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Abstract: The purpose of the present paper is to find the relation between 

ϑ -curvatures with respect to Cartan connection CΓ of a Finsler space 

( , )n nF M L=  and a Finsler space * *( , )n nF M L=  whose metric *L is derived 

from the metric L  of nF  by *2 2 2( , ) ( , ) ( )i
iL x y L x y b y= + , where ( , )ib x y is an 

h − vector. The Finsler space *nF is called as generalized Randers space. 

The expression forϑ -curvature of *nF  are obtained when nF  is S-3-like 

and S-4-like. 
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                                  1. Introduction  

Let ( , )n nF M L= be an n-dimensional Finsler space, where nM is an n-

dimensional differentiable manifold and ( , )L x y  is the fundamental metric 

function. Matsumoto1 introduced a Finsler space ( , )nM L∗ whose 

fundamental metric function L∗  is defined as: 
 

(1.1)  *2 2 2( , ) ( , ) ( )i
iL x y L x y b y= + .  

 

where the vector ib is a function of positional coordinates ix only. If ( , )L x y is 

a metric function of a Riemannian space then  *( , )L x y  reduces to the metric 

function of a Randers space2-5. Such a Finsler metric was first introduced by 

Randers6 from the stand point of general theory of relativity and was applied 

to the theory of electron microscope by Ingarden7. The geometrical 

properties of such space have been used for various works. In all these 

works the vector ib is assumed to be the function of positional coordinates 

only.  
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Izumi8 while studying a conformal transformation9 of a Finsler space, 

introduced   the h − vector  ib  which is ϑ covariantly constant with respect 

to Cartan connection CΓ  and h
h i j i jLC b hρ= . The h − vector ib  is not only a 

function of positional coordinates ix  but also a function of directional 

arguments iy . In fact, ( )/ j
i i jL b y hρ∂ ∂ = . Here  ( , )ib x y  is an h − vector in 

( , )nM L . 
 

Let ib be an h − vector in the Finsler space ( , )nM L  and *( , )nM L  be 

another Finsler space whose fundamental metric function *( , )L x y  is defined 

by  
 

(1.2)   2 2 2( , ) ( , ) ( , ),L x y L x y x yβ∗ = +  

 

 where ( , ) i

ix y b yβ = . Let us call the Finsler space * *( , )n nF M L= as 

generalized Randers space. To distinguish the geometrical objects of 
*nF from those of the Finsler space nF , we shall put a ∗  sign on the 

corresponding objects of nF . 

 

For an h − vector ib   we have the following lemmas8: 
 

Lemma 1: If ib  is an h − vector then the function ρ  and i i il b lρ∗ = −  are 

independent of y . 
 

Lemma 2: The magnitude of an h − vector ib  is independent of y .  

 
2. Preliminaries 

 

Let ib  be a vector field in the Finsler space ( , ).nM L  If ib  satisfy the 

conditions10,  
 

(2.1)  (i)  | 0i jb =            (ii)  ,h

ij h ijLC b hρ=  

 

then the vector field ib  is called an h − vector. Here | j  denotes the covariant 

differentiation with respect to Cartan connection  ,CΓ  hijC  is the Cartan C-

tensor, ijh  is the angular metric tensor and ρ  is a function given by  
 

(2.2)  1( 1) ,i

in LC bρ −= −  
 

where i i jk

jkC C g=  and jjk
k i ig g δ= .  
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From (2.1) we get  
 

(2.3)  -1i
i jj

b
= L h

y
ρ

∂

∂
. 

Differentiating i
ib yβ =  partially with respect to iy  and using (2.3), we have 

 

                 
ii

=b
y

β∂

∂
. 

 

Differentiation of (1.2) with respect to iy yields 
 

(2.4)   *
i i i* *

L
l = l + b

L L

β   
   
   

. 

 

After differentiating equation (2.4) with respect to y
j 
and using (2.3), we get  

 

(2.5)  * * *
i j i j i j i j i jl l + h = h +l l +b bσ , 

 

where = 1+
L

βρ
σ  

 
 

. 

 

From (2.5), we may deduce 
 

(2.6)        ( )* 2 2
i j i j 0 i j 0 i j 0 i j j ih = h +A l l +A L b b - A L l b +l bσ β β , 

 

where 
0 2 2

1
A =

L +β

 
  
 

.  

 

Transvection of (2.6) with  iph∗   
yields the following 

 

( )*i p 2 2 *i p *
i j 0 i j 0 i j 0 i j j i i jh h + A l l + A L b b - A L l b + l b = h hσ β β 

   
 

which implies  
 

(2.7)        ( ) p*i p 2 2
i j 0 i j 0 i j 0 i j j i jh h + A l l + A L b b - A L l b +l b =σ β β δ 

  . 

 

Again transvecting both sides of the above equation by jk
kh b , we get 

 

(2.8)  
p m

*i p m
i 2 2 2

0

b b
h b b =

L b + - L
+

A

β β µ
σ

,  
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where ( ).i j
i j j ih l b l bµ = +  

Transvecting (2.7) by jkh  and applying (2.8), we get 
 

(2.9)  
2 p m

*m p m p

2 2
0

L b b
h = h -

A + L b

β
β

β
. 

 

Thus, we have: 
 

Theorem 2.1: The covariant and contravariant components of the 

angular metric tensor of the generalized Randers space nF∗ are
 
given by 

(2.6) and (2.9) respectively.  
 

From equation (2.5) and  i j i j i jg h l l= +  one gets  
 

(2.10)  ( )*
i j i j i j i jg = g + 1- l l +b bσ σ .  

 

From equation (2.10) we obtain the contravariant components of the 

fundamental metric tensor ( )i jg
∗  of nF∗ in the following form: 

 

(2.11)  *i j -1 i j i j j i i j i j
1 2 3g = g - A ( l b +l b )+ A l l + A b bσ , 

 

where        
( )

1 3

1-
A = A

L

σ β
,   

  

   ( )2
2 3(1- )A b Aσ σ= +  

 

and  

        

{ }3
2 2

2

2

1

(1- ) -
-

A
L

b
L

σ σ β
= .  

 

Theorem 2.2: The covariant components i jg∗  and the contravariant 

components i jg∗  of the metric tensor of ( )n
i jF g∗ ∗  are given by (2.10) and 

(2.11) respectively.  
 

From equation (2.10) and ( )     ½  / k
i j k i jC g y= ∂ ∂ , we get  

 

(2.12)  *

2
i j k i j k i j k j k i k i jC C h m h m h m

L

ρ
σ  = + + +  , 
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where -i i im b l
L

β
= . 

 

Let us assume that  
 

(2.13)  *

ijk ijkC Cσ=
 

 

holds. Then, from equations (2.12) and (2.13), we get 
 

 

(2.14)   ( ) 0.ij k jk i ki jh m h m h mρ + + =  

 

This implies at least one of the following conditions: 
 
 

(2.15)  (a) 0ρ =          (b) 0ij k jk i ki jh m h m h m+ + = , 
 

If (2.15a) is true, equation (2.3) implies 0,i

j

b

y

∂
=

∂
i.e. the vector 

ib  is 

independent of ,iy which contradicts our assumption that 
ib are functions 

of ( , )i ix y . Hence (2.15 a) cannot be true. Therefore, we have (2.15(b)), 

which, in view of Walker’s Lemma, implies 0im =  for 0.ijh ≠  Since 

, 0i i i im b l m
L

β
= − =

 
implies .i ib l

L

β
=  Using this result in (2.1(ii)), we get 

.r

i j r i jC l hβ ρ=  But 0.r r

i j r i jrC l C l= = Hence 0,i jhρ = which implies 0ρ =  for 0.i jh ≠  

Again, we get a contradiction. Thus, we have: 
 

 

Theorem 2.3: There exists no generalized Randers space nF∗  whose 

torsion tensor is proportional to the torsion tensor of the Finsler space .nF  

 

3. Connection Coefficients 
 

Corresponding to i

jkγ  of nF , we define connection coefficients *i

jkγ of  

nF ∗  as follows: 
 

(3.1)   
* **

* *1
.

2

jh jki ih kh
jk k j h

g gg
g

y y y
γ

 ∂ ∂∂
= + −  ∂ ∂ ∂ 

 

 

By virtue of (2.11), the connection coefficients *i

jkγ  in nF ∗ can be expressed 

as 
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(3.2)   * * *
[ ]

2

i ih ih

jk jhk jhk khj jkhg g Q Q Q
L

ρ
γ σ γ= + + − , 

 

where   jhk jh k hk j kj hQ h m h m h m= + +  and .jhk jhk khj jkhC C Cγ = + −  

 

Theorem 3.1: The connection coefficients *i

jkγ  of nF ∗  are given by (3.2). 
 

 

Multiplying (3.2) by j ky y and using 2i j k i

jk y y Gγ = , we get 
 

(3.3)   * * *
[ ],

2

i ih ih j k

h jhk khj jkhG g G g y y Q Q Q
L

ρ
σ= + + −  

 

where   2 .j k

jhk hy y Gγ =  

 

Differentiating (3.3) partially with respect to my  and ,py  we get *i

m pG  

(Berwald connection coefficients).  
 

 

4. −ϑ  Curvature Tensor 
 

Definition 4.1: The ϑ−  curvature tensor hi j kS  of ( , )n nF M L=  with 

respect to Cartan connection CΓ is defined by1 
 

(4.1)  .m m

hi jk hkm i j h jm ikS C C C C= −  
 

From (2.1), (2.11), (2.12) and (2.14), we get 

 

(4.2)        

*

0 1 2

3 2

( ) [ ]

[ ],

h h h h h h h

i j i j i j j i i j i j i j

h h

i j i j

C C C h m h m h m C h l C m m l

C C h b m m b

= + + + − +

+ +
 

 

where 

   
2

2

0 1 3 22 2

(1 ) 1
, ,

2 2
C C A C b

L L L

ρ σ βρ β
σ

σ
 −

= = = − + 
 

 

 

and 3A  being defined in (2.11). 
 

From equations (2.12) and (4.2), we have 

 

(4.3)   

* *

1 1 2

2

0 0 3( ) ( ),

m m

hkm ij hkm i j i j hk hk i j i j h k

i jk h jh i k

C C C C h h R h m m R h m m

R cycl C m R A cycl h m m

µ= + + +

+ +
 

 

where 
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2 2 2 2 2 2

2

1 3 3 3 02 2 2 2 2
, ,

4 4 2
b A A A R

L L L L L L

β ρ σ ρ ρ ρ σ ρ
µ

σ
   

= − + + + =   
     

 

   
2 2

1 32 2
( 1)

2 2
R A

L L

ρ ρ
σ

σ
= + +  and 

2 2 2
2

2 32 2

1

2 2 2 2
R A b

L L LH

ρ ρ β
σ

σ

   
= + + −  

   
. 

 

From (4.3) and (4.1), we obtain: 
 
 

 

Theorem 4.1: The ϑ− curvature tensor *( )hijkS  of the generalized Randers 

space *nF  has the form 
 
 

 

(4.4)   
* ( 1) ,hi jk hi jk i j hk hk i j ik h j h j ikS S h e h e h e h eσ= + + + − −  

 
 

where 
1 2

1

2
i j i j i je h m mµ µ= +  and  

2 2
2

2 32 2

1

4
A b

L L

ρ β
µ σ

   
= + + −  

   
. 

 
 

Now we shall consider some special cases of ϑ− curvature tensor h i jkS : 
 

Case 1: 3S -like Finsler space 
 
 

Definition 4.2: A Finsler space ( 4)nF n≥ with fundamental function 

( , )L x y is called 3S -like11-13 if the ϑ−  curvature tensor h i jkS  is of the form  

 

(4.5)   ( )
( 1)( 2)

hi j k h j ik hk i j

S
S h h h h

n n
= −

− −
, 

 

where the scalar S  is a function of positional co-ordinates only. 
 

From equation (2.6), (4.4) and (4.5) we have 
 

Theorem 4.3: The ϑ− curvature tensor *

hi jkS of a 3S -like Finsler space 

* ( 4)nF n≥ has the form 
 

(4.6)  { }* 2 ( )
( 1)( 2)

hi jk h j ik hk i j h i jk

S
S h h h h P

n n
σ= − +

− −
, 

 
 

where  { }2

0( ) ( )hi j k ik i j h k h k h k k hP h h A l l ALb b A L l b l bσ β β= − + − + . 

 
 
 

Theorem 4.4: The generalized Randers space 
* ( 4)nF n≥  of an 3S -like 

Finsler space 
nF  is 3S -like if 0hi jkP = . 
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Case 2: 4S -like Finsler space 
 
 

Definition 4.3: A Finsler space ( 5)nF n≥ with fundamental function 

( , )L x y is called 4S -like11, 12 if the ϑ− curvature tensor hi jkS is of the form 
 

(4.7)  2 ,hi jk h j ik ik h j hk i j i j hkL S h M h M h M h M= + − −  
 

where i jM is a symmetric and indicatory tensor. 
 

From equation (2.6), (4.4) and (4.7), we have 
 

Theorem 4.5: The ϑ− curvature tensor of a generalized Randers space 

of ( 5)nF n∗ ≥ Can be expressed as : 
 

(4.8)  2 [ ( ) ],hi jk h j ik ik h j h k i j i j h k hi jkL S h M h M h M h M Uσ∗ ∗ = + − − +  
 

where  
( ) (1) ( 2 ) (3)

,
ohi jk hi jk hi jk h i j k h i j kU T T T T= + + +

 
 
 

( )

2 2[ ( )] ,
o hi j k o h j h j h j j h ikT A l l L b b L l b l b Mβ β= + − +  

 

(1)

2 2[ ( )] ,hi jk o i k i k j i k k i jhT A l l L b b L l b l b Mβ β= + − +  
 

 

( 2 )

2 2[ ( )] ,hi jk o h k h k h k k h i jT A l l L b b L l b l b Mβ β= + − +  
 

(3)

2 2[ ( )] .hi jk o i j i j i j j i h kT A l l L b b L l b l b Mβ β= + − +  

 

Theorem 4.6: The generalized Randers space of ( 5)nF n∗ ≥ of 4S -like 

Finsler space is 4S -like if 0.hijkU =  
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