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Abstract: The purpose of the present paper is to find the relation between
J-curvatures with respect to Cartan connection CI' of a Finsler space

F"=(M", L) and a Finsler space F™=(M", L") whose metric L'is derived
from the metric £ of F" by L (x,y)=1> (x,y)+(b;¥")?, where b,(x,y)is an
h—vector. The Finsler space ™ is called as generalized Randers space.

The expression for $-curvature of F™ are obtained when F” is S-3-like
and S-4-like.
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1. Introduction

Let F"=(M", L)be an n-dimensional Finsler space, where M"is an n-
dimensional differentiable manifold and L(x,y) is the fundamental metric
function. Matsumoto' introduced a Finsler space (M”",L)whose

fundamental metric function L' is defined as:

(1.1) L? (x,y)=L" (x,»)+(b;y').

where the vector b, is a function of positional coordinates x’ only. If L (x,y)is

a metric function of a Riemannian space then L'(x,y) reduces to the metric
function of a Randers space™. Such a Finsler metric was first introduced by
Randers® from the stand point of general theory of relativity and was applied
to the theory of electron microscope by Ingarden’. The geometrical
properties of such space have been used for various works. In all these
works the vector b,1s assumed to be the function of positional coordinates

only.
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Izumi® while studying a conformal transformation’ of a Finsler space,
introduced the /- vector b, which is & covariantly constant with respect

to Cartan connection CT" and LC, b"=ph i;- The h—vector b, is not only a
function of positional coordinates x' but also a function of directional
arguments )’ . In fact, L(ab,./ayf)zphi_,.. Here b,(x,y) is an h—vector in
(M",L).

Let b be an h-vector in the Finsler space (M",L) and (M", L") be

another Finsler space whose fundamental metric function L (x,y) is defined
by

(1.2) L?(x,y)=L(x, )+ B (x,)),

where B(x,y)=by'. Let us call the Finsler space F" =(M",L")as
generalized Randers space. To distinguish the geometrical objects of
F" from those of the Finsler space F", we shall put a * sign on the
corresponding objects of F”.

For an # — vector 5, we have the following lemmas®:

Lemma 1: [f b, is anh—vector then the function p and I =b,— pl, are
independent of y .

Lemma 2: The magnitude of an h— vector b, is independent of y .

2. Preliminaries

Let b, be a vector field in the Finsler space (M", L). If b, satisfy the
conditions'’,

(2.1) (1) b,=0 (ii) LC;b,=ph;,

then the vector field b, is called an /- vector. Here |, denotes the covariant
differentiation with respect to Cartan connection CT, C,; is the Cartan C-

tensor, 4, is the angular metric tensor and p is a function given by
(2.2) p=(n-1"LC'b,,

where C'=C}, g’ and g/ g;;=5/.

1
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From (2.1) we get

ob;

(2.3) ay—’j=L'1ph

(A

Differentiating f=b,y" partially with respect to y' and using (2.3), we have

Differentiation of (1.2) with respect to ' yields
(2.4) I = (ijz +(ﬁ*jbi :

L L
After differentiating equation (2.4) with respect to yj and using (2.3), we get
(2.5) L1+ k=0l 4+ b by,
where o= (1 +ﬂpj.

L

From (2.5), we may deduce

* 2 2
(2.6) I =ch +A4y 711 +4) L bibj—A(,,BL(liijjbi),

where {Lz Iﬂzj.
+

Transvection of (2.6) with 47 yields the following

WP by Ay B+ AL by - AL+ b) | = BT R
which implies
Q7) B b+ A L AL by - ABL(1b; 1B )| = 67
Again transvecting both sides of the above equation by »/, , we get

. pm
O L U SS—
oL b’ +pB° - BLu
A,
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where u=h"/ (b, +1b;).
Transvecting (2.7) by #/* and applying (2.8), we get

7 BbP b™

2.9 AN L el i
9) p Ay + 17 pb?

Thus, we have:

Theorem 2.1: The covariant and contravariant components of the

angular metric tensor of the generalized Randers space F*"are given by
(2.6) and (2.9) respectively.

From equation (2.5) and g;;=/#; +/1; one gets
(2.10) g ;=o0g,; tU-0)1;+bb;.

From equation (2.10) we obtain the contravariant components of the
fundamental metric tensor (g7 ;) of F*"in the following form:

(2.11) g =clg A (I'b +1U b )+ A, T 1+ A0,

where 4=

-0,
L
4, =(1-0)(b + o) 4
and
1 .
2 2
0'{(1-0)2,8 L }_b2
L

A3:

Theorem 2.2: The covariant componentsg;; and the contravariant

components g/ of the metric tensor of F™(g;,) are given by (2.10) and
(2.11) respectively.

From equation (2.10) and C;; , = (%)dg;; /&y", we get

(2.12) Ci*jk:aCijk+£[hijmk+hjkmi+hk,-mj],
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where m, =b, - gli )

Let us assume that

2.13)  C,=0C

ik ik
holds. Then, from equations (2.12) and (2.13), we get

(2.14) p(hymy+hym,+hm;)=0.

ki" "y

This implies at least one of the following conditions:

@215) (@) p=0  (b) Am+h,m+hm =0,

ki®""j
. . . . ob. . .
If (2.15a) is true, equation (2.3) implies a—‘/.:O, i.e. the vector 5 is
Y

independent of ', which contradicts our assumption that b are functions
of (¥,)'). Hence (2.15 a) cannot be true. Therefore, we have (2.15(b)),
which, in view of Walker’s Lemma, implies m =0 for #4#0. Since
rnl:bl.—ﬁl,.,ml:o implies bl:ﬁ

L L
BC.L=ph,. But C;L=C,1"=0.Hence ph,=0,which implies p=0 for 4 =0.

ijr ijr

I. Using this result in (2.1(ii)), we get

Again, we get a contradiction. Thus, we have:

Theorem 2.3: There exists no generalized Randers space F™ whose
torsion tensor is proportional to the torsion tensor of the Finsler space F".
3. Connection Coefficients

Corresponding to », of F”", we define connection coefficients y; of

F™ as follows:

G ol % %6 %)
% of Ty o

By virtue of (2.11), the connection coefficients y; in F™ can be expressed
as
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(2)  7i=0g" 1] ¢ 10+ 000,
where O =hym+hym,+h,m, and y ik =Cim + Gy —Ci-

Theorem 3.1: The connection coefficients y, of F™ are given by (3.2).

Multiplying (3.2) by »’)" and using 7,y =2G', we get

(3.3) G" zag*ihGh +£g*ihyiyk [Q/'hk +Q{hj _Q/'kh 1,

where Yy V' =2G,.
Differentiating (3.3) partially with respect to " and y”, we get G,

(Berwald connection coefficients).

4. 9 — Curvature Tensor

Definition 4.1: The 9- curvature tensor S, of F'=(M",L) with

respect to Cartan connection CT is defined by'

(4.1) Shijk =ChkmCi? —CnCi

hjm ™~ ik *

From (2.1), (2.11), (2.12) and (2.14), we get

“2) C,.*jh =Cl.’;. +C, (hl.jmh +hj’7m,. +h,.hmj)—C1 [hl.jth2 +ml.mjlh]
+C3[C2h”.bh+mimjbh],

where

C(): P , Clz(l_o;)ﬂpA3, szl b2_£2 +o
2Lo L 2 L

and 4, being defined in (2.11).

From equations (2.12) and (4.2), we have

4.3) C;kmc;m =ChunCi A 0ihy 4+ R Py mym + Ry by oy my
' +Rocycl(CU.kmh)+R§A3cycl(hjhmimk),

where
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(g B\FPeo,, P P, )T, Ro_
U BN BT are 42 P A Ro=

2 2 2 2
R = 2A (o+1) R=L 4P 4lollp Pl
2 LJ 2l 2I 2o\”1m2

From (4.3) and (4.1), we obtain:

Theorem 4.1: The 9— curvature tensor(S,,,) of the generalized Randers
space F™" has the form

(4.4) Sm/k O-Shljk+h i€hk +hhk(e +)- hlkeh/ hh/elk’
2 2
where e,.j:;ulh +umm, and  y, = /ZA{J+— [bz ,i’j}

Now we shall consider some special cases of $— curvature tensor S, :
Case 1: S3-like Finsler space
Definition 4.2: A Finsler space F"(n>4)with fundamental function

L(x,y)is called $3-like'""if the 9— curvature tensor S, is of the form

S

(4-5) Shijk :m(hhjhik _hhk

h,),

where the scalar S is a function of positional co-ordinates only.
From equation (2.6), (4.4) and (4.5) we have

Theorem 4.3: The 9-curvature tensor S, of a $3-like Finsler space
F™ (n>4)has the form

5
(n-1)(n-2)

where P, =0 (h,—h, B A1 +ALbb,—ABL(,b,+1,b,)}

(4.6) S;ijk: {O_ (hh/ ik hhkhij)_l_Phijk}’

Theorem 4.4: The generalized Randers space F"(n>4) of an S3-like

Finsler space F, is S3-like if B,;,,=0.

n
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Case 2: S4-like Finsler space

Definition 4.3: A Finsler space F,(n>5)with fundamental function
L(x, y)is called S4-like'" if the 9-curvature tensor S,,, is of the form

4.7) S,“jk =h, M +h, M, —h, M, —h M,,,

where M,; is a symmetric and indicatory tensor.

From equation (2.6), (4.4) and (4.7), we have

Theorem 4.5: The 9- curvature tensor of a generalized Randers space
of F"(n>5) Can be expressed as :

(4- 8) L*ZS*hijk Z[U(hthik +hithj _hhkMij _hithk)+Uhijk],

+T

) hijk

+T.

where Ui =T nin +T, Shijk>

Whijk

—A [ B, +12b,b,~BL(,b,+1 b,)IM,,,

(o)hljk

T

(1)hz/k

ALBLL A+ b, —BLULb, +1,b,)IM

T

(Z)hljk

A [B*11,+L*b,b,— BL,b, +1,b,)]M

A LB +L2bb,~BL(UD,+1 b )IM

(3)hz/k

Theorem 4.6: The genemlized Randers space of F,"(n=5)of S4-like
Finsler space is S4-like if U, =

ijk
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