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Abstract: In this paper, a nonlinear mathematical modetltiercontrol

of vector borne diseases, like malaria is propaswdi analyzed. In the
modeling process it is assumed that the mosquitpulption is

controlled by using Larvivorous fish, which paryadepends on the
larva of mosquito population. It is further assunthdt the mosquito
population grows logistically in the environmentadts intrinsic growth

rate is also affected by the human related aawitfi he equilibria of the
model are obtained and their stability is discusbgdusing stability

theory of differential equations. The threshold tioe eradication of the
disease, i.e. basic reproduction number is obtaified analysis of the
model shows that the growth rate in mosquito pdmradue to human
related activities has destabilizing effect on thgstem. Further
numerical simulation is performed to verify the lytiaally obtained

results.
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1. Introduction

Vector transmitted diseases are known todaduajor behavioural and
economic changes in tropical and subtropical regiorwhich mosquito-
transmitted diseases are most prevalent illnessaendesponsible for many
life- threatening diseases, e.g. malaria, yellowefe dengue fever, and
chikungunya, efc® Out of these mosquitos borne serious illness, the
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malaria is a highly complex disease in humans achbyeseveral species of
mosquito-borne parasite (Plasmodium falciparumaxjwmalariae, knowlesi
and ovale) and it is endemic in many parts of tharlay infecting between
350-500 million people per y€at. Malaria is transmitted exclusively by
Genus Anopheles. In the last several years so refiosts have been made
to reduce the incidence of malaria focusing on cedy the number of
mosquitoes and preventing mosquito Bit®s However, most of these
efforts, especially the ones that use pesticidase lbeen banned by the
environmental protection organizations as they hawveadverse effect on
non-targeted populatién*?. Despite more than hundred years of serious
efforts for its control, malaria still ranks as oviethe most widespread and
prevalent vector borne disea$é&s Also due to continuous application of
pesticides, mosquitoes have developed resistantkege chemicals and
now these chemicals are not so effective. This sstggus that looking for
an alternative methods of control of mosquitoes &mogical control
seems to be environmental friendly method to cémresquito population.
Biological control means introduction or manipubati of organisms to
subdue vector population. Biological control, paustarly using Larvivorous
fish plays a very positive role in controlling mostpes®*. The method of
control of mosquito using Larvivorous fish is noew; it has been
implemented since 1937 in many parts of the woBat control of
mosquitoes using pesticides was fast, so it suppdeshe conventional
method of control of mosquitoes. Now again thishodtof larval control is
accepted and successfully implemented in many pafrtthe world*>.
Although there are lots of experimental studiesvaluate the efficiency of
this method of control but not many researcher® lexplored mathematical
modeling of this method of control.

2. TheMathematical Modéd

N(t) be the total human population in the region urmbssideration at
any timet, which is divided into susceptible claggt) and infective class
Y(t). Let M (t) and M,(t) be the density of susceptible mosquitoes, the
density of infective mosquitoes respectively aB¢t) be the population

density of Larvivorous fish at timé. Let us denote the immigration rate,
the transmission rate of susceptible to infectilss, the natural death rate,
the recovery rate and disease induced death rateristant®\, 8, d, v and

a respectively. If the growth rate, the death r#te, depletion rate due to
predator fish, the transmission rate, the growte due to human related
activities of mosquito population, the natural gtiowate of Larvivorous

fish, the growth rate of fish due to uptake of &anf mosquitoes are denoted
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by o, §,, 6, A, r,,y,y, andy, respectively, then we propose the following
model

AX A BXM, -dX +Y
at

%_ﬁxm _(d+v+a)Y
M, _ M
dt

M, _amMy-oMm
dt

d_B yB——yoB

dt

(1) ~-6,BM -6,M _ - AM Y +r,NM

+ y,MB,

where L and K are the carrying capacities of mosquitoes andilzarous
fish respectively. Using\=x+Y , M=M_+M, ando-¢,=6, the reduced

model is

((jj—Y—,B(N V)M —(d +a+D)Y,
N A—dN-av,
ot

) d(';: “AM =M )Y -GM |
dd—'\:'_ema——) GBM +1NM,
dB v,B
B_ 5B ue
a Tk h

It suffices to study the model system (2). The orgof attraction for all
solutions initiating in the positive orthant is givby

Q::{(Y,N,M,,M ,B):OSYSNSEA,Ong <M <M, ,B< Bm}

WhereMm:%(cﬂ%A) andB, = {y+ (U+ A)}

3. Equilibrium Analysis

The model system (2) has the following six non-tiggaequilibria:



38 RitesmBay and P. N. Pandey

Mosquito and disease free equilibrium(o,g‘,o,o,(ﬂ which always
exists,

rAL

[0

j which always exists,

E (0 =0, 0 Y ywhich always exists,

¥

ES(O,?,O,M3 B, ) exists provided

BKy
Yo

(3) 6- d >0

* E,(Y,,N,, M, ,M,,0)exists provided

BALA(O+ 7)

@ d6g,(d +v +a)

s E(Y,N,M, M ,B) exists provided

,BAA{B—QKHHA}
d
>1

(5) 4
d4 (d+v+a)(9 HK"lj
Yo
(6) g- 6?1Ky+ rl(A_aY ) >0
Yo d

It is sufficient to show the existence of equilébi, and E'.

3.1 Existenceof E,:In the equilibriung,(Y,,N,,M,,,M,,0), the
values of Y,,B,,M,, and M, may be obtained by solving the algebraic
equations

(7) B(N-Y)M, - (d +V+a)Y =0,
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) A-dN -aY =0,

(9) AM=M,)Y =M, =0
and

(10) 9(1—%)+r1N -0.

From equation (8), we have

(11) N=ATaY
d
From equation (9), we have
(12) M, =AMV
g, + AY

From equation (10), we have

(13) M = L[1+M}.
ad

Using (11) and (12) in (7), we get

39

(14) ﬁ[A—(a+d)YH ALY Hmrl(A—aY)}_(Haer)Y:O.

d 8(8, + 1Y) d

Let Y #0. Then we have

d d

(15) f(Y):'B[A—(cHd)Y}{ AL }[9+r1(A_aY)}(v+a+d):O.

6(g,+AY)
From equation (15), we note the following:

(i)  f(0)>0 provided condition (4) is satisfied.

(i) f(a'i‘dj<0.

(i)  f'(Y)<o0.
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Thus, there exists a unique positive root, ayof equation (15) in the

interval (0,%). Using the value of, in equations (11)-(13), we can get
a

the values of N,,Y,M,, and M,respectively. Thus the equilibrium

E,(Y,,N,,M,,,M,,0) exists if condition (4) holds.

3.2 Existenceof E :The equilibriumE’ may be obtained by solving
the following set of algebraic equations:

(16) B(N-Y)M, —(d +v +a)Y =0,
(17) A-dN -aY =0,

(18) AM =M,)Y -4M, =0,

(29) 9(1-%)—918+QN =0,

(20) y—yo?Bﬂ/lM =0.

From equation (17), we have

_A-aY

(21) ="

From equation (18), we have

22) M, =AMV
g+ Y

From equation (20), we have
K

(23) B=—(y+yM).
Y

From equation (19), we have

{9_ ele_'_ rl(A_aY):|
Yo d
9, 0Ky
L Yo

24) M=
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From equation (16), we have

|:0_€1Ky+ rl(A_aY)i|

A-(a+d)Y AY Yo d B _

SIE }{(%MY)} o oKy vraravEe
L %

Now we assum¥ # 0, then we have
_BKy  rn(A-aY)

o
_ TA-@+dy] A { Yo d }_ _
(26) F(Y)—ﬁ[ ] }{(HOHWU Q+91KV1 (v+a+d)=0.

L%

From equation (26), we note the following:

(i)  F(0)>0 provided condition (4) is satisfied

(i) F(a'jdj<0,

(i) F'(Y)<o0.

Thus there exists a unique positive rd0tof the equation (26), if condition
(5) is satisfied. Using this value ¥f in equation (24), we get positive value
of M (sayM’) if the condition (6) is satisfied. From equati@i)-(23) we
can get positive values ofN,M andB. Thus the equilibrium
E'(Y,N ,M,,M ,B) exists if conditions (5) and (6) are satisfied.

4. Stability Analysis

4.1 Local Stability: In this section, we investigate the local stabibfy
the equilibria E,, E,,E,,E,,E, and E by determining the sign of the
eigenvalues of Jacobian matrix corresponding toh eaguilibria. The
Jacobian matrix for the model (2) is
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—a, IBMi B(N-Y) O 0

-a -d 0 0 0
J=|AM=-M,) 0 -a, AY 0
0 nM 0 a,, —-OM
0 0 0 B  a,
where
26M
a; =M, +(d+v+a), az=AY+6, a44:9_T_ng+r1N
and
2y.B
=y =T M.

Let J,, J,, J,, J;, J, and J° be the variational matrices evaluated at
E,, E,, E,, E,, E,and E  respectively.

Theorem 1: Theinequalities

(27) BEAAN' =Y (M =M} <§W +6,Y (BM; +d+v +af
and
(28) 3ak, (A2 Y 2) < 4d MG (AY” +6,)

imply that E” islocally asymptotically stable.

Proof : To prove this theorem we use Liapunov Linearizatitethod.
Let

Y=Y +y,N=N +n,M, =M, +m ,M =M +m andB=B"+b,

where y, n,m ,mand bare small perturbations around the equilibriém
Using the following positive definite function

1 k, k k k
V=ovi+anp2yfogey 3*m2+—“*b2,
(29) 2 7 2 M B
where k (i =1,2,3,4) are positive constants to be chosen appropriately.

Differentiating (29) with respect tot' and using the linearized system
corresponding tcE” we get
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V==(BM; +d+v+a)y* —kdn® —k,(AY" +8,)nt - kﬂmz +k“y°b2+[,6’M

(30)
—kalyn+[ AN =Y) +A(M" =M ) k] ym +kAY mm +k3r1nm*{ K.y, —k,6] bm
Choosing klz’BT'\Y/" and k4=%, we have the linearized system
1
corresponding tcE” as
AM . d

o * kO K8y,
V=-(8M’"+d 2 — -k (AY +8 -2 —-—210p?
- (BM; +d+v+a)y = Y+ - =
+ BN =Y )ym +k A(M =M )ym +kAY mm-+k;r,nm

V will be negative definite if the following conditis are satisfied
(328) BN =YY <ZkUY +8)(BM; +d +v+a),
(320)  kA'(M =M} <Z(Y +G)(AY +d+v+a),

32c)  kAY?< Zkagw +8),

2dgBM !

32d kr?
(2d) kgt =

From inequalities (32a) and (32b), we can get aitigesvalue of
k, provided the condition (27) holds. Further from thequalities (32c) and

(32d), we can get a positive valuelgf, provided the condition (28) holds.

4.2 Global Stability: To establish the non-linear stability of the
equilibrium E” we employ Liapunov's stability theory and obtaie th
following results regarding the global stabilityexduilibrium E” .

Theorem 2: The equilibrium E™ if exists, is globally asymptotically
stablein @2, provided

(33) LANN =Y (M™ =M} <gﬁoz(d +v+a),

and
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(34) m,(ALr,A)? <4/3M' 46,62
Proof : Let us consider the positive definite function

W=t -y e M NNy + MM, MY

(35) 2 2
R M R B
+nE(M _M _M Inwj+m4(B_B _g Ingj,

wherem (i =1,2,3,4) are positive constants to be chosen appropriately.
Differentiating w with respect ta along the solution of model (2), we get
(36) W=—[AM, +d+a+v](Y-Y")? ~md(N-N")-m,(8, + A)(M, -M,’)?
~BO M -m - (B-B P + SN - Y=Y )M, - M)
+MAM =M )Y =Y )M, =M ) +mAY(M =M )(M, =M )
+[AM, -ma](Y =Y )(N-N)+mr(N-N )M -M")
+[m4y1—m01](M -M")(B-B).

ﬁ _ MG

14
inside the region of attractio if the following conditions are satisfied

andm,

Choosingm, = , W can be made negative definite

(37a) BE(N =YY < H(d+v+a)
37b)  mAAM -M", )y <390(d+u+a),

(37c) rnz/]2—<3—rr56?6? [AY +6,+6C, +d ]

(37d) myr? < Emldé?.

From inequalities (37a) and (37b), we can get atigesvalue of m,

provided the condition (33) holds. Further, frone timequality (37c¢) and
(37d), we can get the positive valuerof provided (34) holds.
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5. Numerical Simulation

To confirm the analytically obtained resuld to illustrate the
dynamical behavior of the system, numerical simoahas been carried
out using MATLAB 7.0.5. We have taken the followisgt of parameter
values in model (2):

A=100,3= 0.00002j= 0.0k= 04= 0.000k 0.0@E 68, 0.31
£=0.1L=100004 = 0.000,= 0.000% O0.&1= 1000G @.2 .00001

For the above set of parameter values it may bekelkethat the condition

of existence of endemic equilibriunE’is satisfied. The equilibrium
components are found as follows:

Y*=2006.0605N" = 9979.9398|, = 1384.94RM,= 5527@ B = 6527.217¢
The eigenvalues of the Jacobian matrix correspgntinthe equilibrium

E for the model (2) are-0.8886,-0.0497,-0.0101, -0.0602+0.98 and
-0.0602-0.1899i

8000

560606606
A 5-o6-¢g

7500 =

7000 -

6500 -

Mosquito population M(t)

5000 L et / . .
2000 3000 4000 5000 6000 7000 8000 9000 10000
Bacteria B(t)

Figure 1: Nonlinear stability of(M", B")in M - B plane.
We note that the three eigen valuesipfare negative and the other two

eigen values have negative real parts. Hencehéoabove set of parameter

values the endemic equilibriurk™ is locally asymptotically stable. With
these parameter values, the solution trajectofié¢seomodel (2) have been
drawn in figure 1 with different initial starts. ¢ this figure, we may see
that all the trajectories initiating inside the imy of attraction are

approaching towards the equilibrium poigM*,B"). This shows the non-
linear stability behavior of the endemic equilibritE™ in M™ - B plane.
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The variation of infective human populatiod(t) and infective
mosquito populationM, (t) with respect to time for different values of

rate of transmission of susceptible human populatm infective human
population S and the rate of transmission of susceptible masqui

population to infective mosquito populatioh are shown in figures 2 and 3

respectively.

RitesmBay and P. N. Pandey
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Figure 2: Variation of infected human population and infecte
mosquito population with time for @ifént values of3.
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Figure 3: Variation of infected human population and infekcte

mosquitpopulation with time for different values adf
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These figures, illustrate that as the rdtéramsmission of susceptible
human population to infective human population atiee rate of
transmission of susceptible mosquito populationirtfective mosquito
population increase, infective human populatk{t) and infective mosquito

population M, (t) both increase.

2800 2000
2600 —— 0,=0.0001 —%— 6,=0.0001
6,=0.00011 1800 6,=0.00011 |
2400 = 1 =
—+— 6,=0.00012 . 1600 —A— 0,=0.00012| |
2200 - —e—0,=0.00013| | F —o— 6,=0.00013
= =
= S 140 %*H—*—Hﬁk—*—*—*—*—k
>=- 2000 - O S I 0
s A =
2 o+ =3
= 1800t g8 1200
g 2
< 1600 E
[ o
% | g 1000
2 1400 £
£ £ 800
1200 - £
= 600
1000
800l 400

600 200
o 50 100 150 o] 50 100 150

Time (t) Time ()

Figure 4: Variation of infected human population and infelcheosquito
population with time for different values &f
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Figure 5: Variation of infected human population and infelcte
mosquito population with time forféifent values of);

The variations of infective human population(t)and infective
mosquito populationM, (t) with respect to timetfor different values of
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growth rate coefficient of insecticides due to mogmg population gand
decay rate due to uptake by mosquito of the chdsgcare shown in

figures 4 and 5 respectively. From these figuiteis apparent that as the
depletion rate coefficient of mosquito populatiamedo insecticidegand
growth rate coefficient of insecticides due to mosy population
gincrease, infective human populatioiY(t)and infective mosquito
populationM, (t) decrease.

8000

—s— r,=0.00009
6000 |- r,=0.0001 4 7000 r,=0.0001

—s— r,;=0.00009

—+— r,=0.00013 —A— r,=0.00013
—— r1=0.00016

o
Q
]
o

—oe—r,=0.00016| 1

5000 -

5000

4000

3000

Infective Population Y(t)

2000

Infective mosquito population Mi(f)

1000 |

100 150 o] 50 100 150
Time (1) Time (t)

Figure 6: Variation of infected human population and infelcheosquito
population itme for different values of,

6. Conclusions

In this paper, a nonlinear mathematical mottel malaria is
proposed and analyzed. Equilibria of the modelfammd and stability
behavior of these equilibria is discussed usingiatianal matrix
method. It is found that with the introduction ofegdatory fish, the
equilibrium level of larva population decreases ahhicauses the
decrease in the population level of mosquito pdpraand this
decreases the basic reproduction number. Ther#ieratroduction of
Larvivorous fish has positive impact in controllitige transmission of
malaria. Further, numerical simulation is performedlemonstrate the
analytical results. Finally this model is extendedinclude optimal
control by introducing a time dependent control apaeter
corresponding to biological control. The optimalgystem is solved
using Runge-Kutta fourth order metho@ ™ 1. Results of numerical
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simulation are demonstrated using the control pldtech reflects the
decrease in vector as well as infected human pbpnla the optimality
system. We found that under some conditions thegmitus population
may present in the atmosphere but the infected hupmgulation is
zero. This suggests that under these conditiores,nthlaria can be
eradicated from the community. It is also foundttttee number of
infected individuals decreases as the rate of doirbon of Larvivorous
fish increases. Furthermore it is found that immuign rate of
susceptible class makes disease more endemic. Mam&mulation is
performed to demonstrate the analytical results.
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