jkh m l jkh my H y H∂ − ∂ =ɺ ɺ . (3.20)  ( )( ) ( )m i m il jkh m l jkh my H y H∂ = ∂ɺ ɺ .  



        46                              Akansha and P. N. Pandey    Contracting the indices &i j  in (3.20), we get  (3.21) ( )( ) ( )m r m rl rkh m l rkh my H y H∂ = ∂ɺ ɺ .  Thus, we have the following theorem  Theorem 3.4: In a Finsler space with conservative normal projective curvature tensor the identities (3.17), (3.20) and (3.21) hold.  From (3.21), we have  (3.22) ( )( ) ( )r s r sj skh r j skh ry H y H∂ = ∂ɺ ɺ   
( )( )
( ) ( )

{ } { }
{ } { } { }

1 ( )( ) ( )( ) ( )( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )( )r j hk kh rr rj hk j khr rr rj hk r j kh rr rj h k r j k h rj h k k h j jk h kj hr rh j k r k j r jk h kj h jk h kj hrh jk r
y H Hy H y Hy H y Hy H y Hn H H H HH y H y H H H HH y H= ∂ −

= ∂ − ∂

= ∂ − ∂

= ∂ ∂ − ∂ ∂

= − ∂ ∂ −∂ ∂ − −

=∂ ∂ −∂ + − − −

=∂ −

ɺɺ ɺɺ ɺɺ ɺ ɺ ɺɺ ɺ ɺ ɺɺ ɺ ɺɺ { }
{ }

( )( )( ) ( ) . rkj rs rh skj rs r sh skj r skj h yH yH y H=∂

=∂ +

ɺɺ   Thus we have  (3.23) ( ) ( ) ( )r s r s sj skh r h skj r skj hy H y H H∂ − ∂ =ɺ ɺ .  Or  (3.24) ( )( ) ( ) ( )r s s sh sjk r j shk r skj hy H H H∂ −∂ =ɺ ɺ .  Transvecting (3.24) by ky , we get  (3.25) ( )( ) ( ) ( )r k s k s k sh sjk r j shk r skj hy y H y H y H∂ − ∂ =ɺ ɺ .  Using (3.17) in (3.25), we have 



  A Finsler Space with Conservative Normal Projective Curvature Tensor             47    (3.26) 0( )k sskj hy H = .  (3.27) ( ) 0( ) ( )k jk h kj hy H H− = .  (3.28) ( ) ( )r jr h j hy H H= .  Differentiating partially (3.28) with respect to ky , we get  (3.29) ( ) ( ) ( )r k jr h jk h k j hy H H H∂ + =∂ɺ ɺ .  Interchanging the indices &j k  in (3.29), we have  (3.30) ( ) ( ) ( )r j kr h kj h j k hy H H H∂ + =∂ɺ ɺ .  From (3.29) and (3.30), we have  (3.31) ( ) ( ) ( ) ( ) ( ) ( )r rk jr h jk h j kr h kj h k j h j k hy H H y H H H H∂ + − ∂ − =∂ −∂ɺ ɺ ɺ ɺ .  Using the commutation formulae (2.6) in (3.31), we get  
( )3 32 r s r r sk jr sr kjh jk h j kr h kj h kh j s kjhh sjh k s kjhy H H G y H y H H H H GH H G∂ − + − ∂ − = −

− +

( ) ( ) ( ) ( )( ) ( )( . ) .ɺ ɺ   (3.33)  ( ) ( ) ( ) ( ) ( ) ( )( )r s r rj kr sr kjh jk h j kr h kj h kh j jh khy H H G y H y H H H H∂ − + − ∂ − = −ɺ ɺ .  (3.34)  ( ) ( ) ( ) ( ) ( ) ( )r s r s r rj kr h sr jkh sr kjh jk h j kr h kj h kj h jk hy H H G y H G y H y H H H H∂ + − + − ∂ − = −ɺ ɺ .  (3.35)  ( ) ( )jk h kj hH H= .  Thus, we conclude  Theorem 3.5: In a Finsler space with conservative normal projective curvature tensor, identity (3.24) holds and Ricci tensor jkH  of a Finsler space with conservative normal projective curvature tensor satisfy( ) ( )jk h kj hH H=  .  From (3.2), we have  



        48                              Akansha and P. N. Pandey    (3.36) ( )1( ) ( )( )rr sjkh r j skh ryH Hn= ∂
+
ɺ .  Using (3.21) in (3.36), we have  (3.37) 1( ) ( )( )rr sjkh r j skh ryH Hn= ∂

+
ɺ .  (3.38) ( )1( ) ( ) ( )( )rrjkh r j hk r kh ryH H Hn= ∂ −

+
ɺ .   Using (3.35) in (3.38), we have  (3.39) 0( )rjkh rH = .  Thus, we have the theorem  Theorem 3.6: In a Finsler space with conservative normal projective curvature tensor, the Berwald curvature tensor is also conservative.   4. Conservativeness of Projective Curvature tensor in a Finsler Space with Conservative Normal Projective Curvature Tensor  Let us consider a Finsler Space nF  with conservative normal projective curvature tensor characterized by (2.9).  Differentiating covariantly (2.13) with respect to hx , we get  (4.1) ( )1 11 1 1jk h jk h kj h j k hn nN H H Hn n n−= − + ∂ ∂

+ + +
ɺ ɺ( ) ( ) ( ) ( )( )( ) ( ) ( ) .  Interchanging the indices &j k  in (4.1), we have  (4.2) ( )1 11 1 1kj h kj h jk h k j hn nN H H Hn n n−= − + ∂ ∂

+ + +
ɺ ɺ( ) ( ) ( ) ( )( )( ) ( ) ( ) .  Thus we have  (4.3) jk h kj h jk h kj hN N H H− = −( ) ( ) ( ) ( ) .  Using (3.35) in (4.3), we get  



  A Finsler Space with Conservative Normal Projective Curvature Tensor             49   (4.4) ( ) ( )jk h kj hN N= .  Interchanging the indices &k h  in (4.1) then subtracting it from (4.1), we have  (4.5) ( ) ( ) ( ){ }1 11 1jk h jh k hk j kh j j k j hh knN N H H H Hn n−− = − + ∂ ∂ − ∂ ∂
+ +

ɺ ɺ ɺ ɺ( ) ( ) ( ) ( ) ( ) ( )( )( ) ( )   
( )

( ) ( )

( ) ( )

( ) ( ) ( ){ }

( ){ }

( ){ }

1 11 11 11 11111 rj k r jkhhhk kh j rj h r jhkkhk kh j k hj h kr rhk j kh j j kh r hk rrj kh r hk r H H GnH Hn n H H GnH H H Hn nH H H y H yn H H yn  ∂ ∂ + ∂
−  

= − +  
+ +  −∂ ∂ − ∂

 

−
= − + ∂ ∂ − ∂

+ +

= − +∂ −
+

= ∂ −
+

ɺ ɺ ɺɺ ɺ ɺɺ ɺ ɺɺɺ ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )( )( ) ( )( )( ) ( )( )( )   Using (3.35) in (4.5), we have  (4.6) 0( ) ( )jk h jh kN N− = .  (4.7) ( ) ( )jk h jh kN N= .  Interchanging the indices &j h  in (4.1), we have  (4.8) ( )1 11 1 1( ) ( ) ( ) ( )( )( ) ( ) ( )hk j hk j kh j h k jn nN H H Hn n n−= − + ∂ ∂
+ + +

ɺ ɺ .  From (4.1) & (4.8), we have  (4.9) ( ) ( ) ( ){ }11 1( ) ( ) ( ) ( ) ( ) ( )( )( ) ( )jk h hk j jh k hj k j k h kh jn nN N H H H Hn n−− = − + ∂ ∂ − ∂ ∂
+ +

ɺ ɺ ɺ ɺ   
( ) ( ){ }

( ) ( ) ( ) ( ){ }

1111 j k h kh jr rk j r jkh k h r jhkh jn H Hnn H H G H H Gn−= ∂ ∂ − ∂ ∂
+

−
= ∂ ∂ + ∂ −∂ ∂ − ∂

+

ɺ ɺ ɺ ɺɺ ɺ ɺ ɺ ɺ ɺ( ) ( )( ) ( )( )( )( )( )  
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( ) ( ){ }

( ){ }

( ){ }

111111 k j hh kr rk jh r hj r rk jh r hj rn H Hn H y H yn H H yn−= ∂ ∂ − ∂
+

= ∂ −
+

= ∂ −
+

ɺ ɺ ɺɺɺ ( ) ( )( ) ( )( ) ( )( )( )( ) .( )   Using (3.35) in (4.9), we have  (4.10) ( ) ( )jk h hk jN N= .  Differentiating covariantly (2.17) with respect to jx , we get  (4.11) ( )2 11kh j kh j hk jM nN Nn−= +
−( ) ( ) ( ) .  Interchanging the indices &j h  in (4.11), we have  (4.12) ( )2 11kj h kj h jk hM nN Nn−= +
−( ) ( ) ( ) .  From (4.11) & (4.12), we have  (4.13) ( ) ( )2 2 11 1kh j kj h kh j kj h hk j jk hnM M N N N Nn n− −

− = − + + +
− −( ) ( ) ( ) ( ) ( ) ( ) .  Using (4.7) & (4.10) in (4.13), we have  (4.14) ( ) ( )kh j kj hM M= .  Interchanging the indices &k h  in (4.12), we have  (4.15) ( )2 11( ) ( ) ( )hj k hj k jh kM nN Nn−= +

−
.  From (4.12) & (4.15), we have  (4.16) ( ) ( )2 21 11 1( ) ( ) ( ) ( ) ( ) ( )hj k kj h hj k jh k kj h jk hM M nN N nN Nn n−

− = + + +
− −

 
( ) ( ){ }2 11 ( ) ( ) ( ) ( )hj k kj h jh k jk hn N N N Nn−= − + −

−
. 



  A Finsler Space with Conservative Normal Projective Curvature Tensor             51   Using (4.7) & (4.10) in (4.16), we have  (4.17) ( ) ( )hj k kj hM M= .  Interchanging the indices &k h  in (4.11), we have  (4.18) ( )2 11( ) ( ) ( )hk j hk j kh jM nN Nn−= +
−

.  From (4.11) & (4.18), we have  (4.19) ( ) ( ){ }2 11( ) ( ) ( ) ( ) ( ) ( )kh j hk j kh j hk j hk j kh jM M n N N N Nn−− = − + −
−

.  Using (4.4) in (4.19), we have  (4.20) ( ) ( )kh j hk jM M= .  Thus, we have the following theorem  Theorem 4.1: The identities (4.4), (4.7), (4.10), (4.14), (4.17) and (4.20) hold in a Finsler space with conservative normal projective curvature tensor.  Differentiating covariantly (2.16) with respect to mx , we get  (4.21) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )i i i i i ijkh m jkh m k hj m j kh m h kj m j hk mW N M M M Mδ δ δ δ= + − − − .  Contracting the indices &i m  and using (2.9), we get  (4.22) ( ) ( )( ) ( ) ( ) ( ) ( )rjkh r hj k kh j kj h hk jW M M M M= − − − . (4.23) ( ) ( )( ) ( ) ( ) ( ) ( )rjkh r hj k kj h kh j hk jW M M M M= − − − . Using (4.14) & (4.14) in (4.23), we get  (4.24) 0( )rjkh rW = .  Transvecting (4.24) by jy & using (2.19), we have  (4.25) 0( )rkh rW = . 



        52                              Akansha and P. N. Pandey    Transvecting (4.25) by ky & using (2.20), we have  (4.26) 0( )rh rW = .  Thus, we have the theorem  Theorem 4.2:  In a Finsler space with conservative normal projective curvature tensor, the projective curvature tensor, torsion tensor & deviation tensor are also conservative.  5. Finsler Space with Conservative Berwald Curvature Tensor  Consider a Finsler Space nF  with conservative Berwald curvature tensor defined by (2.8). Then the Berwald torsion tensor and Berwald deviation tensor are also conservative8.   Also in a Finsler space with conservative Berwald curvature tensor, the identities ( ) ( )jh k jk hH H=  and ( ) ( )h k k hH H= are satisfied8.  Thus, we have the theorem  Theorem: In a Finsler space with conservative Berwald curvature tensor the identities (3.17), (3.20), (3.21), (3.25) & (3.35) hold.  Consider equation (3.1). On contracting the indices &i m  and using (2.8), we get  (5.1) ( )1( ) ( )( )rr sjkh r h skh ryN Hn=− ∂
+
ɺ .  Using (3.21) in (5.1), we get  (5.2) 1( ) ( )( )rr sjkh r h skh ryN Hn=− ∂

+
ɺ .  (5.3) ( )1( ) ( ) ( )( )rrjkh r h hk r kh ryN H Hn=− ∂ −

+
ɺ .  Using (3.35) in (5.3), we have  (5.4) 0( )rjkh rN = .  Thus, we conclude 



  A Finsler Space with Conservative Normal Projective Curvature Tensor             53   Theorem 5.1:  In a Finsler space with conservative Berwald curvature tensor, the normal projective curvature tensor is also conservative.  Hence the identities (4.4), (4.7), (4.10), (4.14), (4.17) and (4.20) also hold in a Finsler space with conservative Berwald curvature tensor.  Differentiating covariantly (2.16) with respect to mx , we get  (5.5) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )i i i i i ijkh m jkh m k hj m j kh m h kj m j hk mW N M M M Mδ δ δ δ= + − − − .  Contracting the indices &i m  and using (2.9), we get  (5.6) ( ) ( )( ) ( ) ( ) ( ) ( )rjkh r hj k kh j kj h hk jW M M M M= − − − . (5.7) ( ) ( )( ) ( ) ( ) ( ) ( )rjkh r hj k kj h kh j hk jW M M M M= − − − . Using (4.14) & (4.14) in (5.7), we get  (5.8) 0( )rjkh rW = .  Transvecting (5.8) by jy & using (2.19), we have  (5.9) 0( )rkh rW = .  Transvecting (5.9) by ky & using (2.20), we have  (5.10) 0( )rh rW = .  Thus, we have the theorem  Theorem 5.2:  In a Finsler space with conservative Berwald curvature tensor, the projective curvature tensor, torsion tensor & deviation tensor are also conservative.  Reference  1. P. N. Pandey, On NPR- Finsler manifolds, Ann. Fac. Sci. De Kinshasa, 6(1-2) (1980) 65-77. 2. P. N. Pandey, Projective Motion in a Symmetric and Projectively Symmetric Manifold, Proc. Nat. Acad. Sci. (India), 54 A(3)(1984) 274-278. 
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