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Abstract: Theory of matrices is an integral part of algebra as well as theory
of equations. There are so many applications of matrices, for this reason we
thought of studying bi-complex matrices. The monograph by Price’ contains
few exercises pertaining to matrices with bi-complex entries. In this paper
we discussed the method to find out eigen vectors of bi-complex matrices
and also proved a result on eigen vectors of bi-complex matrices.

Keywords: Bi-complex matrices, Bi-complex polynomial, eigen vector,
Fundamental Theorem of Bi-complex Algebra.

Symbols: Cy : set of real numbers, C,: set of complex numbers, C,: set of
bi-complex numbers.

1. Introduction

1.1. Definition of Bi-Complex Matrix:

Let A=[&,] . be a bi-complex matrix that is a matrix having bi-
complex number entries.

511 gln
A= .. .. .| §,€Clsp<m &1<q<n.

§lm ‘):Zmn
Or
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Zg LW, Z, +1,W,, Z, LW,
221 + |2W21 222 + |2W22 22n + |2W2n
A =
_Zml + |2W21 Zm2 + |2Wm2 Zmn + |2er.| ]
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A = + I2 1
_Zml Zm2 Zmn _Wml Wm2 Wmn B
where z,,, &w,,, €C,.
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Or A=| . o
_Xml Xm2 an yml ym2 ymn
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Uy Uy Us, Vor Vo Van
O o O
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Where X, Yo Um & Vi, €Cy aNd Z,, =X, +1Y s W =U, +iV,

Every bi-complex matrix A=[&, ] ~ can be expressed uniquely as (In
terms of Idempotent components):

1A, + *Ae,,

where 'A=["¢,, | and *A=[ %, |
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The idempotent representation of any bi-complex number is given by
Srivastava®.

1.2 . Algebraic Structure of Bi-Complex Matrices:

Let S be the set of all square matrices of order nxn define the binary
composition of addition, real scalar multiplication & multiplication as
follows:

If
Su G2 o - Thy Ty - - Thy
Sn Sn - - & Moy M+ = Ty
_§n1 gnz R énn_ 1 Th2 = T |

are arbitrary member of S then

_511"'7711 G2ty e §1n+771n_
St Sty o o Son +1y

A+B= ,
_§n1+77n1 §n2+77n2 é:nn+77nn_
_aé‘ll a&, .. .. afln_
ASy ASyp o o OGy,

aA=
asy e, . o ady |

and

_5117711+---+§1n77n1 Suthy + -+ Sz - é:llnln+"'+§ln77nn_

Syttt Sy Sortho +oot oty o Soafhg + ot Soplin
AB =

| Syt et Sty Sutha +oot&nllna o Soafhin + ot Sl |

with these binary compositions S is an algebra.
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1.3. Some Properties of Bi-Complex Matrices:

(1) If A is any bi-complex square matrix of order n then det(A) and
determinant of transpose A are equal.

(2) A & B are two bi-complex matrices of order n such that B is obtained
from A by interchanging any two row /column of A then |Al=—|B|.

(3) If any one of row /column in a square bi-complex matrix has each
elementin O, =1, U, then matrix will be singular or non-invertible.

Proofs of these results are straight forward?

2. Bi-Complex Polynomial

The polynomial of the form P(¢&) =Zak§k where ¢, & €C, is called bi-
k=0
complex polynomial in C,.

Zeros of bi-complex polynomial if P(§O) =0 for some &, then we say that
&, is a zero of this bi-complex polynomial P(&,)=0.

Fundamental Theorem of bi-complex algebra:

Theorem 2.1: A bi-complex polynomial of degree n with non-singular

leading coefficient has exactly n? roots counted according to their
multiplicities.

Theorem 2.2: If no two roots of P(&,)=0 are equal then P(&,)can be
factored into linear factors in n! essentially different ways®.

3. Characteristic VValue Problem

Given a square bi-complex matrix A of order n, the problem is how to

determine the scalar 4 and non-zero vector X which simultaneously
satisfy the equation.

(3.1) AX = AX

This is known as characteristic value problem.
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X
Xz
Let A=[&,,] ., and X =

X

n

Since AX = AIX, equation (3.1) can be written as

PR | I A 0 . 0Ofx

Vo | _ 0 4 .. 0x%

T RS 0 .. .. 4]x,
or

L R [

Sn Sp—A . Son X, _

En o E A X 0
or
(3.1) (A-A1)X =0.

This is homogenous system of linear equations whose coefficient matrix is
(A—A41). Since a non-zero vector X is required, it is necessary for this

coefficient matrix to have determinant equal to zero i.e., |A—41|=0.

4. Definitions

Characteristic equations:
The equation |A-Al[=0 ie., ['A-"Alle+|’A-?4lle,=0, is called
characteristic equation of A.

Characteristic matrix:
The matrix (A-Al)=(*A-"21)e,+(?A-4l)e,, is called characteristic
matrix of A.
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Characteristic polynomial:

The expansion of determinant |A—Al| yields a polynomial in A, P(4)
which is called characteristic polynomial of matrix A.

Eigen values of bi-complex matrix A :

By fundamental theorem of bi-complex algebra we know that a bi-
complex polynomial of degree n has n’? roots in C, so by idempotent

combination of roots of |'A—'41|=0 & |*A—?41|=0, we get the roots of bi-

complex matrix A and these n? roots are called eigen values of bi-complex
matrix A.

If no two roots of P(1)=0 are equal then P (1) can be factored into linear
factors in |n essentially different ways'.

3.1. Eigen Vectors of a Bi-Complex Matrix A :
Definition: Let

X S - - S
X = X, & A Exp e e Eop .
Xn énl ‘fnn

If 4 isan eigen value of A, then 3 anon-zero vector X s.t. AX =AX or
[A—41]X =0& this equation has non trivial solution for X, every such
solution for X (nontrivial) is called eigen vector of A.

3.2. Now we proceed to find eigen vectors of bi-complex matrix A:

A= |:§ll 512 :| ,
521 §22

S 612+ 6,62 €G-

Let

where

In terms of idempotent A="'Ae + *Ae,,
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o Fﬂ éﬂ{i@ ie:u}eﬁ[jén 5}
S Sz Sn Sz S on
where 'A & ?A & are complex idempotent matrices of bi-complex matrix

A having eigen values '4,'4, & 24, °4, (Dixit’) eigen vector corresponding
to roots 4, is obtained by solving

(3.3) (*A='41)X, =0

This is a homogenous system of linear equation; whose coefficient matrix is
(1A—lﬂll) and since non zero vector X, is required it is necessary for this

coefficient matrix to have determinant equal to zero i.e. ‘1A— 2, ‘ =0 and we
obtained non trivial solution for X,.

So from (3.3)
G- &, % | (0
l521 16622 - 111 %2 ) {0} .

Since |'A—41|=0, so we obtain system of one linear equation i.e.

(1511 - 1/11))(1 + 1512)(2 =0

Take x,=k,, where k, arbitrary then x, = ﬂ o)
(1511 = ’11)
'1512]{2
X, = (1511 '1/11) .
kZ

Similarly, we obtain *X, corresponding to root ‘i, and *X, & °X,
corresponding to root 24, & %1, respectively.

So the eigen vectors of bi-complex matrix A can be obtained by linear
combination of these eigen vectors of complex matrices 'A & °A i.e.
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suppose Y,, Y,, Y; & Y, are representing eigen vectors of bi-complex
matrix A then

Y, ='X.e + X8,

Y, ='X.e + 2X,8,,

Y, =X,e + *X.8,,

Y, =X, + 2X,8,.

3.3. Generalized Result for n x n Bi-Complex Matrix:

Theorem 3.3: If 1, & u, are two distinct eigen values of an n-square
matrix A, and Y, and Y, are non-singular eigen vectors associated with
these eigen values respectively then Y, and Y, are linearly independent.

Proof: Since Y, & Y, are eigen vectors corresponding to the eigen
values , and u, of the matrix A, we have

(3.4) AY, =Y, & AY,=uY,.
Let x & y be scalars such that
(3.5 XY; +YyY,=0.
Pre-multiplying by A, we obtain
x(AY,)+Yy(AY,)=0,
by (3.4), we have
x(4Y,)+y(1Y,)=0,
from (3.5) yY, =—xY, ,so
XY, + 1, (—xY;) =0,

i.e. X(,ul—,uZ)Yl=0,
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but sz = u,, by hypothesis and since Y, is eigen vector so Y, #0 hence
x =0 similarly we have y=0 so from (3.12) it follows that Y, & Y, are
linearly independent.

5. Conclusion

In this paper we have obtained eigen vectors of bi-complex matrices
corresponding to distinct and non zero eigen values. Furthermore, we have
proved a generalized result on eigen vectors of matrices in C,.
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