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1. Introduction

In order to study the existence or non-existence of fixed point,
researchers are searching for generalizations of metric space in different
directions. A—metricspace is one such generalization introduced by Abbas
et.al.!. Abbas et.al. obtained it by generalizing the concept of S - metric
space which was introduced by Sedghi et.al.?. There are various results on
generalizations of metric space for these one can see research papers® ™ and
references therein.

In this paper, we prove some fixed point theorems for mappings
satisfying ¢ —maps in the setting of A—metric spaces.

2. Preliminaries

Abbas etal! introduced the concept of A-metric space as
generalization of metric space and S — metric space.
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Definition® 2.1: Let X be a nonempty set. A function A:X" —[0,) is
called an A—metricon X if forany x,ae X, i=12,...n, the following
conditions hold:

(2.1) A(X, Xy y Xgy ey X 15 %) = 0,
(2.2) A(X, Xy, Xgy s X g, X, ) =0 Ifand only if x, =x, =x;=...= X, =X,,
(2.3) AQK s Xy Xy X 30 %) S AGG X, X sevey ()1, B)

+ A(Xy, Xy, Xy yeeny (%) 14, 8)

+ A(Xg, X3, X540, (X5) 4, @)

+ A(Xn -1 n -1 n -1 (Xn 1) a)

+A(Xn’ n? n’ (X )n -1 )

The pair (X,A) is called an A—metric space.

Lemma'2.1: Let (X,A) be A—metric space. Then
AX, X, X,.., X, Y) = AV, Y, Y., Y, X) forall x,yeX.

Example 2.1: Let X =R. Define a function A:X" —[0,0) by

AKX, Xy Xgyees X 15 X)) = | X, + X, 3 +oo+ X, —(N=1)X, |

+ X, + X,y +et X —(N=2)X, |

+ X, + X, + X, —3X, 5|

+|Xn +Xn—1_2xn—2 |+|Xn _Xn—1|'
Then (X, A) isan A—metric space.

Lemma' 2.2: Let (X,A)be A—metric space. Then for all x,ye X we
have
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A, X X, X, 2) S (N=DAX X, X, .0 X, YY) + A(2,2,2,...,2,Y)
and
AX X, X, X, 2) S (N=DAX X X, X, Y) + A, Y, Yoy Y, 2).

Definition® 2.2: The A-metric space (X,A) is said to be bounded if
there exists a constant r >0 such that A(x,x,x,...,x,y)<r for all x,yeX.
Otherwise, X is unbounded.

Definition* 2.3:  Given a point x, in A—metric space (X,A)and a
positive real number r, the set B(x,,r)={yeX :A(Y,Y,Y,.. ;%) <r} is
called an open ball centered at x, with radius r. The set
B(X.r)={yeX :A(Y,Y,Y,... Y, X,) <r} is called a closed ball centered a x,
with radius r.

Definition* 2.4: A subset G in a A—metric space (X,A) is said to be
an open set if for each xeG there exists an r>0 such thatB(x,r)c G. A
subset F < X is called closed if X \F is open.

Lemma® 2.3: Inany A—metric space (X,A), each open ball is an open
set in X and each closed ball is also a closed set in X.

Theorem' 2.1: Let (X,A) be A—metric space, then
(i) An arbitrary union and finite intersection of open balls B(x,r)e X is

open.

(i1) An arbitrary intersection and finite union of closed balls B(x,r)e X is
closed.

Theorem' 2.2: The collection I={B(x,r):xe X,r>0} of all balls in
A—metric space (X,A) is a basis for a topology r on X.

Definition* 2.5: Let (X,A) be A—metric space. A sequence {x} in X
is said to converge to a point xe X if A(X., %, XX, X)—>0as k —>oo.
Thatis, f oreach £>0, there exists N e N such that for all k>N we have
A(X s X Xy s X, X) <€ and we write limx, =x.

Lemma' 2.4: Let (X,A) be A—metric space. If the sequence {x,} in X
converges to a point x, then x is unique.

Lemma' 2.5: Let (X,A) be A—metric space. If the sequence {x} in X
is called a Cauchy sequence if A(X,, X, X, X, X,,) = 0 as k,m — oo, That is,
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for each £>0, there exists N eN such that for all k,meN we have
A(X s X s Xy e Xs X ) < & @Nd we write limx, =x.

Lemma' 2.6: Every convergent sequence in A-—metric space is a
Cauchy sequence.

Lemma' 2.7: The converse of Lemma 2.6. does not hold in general. A
Cauchy sequence in an A —metric space does not need to be convergent.

Definition* 2.6: The A—metric space (X,A)is said to be complete if
every Cauchy sequence in X is convergent.

Definition* 2.7: Let f and g be single-valued self-mappings on a set

X. If w=1fx=gx for some xe X, then x is called a coincidence point of
f and g,andw is called a point of coincidence of f and g .

Definition™ 2.8: Let f and g be weakly compatible self-mappings on
a set X. Mappings f and g are said to be weakly compatible if fx=gx
implie fgx = gfx, xe X.

Definition® 2.9: Let f and g be weakly compatible self-mappings
onaset X. If f and g have a unique point of coincidence w= fx = gx, then
w is the unique common fixed point of f and g.

Definition** 2.10: Let ® be the set of all function ¢ such that
#:[0,00) =[0,00) is a non-decreasing function satisfying limg"(t)=0 for all
te(0,). If ped, then ¢ is called a ¢—map. Further, if ¢ is a ¢—map,
then

M #(t) <t for all te(0,),
(i) $(0) =0.
Further, unless otherwise stated, ¢ will meant the ¢— map.
Lemma 2.8: Let (X,A) be an A—metric space and let {x,} be a
sequence in it such that limA(X ., X .., X .1, X1, %,)=0 . If {x} is not

n+1? n+l

Cauchy sequence, then there exists an €>0 and two sequences {m,} and
{n.}, n.>m >k of positive integers such that the following sequences tend
to & when k —oo;

A(X XX X s X ) Ak Xy 3 X X s X 11 )s A g0ee0 X 10X, )

me? 'mt Nm 1 me? m t Nmy 1 m,—17
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A(ka—l"'”xmk—l’ Xnk+1)! A(ka+1""’ka+l’Xnk+1)"“'

Proof: Suppose that the sequence {x,} is not Cauchy. Then, there
exists #>0 and subsequences {x, }, {x, } such that for every k e N and
n.>m, >k the following is satisfied:

AKXy s X X ) 28 AN AKX e X 0 X, ) <&
Then, using Lemma 2.4 and (2.3), we have,
£ SA(ka,..., e nk)
= A(Xy o Xy s vees Xy
<M= DA, s Xy e Xy 1) FAXG 5 s Xy %, o)

<M= DAX, s Xy seees X s Xy 4)+E
And
& <im0 A(Xy 5ees Xy 3 X, ) S €
Therefore
Mo AKX, 5o X X ) = M0 AG X, o X s X, ) = €
Further, as

|A(Xnk""9xnk’ ka )_A(Xnk+l’ "'7Xnk+1’ka )| S(Il_ l)A(Xnk+l’ ] Xnk+1'Xnk )
We obtain that

IimkaooA(XnkJrl! T Xnk+1 ’ka ) = IimkHwA(Xm LA ka P+l ): &
Analogously, it can be proved that A(X,, 1, Xy 1 %, )y A(Xy 11 oo X 1

X1 )y AKX 10 oo X1 1 X1 )seee tENds O €.

3. Main Result

Now we prove the following theorems.
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Theorem 3.1: Let (X, A) be an A-metric space. Suppose that the
mapping f, g: X — X satisfy

(3.1) AP, P, B,) < g(max{ A(gx,, 9%,...0%, ),

for all x, x,,...,x, € X . If the range of g contains the range of f , and one

of f(X) or g(X)is complete subset of X, then f and g have a unique
point of coincidence in X . Moreover, if f and g are weakly compatible,
then f and g have a unique common fixed point.

Proof: Assume that f and g satisfy the condition (3.1). Let X, be an
arbitrary point in X . Since the range of g contains the range of f , there is
x, e X such that gx = fx,. By continuing the process as before, we can
construct a sequence {gx,} such that gx,, = fx,, for all neN. If there is
neN such that gx, =gx,,,, then f and g have a coincidence point. Thus
we can assume that gx, =gx,,, for all neN. Therefore, for each neN, we
obtain that

n+1

A(9%y, 0%y O%ys O ) = A(TX L, X X, X))

Max { A(GX,_s GXy_greeeres By gr GX, )o A(GXys GXy s O%,, Oy )}
= A(an, an’ """ ’ an’ an+1) '

then
A(GXy GXysevvens By Do )SP(A(GXys Gy Ky Bt )
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< A%, 9%y 9%y O )

which leads to a contraction. This implies that

A%y By Oys B ) SB(A(GKy 10 GKgroes DX s OX, ).

<" (A(G¥gr Ghorer O, OX, ).

So we have lim A(gx,, 9%, ,...... 0%,, 9X,,,)=0. If {gx } ={fx _,} is not Cauchy

sequence in A—metric space (X, A), then there exist an >0 and two
sequences {m,} and {n}, n>m,>k of positive integers such that

following sequences tend to € when

k_) 0, A( ngk+1, B gxmk+l ' gxnk+1) and A(g ka ' g ka 1y g ka ’ ank )
Putting now in (3.1) x, =X, =...X,; =X, , X, =X, , We obtain

my !

A(gx o O s O ) A, , X, X, X))

me+lr

< @(max{A(g X, 9 Xp s s Gy s T X0 )y A@ Xy O Xy s s %y s T X ),

...... VA X 9%y e 9% s Tox ) ACOX, e 9%, X))
= (p(maX{A( gxmk EA gxmk ! gxmk+1)1 A( gxnk EARA] gxnk ! gxnk+l )})

maX{A( gxmk AR gxmk ' gxmk+l) lA( gxnk LARES] gxnk ! gxnkﬂ )}
= A( gxmk ERR] gxmk ' gxmk+1)
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and since A( gx 9%, » 9%, 1) > 0, we have

ACGX 10w Py n o O%, 1) S QACOX e, OXp O i)
<SA(GKy, 5eves Py o Ky 1a)-

Letting k — oo we obtain
€ <limy_.p(A( Oy 5o s Py » Py 1)) S O.

a contradiction. Analogously, if
Max{A(gXy, 5. Py » O%y 1)y AL OX, 5eees X, 5 0%, 1)}
=AC X, 5eees 9% 5 0%, 1)

we got a contradiction. So, it follows that {gx,}={fx,,} is Cauchy
sequence. By the completeness of g(X) (or f (X)), we obtain that {gx,} is
convergent to some geg(X). So there exists peX such that gp=q. We
will show that gp = fp. Suppose that gp= fp. By (3.1), we have

A(9%y, Xy 0%y, D)= A(TX Ly, X e X, D)

s¢(max{A(gxn71, DX geees O gy 0% ) seeee A(OX, gy DX gyeee O gy O, ),
A(9p. gp......gp, )})
=g(max{ A(9%, 1 0%, 11 0%y s ), A(GD, P.-.... 0P, T0)}) -

Case 1:
maX{A(an—l’ gxn—l"""gxn—l’ an), A(gpv gpv""!gp’ fp)}

= A( gxn—l' gxn—l""" gxn—l' gxn) *
We obtain that
A(G%y Gy Oy 1)< A(X, 11 OX, 11 P g OX,))

< A(gxn—l' gxn—l """" gxn—l’ gxn)
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By letting n —o, we have A(gp, gp......gp, fp)=0 and so gp= fq.
Case 2:

maX{A(an—l’ gxn—l"""gxn—l’ gxn)' A(gpv gpv""!gp’ fp)}

= A(gp, gp,---9p, fp).

We obtain that
A(9%,, 9%, 0%, T0) <B(A(gP, GP......00, Tp)).

By letting n —, we have

A(9P, 9P, 9P, fp)<@(A(gp, ..., f0)) < A(gp, gp....gp, fp),

which leads to a contradiction. Therefore gp = fp. We now show that f and
g have a unique point of coincidence. Suppose that f I =gl for some leX .
By applying (3.1), it follows that

Therefore gp=gl. This implies that f and g have a unique point of
coincidence. By Proposition®, we can conclude that f and g have a unique
common fixed point.

Corollary 3.1: Let (X, A) be an A—metric space. Suppose that the
mappings f, g: X — X satisfy

AT, B, B, ) <k max {A(9X, 9%,0%, 1), A(GX,, 8%,.0%,, 1X,)

...... JA(9X,, 9Ky 0K, fxn)},
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for all x, x,,...x,e X where 0<k <1. If the range of g contains the range
of f and one of f(X) or g(X) is complete subspace of X, then f and g
have a unique point of coincidence in X . Moreover if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof: Putting ¢(t)=kt, t>0, 0<k <1 in (3.1), the result follows.
Theorem 3.1. Let (X,A) be an A-metric space. Suppose that the
mappings f, g: X — X satisfy

A( fx,, fxz,....fxn)smax{gzﬁ(A(gxl, 9%, 0%, 1)), (A(GX, 9%, ,ennGX,, X))

...... B A9, XXy, fxn))}

for all x, x,,...x,e X . If the range of g contains the range of f, and one of
f(X) or g(X) is complete subspace of X, then f and g have a unique

point of coincidence in X . Moreover, f and g are weakly compatible, then f
and g have a uniqgue common fixed point. The proof is very similar to the

proof of Theorem 3.1, so we omitted it.

Theorem 3.2: Let (X, A) be an A-metric space. Suppose that the
mapping f, g: X — X satisfy

(3.2) A By B, %)< B(A(9X, 9X000X, ) for all
X, Xp,n X € X,

where ¢ satisfies Iirrtw #(s) <t for all t>0. If the range of g contains the

s> t+

range of f ,and one of f(X) or g(X) is complete subspace of X, then f
and g have a unique point of coincidence in X . Moreover if f and g are
weakly compatible, then f and g have a unique common fixed point.

Proof: Let x, be an arbitrary point in X . Since the range of g contains
the range of f, there is x,e X such that gx = fx,. By continuing the
process as before, we can construct a sequence {gx,} such that gx,,
for all neN. If there exists is neNsuch that g, = fx, ,, then f and g have
a point of coincidence. Thus we can suppose that gx,=g,,, for all neN.
Therefore, for each neN, we obtain that

= fx,
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A(9Xyr Oy 9% OXp ) = AT, X X))
< ¢(A(gxn—1' gxn—l""" gxn—l’ gxn ))
<@ (A(Q%2r BXgrerres B X y)

g¢”(A(gXO, 0%y seeees 0% gx:l.))

This implies that lim A(gx,, 9X,,..., 9%, 9%,,;)=0. If {gx }={fx_,} is not
Cauchy sequence in A—metric space (X, A), then there exist an ¢ >0 and
two sequences {m,} and {n,}, n,>m, >k of positive integers such that the

following sequences tend to & when k—oo; A(9X,, .1y «y 0%y 1 » 0%, ., ) @Nd

ALy, 5eees O, 0 X, ).

Putting now in (3.2) x=X=..=X,=X,, X =X and since

m n ny

A(9%,, »-..» O%, 5 O, ) >0 we obtain
A(GXy 1 Oy 10 O 0 ) = ACTKG o X X ) S OCACX, eens O, 50X, )
Letting k—oo and using the assumption of the mapping ¢ we obtain

€ S hmk—’w(p(A( gxmk LRRRE) ngk 1 ank ))

lim A(gxmk v Qs OX )¢(A(gxmk N S )):tliT+¢(t) <e.

toe”

a contradiction. Therefore, the sequences {gx,}={fx,} is Cauchy sequence.
By the completeness of g(X) (or f(X)), we obtain that {gx,} is
convergent to some q e g(X). So there exists peX such that gp=q. We
will show that gp= fp. By (3.2) we have

A(gp, gp,....gp, fp)<(n—1)A(gp, gp,....9P, 9X,,1 )+ A(9X,,1s OXosgrees WXy D)
<(n—1)A(gP, GP,---GP, G%,.. )+ B(A(9X,, 9%, 8%, OP))

<(n—1)A(9p, 9P.-...9P, 9%, )+ A(9X,, O%q,-mn 0%y, OP).
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By taking n—oo, we have A(gp, gp,....gp, fp)=0 and so gp=fp. We
now show that f and g have a unique point of coincidence. Suppose that
fg=gq for some ge X . Assume that gp=gq. By applying (3.2), it
follows that

A(9p, gp,....gp, 99)=A(fp, fp,....fp, fq)
<¢(A(gp, gp.....gp, 99)) < A(gp, gp.....gp, 94),

which leads to a contradiction. Therefore gp = gq. This implies that f and
g have a unique point of coincidence. By proposition®’, we can conclude
that f and g have a unique common fixed point. By setting g to be the

identity function on X, we immediately have the following corollary. This
result extends and generalizes Boyd-Wong theorem from the metric space to
A—metric spaces. We do not need semi-continuity of the comparison

function, we only use ge¢p with lim ¢(s)<t, t>0.
At®

Corollary 3.2: Let (X, A) be a complete A—metric space. Suppose
that the mapping f:X — X satisfies A(fx, f,,...., %, )<@(A(X, X, X, )
for all x, x,,..x,e X . then f has a unique fixed point. Theorem 3.2. Let
(X, A) be a A—metric space. Suppose that the mappings f,g:X — X
satisfy
(3.3) AT, T, B, ) K A(GX 9%, 0% X))+ Ko (A(9% e ,)

o Ky @(A(OX s OXgreen@X 1 X)) +K0(A(GX e OX,, X))

for all x, x,,...x,e X, k, +k, +...+k, <1,
If the range of g contains the range of f , and one of f(X) or g(X) is

complete subspace of X, then f and g have a unique point of coincidence in
X . Moreover f and g are weakly compatible, then f and g have a unique

common fixed point.

Proof: Assume that f and g satisfy the condition (3.3). Let x, be an
arbitrary point in X . Since the range of g contains the range of f, there is
x,e X such that gx = fx,. By continuing the process as before, we can
construct a sequence {gx,} such that gx = fx. for all neN. If there is
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neN such that gx, =gx,,,
we can suppose that gx, # gx
obtain that

then f and g have a point of coincidence. Thus
for all neN. Therefore, for each neN, we

n+1

oot Ko 1@ Ao gr O BXgs X))+ K0(A(GX, 0%, X))
=Ko ( A(GX, 10 O geenr O gs §%, )+ Ko A(Xgevveens Oy, %, )
oot Ko 1@ A gs Oy B gs 0%, )+ Ko (A(GX,oeen-G% s OX,1 )

< (K Ky oot Koy ) 0 (A(PKgs G B gr OX, )

Now we have,

K, +k, +..+Kk ;

K P(A(GX, g Oy g OX,y, 0,))-

A(9%,r Oy yeen 0%y OXoy ) <

kK, +k,+..+k,

Let r= <1. Then

A(GKys Prevess Py Borr ) < TP(A(GK, 1y G yovens By, OX,))

<¢(A(an_l, an—l """ an—l’ an ))

<4 (A(Pg, FrorrTer 94)).

This implies that lim A(gx,,.....9%,, 9X,.,)=0. If {gx,} ={fx,,} is not Cauchy

sequence in A—metric space (X, A), then there exist a,>0. and two
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sequences {m,} and {n;}, n.>m,>k of positive integers such that the
following sequences tend to when

k —o0; A( ) PRI ) S 9Xnk+1) and A( 9%y, 5 e 0%y 5 OX, ).

Putting now in (3.3) x, =X, =..=X,_, =X, , X, =X, and using the fact that

n-1 — “m, ?
A(GXy, s Xy s 0%, 1)>0and AC gx, ..., 9%, , 09X, ,,)> 0 we obtain

A(GXy s v Py g0 ) T A oy B, X )
<k QA( Xy, sees Xy s T DFK QA 5oy OXy o X))
Ko QAKX s o OXyy o X)) HR O(A(GX, ey 0%, X))
= K @AYy, ey Oy s OX 1)) TR OCACTX, oy Xy 0%y 1)) o
+ K @Ay, ey Oy O%n 1)) TROO(AC X, ey OX, , OX, 1)
<K (ACGKn, oo By s DX a)) TR (ACOX, y OX s 0% ) + e
+ Koy (ACGX s e Oy 0% 1)) TR (ACOX, e, OX L O, ).

Letting k—o we obtain £<0. A contradiction. So, the sequences
{ox,} ={fx,,} is Cauchy sequence. By the completeness of g(X) (or
f (X)), we obtain that {gx,} is convergent to some ge g(X). So, there
exists pe X such that gp=q. We will show

that gp = fp. Suppose that gp = fp. By (3.3), we have

A9y rees 9%y, )= A(FX Ly, X, D)
S|(1¢(A(gxn—1' gxn—l""'gxn—l’ gxn ))+k2¢(A(an—l7 gxn—l""'gxn—l’ gxn ))+
et KAy Oy X))+ K B(A(GP, OP,....0p, D).

Letting n — o we have

A(gp,....,gp, fp)< kn¢(A(gp, gp,..... 9P, fp))
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<k,A(gp,.....gp, fp)
<A(gp,.....gp, fp).

We got a contradiction. So, gp= fp. This proves that f and g have a unique
point of coincidence is as in theorem (22) so we omitted it.

Confilcts of Interest: The authors declare no conflict of interest.
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