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1. Introduction

In 1924, A. Friedmann and J. A. Schouten introduced the idea of semi-
symmetric connection on a differentiable manifold. In 1932, H. A. Hayden
studied semi-symmetric metric connection on a Riemannian manifold and it
was further studied by K.Yano', G. Pathak and U. C. De?, U. C. De and S.
C. Biswas’, R. N. Singh and K. P. Pandey”, R. N. Singh and M. K. Pandey",
L. Das, U. C. De, R. N. Singh and M. K. Pandey6 and others. Nirmala S.
Agashe and Mangala R. Chafle’ have studied semi-symmetric non-metric
connection on a Riemannian manifold in 1992 and studied some of its
properties. In this paper, we studied the properties of semi-symmetric non-
metric connection and semi-symmetric non-metric T-connection in a co-
symplectic manifold.

2. Preliminaries

An n-dimensional differentiable manifold M " is an almost contact
manifold, if it admits a tensor field F of type (1, 1), a vector field U and 1-
form u satisfying

@.1) () X +X=uX)U, (i) U =0,
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where X = FX. Equation (2.1) (i) and (2.1) (i) gives
(2.2) (1) u(}) =0, ) uwU) =1,

where X is any vector field.
An almost contact manifold M" in which a Riemannian metric g of type (0,
2) satisfies

23) () gX.Y)=gX Y)-uXu(Y), @) gX U)=uX),

for arbitrary vector fields X and Y, is called an almost contact metric
manifold®. The 2-form 'F is defined by

FX, Y)=g(X,Y),

satisfies B B
(2.4) D'FX, Y)=g(X,Y)=-gX, ¥)=-F(, X),

() 'F(X,Y)='"FX, Y).
An almost contact manifold satisfying the conditions
(2.5) (VxF)=0 < (VXF)Y,Z2)=0,

is called a co-symplectic manifold®.
From equations (2.1) and (2.5) we can easily prove that

(2.6) (Vxu)Y)=0.
An almost contact metric manifold M" for which
(2.7) (VxE)Y(Y)=0 < (VxF)Y +(VyF)X=0,

is satisfied, is called a nearly co-symplectic manifold®.

An affine connection V' on (M", g) is semi-symmetric non-metric
connection if the torsion tensor T~ of the connection V" and the metric g of
the manifold satisfies the following conditions’

(2.8) T'(X, Y) = uX)Y - u(¥)X,

(2.9) (V x@(Y, 2) = 2{u(Y)g(X, Z) + u(Z)g(X, Y)},

for arbitrary vector fields X ,Y and Z.
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The relation between the semi-symmetric non-metric connection V and
Riemannian connection V is given by’

(2.10) VXY = VxY -u(Y)X - gX, Y)U.

3. Some Theorems on a Co-Symlectic Manifold
with Connection V

In a co-symplectic manifold M" with a semi-symmetric non-metric
connection V  given by equation (2.10), we define

G @ 'F(Y,Z)=g(Y, 2),
i) 'TXY,Z2)=gTXY)2),
(iii) H(X, Y) = -u(Y)X - gX, Y)U,

(1v) 'HX,Y,Z)=gH(X,Y), 2).

Theorem 3.1 A co-symplectic manifold M" equipped with a semi-
B3
symmetric non-metric connection V  satisfies the relations

(i) (VxF)Y =(VxF)Y-u¥)X,
(ii) (V' x F)(Y) = 0 if and only if 'F(Y, X)U = u(Y) X .

Proof: In view of equation (3.1)(iii) equation (2.10) becomes
VXY = VxY + HX, Y).
From equation (2.10), we have
(3.2) VxY =VxY - gX, Y)U,

which gives

(33) (VxB)Y=(VxF)Y HV,Y)- gX, Y)U-(V'xY).
Operating F on both sides of the equation (2.10) and using (2.1)(ii), we get

(34) (VxY)=(V,V)-uY)X.

Now using equations (2.5) and (3.4) in equation (3.3), we get
(3.5) (VXE)Y)=u(Y)X -g(X, Y)U.

Barring X and Y in equation (3.5) and using (2.1)(i), we get
(3.6) (VxF)(Y)= g(X,Y)U.
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From equations (3.5) and (3.6), we have
(V'3F)(Y)=(V'xF)Y —u(Y) X .

Again from Equation (3.5), it is clear that (V*X F)(Y) = 0 if and only if
uY)X -gX, Y)U=0,ie. 'F(Y,X)U=u(Y)X.
This completes the proof.

Theorem 3.2 A co-symplectic manifold M" with semi-symmetric non-
*
metric connection V  satisfies the relation

d" 'F(X, Y, 2) = 2[uX)g(Y, Z) + wY)g(Z, X )+ u(Z)g(X, Y)].

Proof: Differentiating equation (3.1)(i) covariantly with respect to V°,
we have

(3.7) (V'XF)Y,Z2)=(V 'xe)Y,Z)+g(V xFY, Z).

Using equations (2.9) and (3.5) in above equation, we obtain

(3.8) (VXF)Y, Z) = u(Z)g(X, Y ) + u(V)g( X, 2).

Define

k *

(3.9 dFXY,2)=(VYF)Y.Z)+(VYFNZX) +(V F)X ).
Thus from equations (3.8) and (3.9), we have

d 'F(X. Y, 2) = 2[u(X)g(Y, Z) + u(M)g(Z, X ) + u(Z)g(X, Y)].
This completes the proof.

Theorem 3.3 In a co-symplectic manifold M", the semi-symmetric non-
metric connection given by equation (2.10) satisfies the conditions

() (V'XF)Y, Z) =0,

(i) (V YF)(Y, Z) = [uX)u(Y) - g(X, Y)u(Z),
(iii)) (V' F)Y,Z) +(V, 'F)(X,Z) = 0,

(iv) (V3 'F)X,Z)- (V3'F)X,Y) =T (X, Y, 2).
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Proof: (i) Differentiating equation (3.1)(1) covariantly with respect to
connection V *, we have

(V'XE)Y, Z)+'F(V XY, Z) + "F(Y,V 'x2)
= (VY. 2) +g(V'xY,Z2) + ¥,V x2).
Using equations (2.5), (2.9) and (2.10) in above equation, we have
(3.10) (V'XF)Y, Z2) =u@)g(X, ).
Barring Z in above equation and using (2.2)(i), we get
(V'XF)(Y, Z)=0.
(i1) Barring Y in equation (3.10) and using (2.1)(i), we get
(3.11) (VXFXY, Z) = [u(X)u(Y) - g(X, V)]u(2).

(ii1))Again barring X in equation (3.11) and using equation (2.2)(i), we have
(3.12) (V'3'F)(Y,Z)=u@)gX, Y).
Interchanging X and Y in above equation, we get
(3.13) (V.F) (X, Z)=u@)gY, X).
Now from equations (3.12), (3.13) and (2.4)(i), we have
(V' F)Y,Z)+(V,'F)(X,Z2)=0.

(iv)Barring X in equation (3.10) and using equation (2.3)(i), we have

(3.14) (V} 'F)Y,Z2)=u(Z)[g(X,Y) uX)u(Y)].

Writing two more equations by cyclic permutations of X, Y and Z from
equation (3.14), we get

(V3 F)Z, X)=uX)[g(Y, Z) — u(Y)u(Z)]
and

*

VA

(V7' F)X,Y)=uY)[g(Z, X) —uw@Z)uX)].
Thus (V,'F)(X,Z)- (V' 'F)(X.,Y) = uX)g(Y, Z) - u(Y)g(X, Z)

=T'(X,Y, 2).
This completes the proof.
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Theorem 3.4 A co-symplectic manifold M" with a semi-symmetric non-

metric connection V" satisfies the condition (V *Xu)( ?) =-F(X, Y).

Proof: We have
u(y) = g(Y, U). *
Taking covariant derivative of above equation with respected to V , we
have

(Vxu)Y +u(V'xY)=(V xg)Y,U)+g(V XY, U)+ g(Y, V 'xU),

which on using equations (2.9) and (2.10), reduces to

(3.15) (V xu)(Y) = u(X)u(Y) + g(X, Y).

Now barring Y in above equation and using equation (2.2)(i), we obtain
(Vxu)(Y)=-g(X,Y)=-FX,Y).

This completes the proof.

4. Nijenhuis Tensor

The Nijenhuis tensor N in terms of semi-symmetric non-metric
connectionV " is given by®

4.1) N'X,Y)=(VEF)Y - (ViF)X - (VxF)Y + (VyF)X .

Theorem 4.1 A co-symplectic manifold M" eqquiped with semi-
symmetric non-metric connection V “is integrable.

Proof: Barring X in equation (3.5) and using equations (2.1)(i) and
(2.3)(1), we get
(4.2) (VZFHY)=2uX)u(Y)U -u(Y)X - g(X, Y)U.
Interchanging X and Y in above equation, we get
(4.3) (VHYF)X) =2uX)u(Y)U —u(X)Y — g(X, Y)U.

Operating F on both sides of equation (3.5) and using equation (2.1), we get

(4.4) (V' F)Y) = -u(Y)X + uX)u(Y)U.
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Interchanging X and Y in above equation, we obtain
(4.5) (V',F)(X) = -uX)Y + u(Y)uX)U.
Using equations (4.2), (4.3), (4.4) and (4.5) in equation (4.1), we get

N'(X,Y)=0,

which shows that M" is integrable.
This completes the proof.

5. Contravariant Almost Analytic Vector Fields on a
Co-Symplectic Manifolds

A vector field V is said to be contravariant almost analytic, if the Lie-
derivative of F with respect to V vanishes identically, i.e.
(5.1) (LvF)X =0,

for all X. The equation (5.1) is equivalent to the equation

[V, X1=[V.X].
In a co-symplectic manifold, the above equation becomes
V}V—VXV =0 if and only if V}V +VxV=0.

Theorem 5.1 If a vector field V is a contravariant almost analytic with
respect to Riemannian connection Von M" equipped with semi-symmetric
non-metric connection V , then

* *

V' V=V 7 =-g(X,V)U=-F(X, V)U.

Proof: From equation (2.10), we have

(5.2) V'xV=VxV-uV)X - gX, V)U,

for any vector field V. Barring X in above equation, we get
(5.3) Vil = V¥V —u(V)X — g(X,V)U.

Operating F on both side of equation (5.2), we have
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(5.4) ViV =V, V -uV)X.

Subtracting equation (5.4) from equation (5.3), we get

(5.5) V%V -Vl =V V -V, V -g(X,V)U,

since V is contravariant almost analytic with respect to connection V, we
have

ViV -V, =0= V%V - VsV =-g(X,V)U=-F(X, V)U.
This completes the proof.

6. Curvature Tensor of Semi-Symmetric
Non-Metric Connection V

Let R” be the curvature tensor of co-symplectic manifold M" with
respect to semi-symmetric non-metric connection given by equation (2.10),
then we have

(6.1) R'(X,Y)Z=V'xVYZ-VyV'XZ- V x vZ.
From equations (2.6), (2.10) and (6.1), we have

62) R'XY,Z2)=R(XY,Z)+egY,2)X - X, 2)Y + uY)uZ)X
~uX)u2)Y + [uX)e(Y, Z) - u(Y)g(X, Z)]U.

From above equation, we have

(63) R'(X,Y,Z, W)="R(X,Y,Z W)+ g, 2)gX, W)-g(X, Z)g(Y, W)
+u(Y)u)gX, W) - u(XuZ)g(Y, W) + uXu(W)e(Y, 2)
- u(Y)u(W)g(X, 2),

where R'(X, Y, Z, Wy=g(R'(X, Y, Z), W) and 'R(X, Y, Z, W)=g(R(X, Y,
7),W).

Putting X = W = ¢; in equation (6.3) and taking summation overi, 1 <i<n,
we get .
(6.4) Ric (Y, Z) =Ric(Y, Z) + ng(Y, Z) + (n-2)u(Y)u(Z).

From above equation, we have
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(6.5) r =1+ (n-1)(n+2).
Projective curvature tensor P and Conformal curvature tensor C of the
manifold M" are given by

6.6) PX Y,Z)=R(X,Y,Z)- ﬁ[Ric(Y, Z)X - Ric(X, Z)Y]
e

and

6.7 CX Y,Z)=RX,Y,Z)-

! - [Ric(Y, Z)X - Rie(X, )Y + g(Y,

2)QX - g(X, 2)QY] + [e(Y, 2)X - g(X, 2)Y].

r
(n=1(n-2)
Dig/ergence of the curvature tensor of a Riemannian manifold M" is given
1(337.8) (divR)(X, Y, Z) = (V xRic)(Y, Z) - (VyRic)(X, Z).

A manifold M" is called R-harmonic'? if

(6.9) (divR)(X, Y, Z) = 0.

Divergence of the conformal curvature tensor C is given by’

(6.10)  (divC)(X, Y, Z) = % [V xRic)(Y, Z) - (V yRic)(X, Z) ] -

1
2(n-1)

[e(Y, Z)dr(X) - g(X, Z)dr(Y)].

A Riemannian manifold M" is said to be conformally conservative'’, if
(6.11) (divC)(X, Y, Z)=0.

Theorem 6.1 In a co-symplectic manifold M", Bianchi's first identity with
respect to semi-symmetric non-metric connection V  is given by

RXY,2+R(V,ZX)+R(ZXY) =0,
Proof: Writing two more equations by cyclic permutations of X, Y and Z

from the equation (6.2) and adding them to equation (6.2), we get the
desired result.
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Theorem 6.2 A co-symplectic manifold M", with semi-symmetric non-
metric connection V , satisfies the relations

(i) R'(X, Y, Z, W)+ R'(Y, X, Z, W) =0,
(i) R'(X, Y, Z W)+ R'(X, Y, W, 2) =0,
(ii) R'(X,Y,Z W)= R(Z W, X, Y).
Proof:

(1) Interchanging X and Y in equation (6.3) and adding it to equation
(6.3), we obtain required result.

(i1) Interchanging Z and W in equation (6.3) and adding it to equation
(6.3), we have the required result.

(ii1)Interchanging the pair of slots in equation (6.3) and using the fact
that 'R(X, Y, Z, W)="R(Z, W, X, Y), we get the required result.

Theorem 6.3 In a co-symplectic manifold M" the Ricci tensor of semi-
B3
symmetric non-metric connection V is symmetric.

Proof: Interchanging Y and Z in equation (6.4), we get
Ric'(Z, Y) =Ric(Z, Y) + ng(Z, Y) + (n-2)u(Y)u(Z)
=Ric'(Y, 2).

Theorem 6.4 If the Ricci tensor of the semi-symmetric non-metric
*
connection V  in a co-symplectic manifold M" vanishes, then the manifold
is quasi-Einstein manifold.

Proof: If Ric'(Y, Z) = 0 then from equation (6.4), we have

Ric(Y, Z) = ng(Y, Z) - (n-2)u(Y)u(Z)
=ag(Y,Z)+bu(Y)ul2),

where a = -n and b = -(n-2),

which shows that manifold is quasi-Einstein manifold.

Theorem 6.5 If the Ricci tensor of the semi-symmetric non-metric
*
connection V  in a co-symplectic manifold M" vanishes, then the manifold
is R-harmonic and conformally conservative.
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Proof: If Ric'(Y, Z) = 0 then from equation (6.4), we have
Ric(Y, Z) = ng(Y, Z) - (n-2)u(Y)u(2),
from which, we get
(6.12) (VxRic)(Y, Z) = -n (Vxg)(Y, Z) - (n-2) (Vxu)(Y)u(Z) - (n-2)u(Y)
(Vxu)(2).
Using equation (2.6) in above equation, we get
(6.13) (VxRic)(Y,Z)=0.
Also from equation (6.5) and the condition Ric (Y, Z) =0, we get
(6.14) dr(X) =0.

Using equations (6.13) and (6.14) in equations (6.8) and (6.10), we get the
required result.

7. Projective Curvature Tensor of the Semi-Symmetric
Non-Metric Connection V°

Projective curvature tensor of co-symplectic manifold with respect to semi-
symmetric non-metric connection V is given by

(7.1) PX.Y,2)=R'(X,Y,Z)- (I—I)[Ric*(Y, Z)X - Ric'(X, Z)Y].
n —
Using equations (6.2) and (6.4) in above equation, we get

(72) P'(X,Y,2)=PX,Y,Z)- (1—1) [g(Y, 2)X - g(X, 2)Y -uY)u(Z2)X
n—

+uX)u2)Y] + [uX)g(Y, Z) - u(Y)g(X, 2)]U,

where P(X, Y, Z) is the projective curvature tensor of the co-symplectic
manifold M" with respect to the Levi-Civita connection V.

Theorem 7.1 In a co-symplectic manifold M" with semi-symmetric non-
*
metric connection V , we have

P'(X,Y,2)+ P(Y,Z X) + P\(Z X, Y) = P(X, Y, Z) + P(Y, 2, X) + P(Z,
X Y).
Proof: Writing two more equations by cyclic permutations of X, Y, Z

from equation (7.2) and adding them to equation (7.2), we get the required
result.
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Theorem 7.2 In a co-symplectic manifold M", if the curvature tensor of
the semi- symmetric non-metric connection is equal to the Weyl-projective
curvature tensor of the Levi-Civita connection, then the manifold is quasi-
Einstein manifold.

Proof: Let R’ (X, Y, Z) = P(X, Y, Z), which by using equations (6.2) and
(6.6), gives

Ric(Y, Z)X - Ric(X, Z)Y = (n-D[{g(X, Z)Y- &Y, Z)X + u(X)u(Z)Y -
u(Y)u(2)X}+ {u(Y)g(X, Z) - u(X)g(Y, 2)} U],

which gives

Ric(Y, Z)g(X, W) - Ric(X, Z)g(Y, W) = (n-1)[{g(X, Z)g(Y, W)

-g(Y, 2)g(X, W) + uXju(Z)g(Y, W) -u(Y)u(Z)g(X, W)+ {u(Y)g(X, Z)
-u(X)g(Y, Z)ju(W)].

Now putting X = W = ¢; in above equation and taking summation over i, 1<
1<n, we get

Ric(Y, Z) = ng(Y, Z) - (n-2)u(Y)u(2),

which shows that M" is a quasi-Einstein manifold.

7. Conformal Curvature Tensor of the Semi-Symmetric
Non-Metric Connection V

Conformal curvature tensor C of the co-symplectic manifold relative to
semi-symmetric non-metric connection V is given by

8.1 C(XY,2)=R'X,Y,2Z)- ( 12) [Ric' (Y, Z)X - Ric (X, Z)Y +
"

*

% * r
g(Y,2)Q X-g(X,Z)Q Y] + m

[e(Y, D)X - g(X, Z)Y].

Using equations (6.2), (6.4) and (6.5) in above equation, we get

82 C(X,Y,2)=CX,Y,Z)- % [g(Y, 2)X - g(X,2)Y]
n—

+[uX)g(Y, Z) - u(Y)g(X, Z)]U.

Theorem 8.1 A co - symplectic manifold M" with semi-symmetric non-
metric connection V  satisfies the condition
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CXY,2)+C(,ZX)+C(ZXY)=CXY,2)+CY,ZX +C(Z
X 7).

Proof: Writing two more equations by the cyclic permutations of X, Y
and Z from equation (8.2) and adding them to equation (8.2), we get the
required result.

Theorem 8.2 In a co- symplectic manifold M", if the curvature tensor
of the semi-symmetric non-metric connection is equal to the conformal
curvature tensor of the Levi-Civita connection, then M" is quasi-Einstein

manifold.
Proof: Let R’ (X, Y, Z) = C(X, Y, Z), then
(8.3) R'(X,Y,Z, W)="C(X,Y, Z, W),
where 'C(X, Y, Z, W)=g(C(X, Y, Z), W).
Using equations (6.3) and (6.7) in equation (8.3), we get
(8.4) &Y, 2)g(X, W) - gX, Z)g(Y, W) + [u(Y)g(X, W) - u(X)g(Y, W)Ju(Z)

+ [uXe(Y, Z) - u(MegX, )] w(W) = - [Ric (Y, 2)g(X, W)

(n-2)
-Ric(X, Z)g(Y, W) + Ric(X, W)g(Y, Z) - Ric(Y, W)g(X, Z)]

r
D=2y P W) - uXe(Y. Wlu(@).

Now, putting X = W = ¢; in above equation and taking summation over 1, 1<
1<n, we get

Ric(Y, Z) = -ng(Y, Z) - (n-2)u(Y)u(Z),

which shows that M" is quasi - Einstein manifold.
8. Semi-Symmetric Non-Metric T-Connection

If in addition to equations (2.8) and (2.9)

9.1) V.U =0or (V u)Y)=0,

hold for arbitrary vector fields X and Y, then the connection V" is said to be
semi-symmetric non-metric T-connection.
Also from equations (2.10) and (9.1), we have

(9.2) VU +X-uX)U=0 < gX, Y)+uX)u(Y) =0.
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From equation (6.2), we have

R'(X,Y,Z)=R(X, Y, Z) + [uY)u(Z) + g(Y, 2)I(X) - [uX)u(Z) +
gX, DY) + [&(Y, 2) uX) - g(X, Z) w(Y)]U.

In view of equation (3.14), above equation reduces to

(93) R(X,Y,2)=R(X,Y,2)+ (V,u) (D)X) ~ (V) (Z)(Y)
+g(Y, Z2) u(X) - g(X, Z) u(Y)]U.

From equations (9.1) and (9.3), we have

(94) R'(X,Y,Z)=R(X,Y,Z)+ [g(Y, Z2) u(X) - g(X, Z) u(Y)]U.

Contracting above equation with respect to X, we get
(9.5) Ric'(Y, Z) =Ric(Y, Z) + g(Y, Z) —u(Y)u(Z),
from which, we have

(9.6) r =r+(n-1).

Equations (9.4), (9.5) and (9.6) denote the curvature tensor, Ricci tensor and
scalar curvature respectively with respect to semi-symmetric non-metric T-
connection.

Theorem 9.1 In a co-symplectic manifold M", if the curvature tensor of
the semi-symmetric non-metric T-connection is equal to the Weyl-projective

curvature tensor of the Levi-Civita connection, then M" is quasi-Einstein
manifold.

Proof: Let Let R (X, Y, 2)=P(X, Y, Z).
Using equations (9.4) and (6.6) in above equation, we get
R(X,Y, Z)+[gY, Z) uX) - gX, Z) u(Y)]JU
=R(X,Y,Z)- ( ! ) [Ric(Y, Z)X - Ric(X, 2)Y],

n—1
which gives
Ric(Y, Z)g(X, W) - Ric(X, Z)g(Y, W)
=-(n-D[ (Y, Z) u(X) - gX, Z) u(Y)Ju(W).

Putting X = W = ¢; in above equation and taking summation over i, 1<1<n,
we get
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Ric(Y, Z) =-g(Y, Z) + u(Y)u(2),
which shows that M" is quasi-Einstein manifold.

Theorem 9.2 In a co- symplectic manifold M", if the curvature tensor of
the semi-symmetric non-metric T-connection is equal to the conformal

curvature tensor of the Levi-Civita connection, then M" is quasi-Einstein
manifold.

Proof: Let R’ (X, Y, Z) = C(X, Y, Z), then

9.7) R'(X,Y,Z, W)="CX, Y, Z, W),
where 'C(X, Y, Z, W) = g(C(X, Y, Z), W).

Using equations (6.7) and (9.4) in above equation, we get

[uX)g(Y, Z) - u(M)gX, Z)] u(W) = - 12 [Ric (Y, Z)g(X, W)

- Ric(X, Z)g(Y, W) + Ric(X, W)g(Y, Z) — Ric(Y, W)g(X, Z)]

.
+ —Dn-2) [e(Y, Z)g(X, W) - g(X, Z)g(Y, W)].

Now, putting X = W = ¢; in above equation and taking summation over i, 1<
1<n, we get
RiC(Ya Z) = _g(Ya Z)+ U(Y)U(Z),

which shows that M" is quasi - Einstein manifold.
Theorem 9.3 In a co-symplectic manifold M", the Ricci tensor of the
semi-symmetric non-metric T-connection is symmetric.
Proof: Interchanging Y and Z in equation (9.5), we get
9.8) Ric (Z, Y) =Ric(Y, Z2) + g(Y, Z) — u(Z)u(Y).
Subtracting equation (9.8) from equation (9.5) and using the fact that
Ric (Y, Z) =Ric (Z, Y), we get the desired result.
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1. Introduction

In 1924, A. Friedmann and J. A. Schouten introduced the idea of semi- symmetric connection on a differentiable manifold. In 1932, H. A. Hayden studied semi-symmetric metric connection on a Riemannian manifold and it was further studied by K.Yano1, G. Pathak and U. C. De2, U. C. De and S. C. Biswas3, R. N. Singh and K. P. Pandey4, R. N. Singh and M. K. Pandey5, L. Das, U. C. De, R. N. Singh and M. K. Pandey6 and others. Nirmala S. Agashe and Mangala R. Chafle7 have studied semi-symmetric non-metric connection on a Riemannian manifold in 1992 and studied some of its properties. In this paper, we studied the properties of semi-symmetric non-metric connection and semi-symmetric non-metric T-connection in a co-symplectic manifold.

2. Preliminaries

An n-dimensional differentiable manifold M n is an almost contact manifold, if it admits a tensor field F of type (1, 1), a vector field U and 1-form u satisfying 

(2.1)                        (i) 

[image: image1.wmf]X


 + X = u(X)U,
(ii) 

[image: image2.wmf]U


 = 0,





    
    


where 


[image: image3.wmf]X


= FX. Equation (2.1) (i) and (2.1) (ii) gives


(2.2)                        (i)
u(

[image: image4.wmf]X


) = 0,

(ii) u(U) = 1, 






    


where X is any vector field.






       


An almost contact manifold Mn in which a Riemannian metric g of type (0, 2) satisfies

(2.3)          (i)
g(

[image: image5.wmf]X


,

[image: image6.wmf]Y


) = g(X, Y) – u(X)u(Y), 
(ii)   g(X, U) = u(X),



    


for arbitrary vector fields X and Y, is called an almost contact metric manifold8. The 2-form 'F is defined by


'F(X, Y) = g(

[image: image7.wmf]X


, Y),


satisfies


(2.4)                  (i)
'F(X, Y) = g(

[image: image8.wmf]X


, Y) = - g(X, 

[image: image9.wmf]Y


) = -'F(Y, X),





    


                          (ii)
'F(

[image: image10.wmf]X


,

[image: image11.wmf]Y


) = 'F(X, Y).

An almost contact manifold satisfying the conditions

(2.5)
                (

[image: image12.wmf]Ñ


XF) = 0  

[image: image13.wmf]Û



(

[image: image14.wmf]Ñ


X'F)(Y, Z) = 0,




    

is called a co-symplectic manifold8.


From equations (2.1) and (2.5) we can easily prove that


(2.6)                     (

[image: image15.wmf]Ñ


Xu)(Y) = 0.









    


An almost contact metric manifold Mn for which


(2.7)               (

[image: image16.wmf]Ñ


XF)(Y) = 0   

[image: image17.wmf]Û


 (

[image: image18.wmf]Ñ


XF)Y + (

[image: image19.wmf]Ñ


YF)X = 0,





    


is satisfied, is called a nearly co-symplectic manifold8.


An affine connection 

[image: image20.wmf]Ñ


* on (Mn, g) is semi-symmetric non-metric connection if the torsion tensor T* of the connection 

[image: image21.wmf]Ñ


* and the metric g of the manifold satisfies the following conditions9

(2.8)
        T*(X, Y) = u(X)Y – u(Y)X,







    


(2.9)     (

[image: image22.wmf]Ñ


*X g)(Y, Z) = 2{u(Y)g(X, Z) + u(Z)g(X, Y)},




    


for arbitrary vector fields X ,Y and Z.


The relation between the semi-symmetric non-metric connection 

[image: image23.wmf]Ñ


* and Riemannian connection 

[image: image24.wmf]Ñ


 is given by9

(2.10)              

[image: image25.wmf]Ñ


*XY = 

[image: image26.wmf]Ñ


XY – u(Y)X –  g(X, Y)U.

3. Some Theorems on a Co-Symlectic Manifold 

                                 with Connection 

[image: image27.wmf]Ñ


*


In a co-symplectic manifold Mn with a semi-symmetric non-metric connection 

[image: image28.wmf]Ñ


* given by equation (2.10), we define

(3.1)        (i)               'F(Y, Z) = g(

[image: image29.wmf]Y


, Z),

               (ii)        'T*(X, Y, Z) = g(T*(X, Y), Z),


         (iii)              H(X, Y) = -u(Y)X – g(X, Y)U,


         (iv)          'H(X, Y, Z) = g(H(X, Y), Z).







  


Theorem 3.1
A co-symplectic manifold Mn equipped with a semi-symmetric non-metric connection 

[image: image30.wmf]Ñ


* satisfies the relations

(i)
(

[image: image31.wmf]X


*


Ñ


F)

[image: image32.wmf]Y


 = (

[image: image33.wmf]X


*


Ñ


F)Y – u(Y)

[image: image34.wmf]X


,


(ii)
(

[image: image35.wmf]X


*


Ñ


F)(Y) = 0 if and only if 'F(Y, X)U = u(Y)

[image: image36.wmf]X


.

Proof:
In view of equation (3.1)(iii) equation (2.10) becomes



                    

[image: image37.wmf]Ñ


*XY = 

[image: image38.wmf]Ñ


XY + H(X, Y).


From equation (2.10), we have


(3.2)
             

[image: image39.wmf]Ñ


*X

[image: image40.wmf]Y


 = 

[image: image41.wmf]Ñ


X

[image: image42.wmf]Y


 –  g(X, 

[image: image43.wmf]Y


)U,







    


which gives


(3.3)
 (

[image: image44.wmf]Ñ


*X F)Y = (

[image: image45.wmf]Ñ


XF)Y +(

[image: image46.wmf]Y


X


Ñ


) –  g(X, 

[image: image47.wmf]Y


)U - (

[image: image48.wmf]Y


X


*


Ñ


).



    


Operating F on both sides of the equation (2.10) and using (2.1)(ii), we get


(3.4)
    (

[image: image49.wmf]Y


X


*


Ñ


) = (

[image: image50.wmf]Y


X


Ñ


) – u(Y)

[image: image51.wmf]X


.







    


Now using equations (2.5) and (3.4) in equation (3.3), we get


(3.5)
 (

[image: image52.wmf]Ñ


*X F)(Y) = u(Y)

[image: image53.wmf]X


 - g(X, 

[image: image54.wmf]Y


)U.






    


Barring X and Y in equation (3.5) and using (2.1)(i), we get


(3.6)
(

[image: image55.wmf]X


*


Ñ


F)(

[image: image56.wmf]Y


) =  g(

[image: image57.wmf]X


, Y)U.










From equations (3.5) and (3.6), we have



              (
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*


Ñ


F)(

[image: image59.wmf]Y


) = (

[image: image60.wmf]Ñ


*X F)Y – u(Y)

[image: image61.wmf]X


.


Again from Equation (3.5), it is clear that (

[image: image62.wmf]Ñ


*X F)(Y) = 0 if and only if u(Y)

[image: image63.wmf]X


 - g(X, 

[image: image64.wmf]Y


)U = 0, i.e.
'F(Y, X)U = u(Y)

[image: image65.wmf]X


.


This completes the proof.

Theorem 3.2
A co-symplectic manifold Mn with semi-symmetric non-metric connection 

[image: image66.wmf]Ñ


* satisfies the relation


d* 'F(X, Y, Z) = 2[u(X)g(Y, 

[image: image67.wmf]Z


) + u(Y)g(Z, 

[image: image68.wmf]X


) + u(Z)g(X, 

[image: image69.wmf]Y


)].

Proof: Differentiating equation (3.1)(i) covariantly with respect to 

[image: image70.wmf]Ñ


*, we have


(3.7)             (

[image: image71.wmf]Ñ


*X'F)(Y, Z) = (

[image: image72.wmf]Ñ


*X g)(

[image: image73.wmf]Y


, Z) + g((

[image: image74.wmf]Ñ


*XF)Y, Z).




    


Using equations (2.9) and (3.5) in above equation, we obtain

(3.8)
         (

[image: image75.wmf]Ñ


*X'F)(Y, Z) = u(Z)g(X, 

[image: image76.wmf]Y


) + u(Y)g(

[image: image77.wmf]X


, Z).




    

Define

(3.9)       d* 'F(X, Y, Z) = (

[image: image78.wmf]Ñ


*X'F)(Y, Z) + (

[image: image79.wmf]Ñ


*Y'F)(Z, X) + (

[image: image80.wmf]Ñ


*Z'F)(X, Y).





Thus from equations (3.8) and (3.9), we have


d* 'F(X, Y, Z) = 2[u(X)g(Y, 

[image: image81.wmf]Z


) + u(Y)g(Z, 

[image: image82.wmf]X


) + u(Z)g(X, 

[image: image83.wmf]Y


)].


This completes the proof.

Theorem 3.3
 In a co-symplectic manifold Mn, the semi-symmetric non-metric connection given by equation (2.10) satisfies the conditions 


(i)
(

[image: image84.wmf]Ñ


*X'F)(Y, 

[image: image85.wmf]Z


) = 0,


(ii)
(

[image: image86.wmf]Ñ


*X'F)(

[image: image87.wmf]Y


, Z) = [u(X)u(Y) – g(X, Y)]u(Z),


(iii)


[image: image88.wmf]*


(')(,)


X


FYZ


Ñ


+

[image: image89.wmf]*


(')(,)


Y


FXZ


Ñ


= 0,


(iv)


[image: image90.wmf]*


(')(,)


Y


FXZ


Ñ


- 

[image: image91.wmf]*


(')(,)


Z


FXY


Ñ


 = T*(X, Y, Z).



     
 


Proof:
(i)
Differentiating equation (3.1)(i) covariantly with respect to connection 

[image: image92.wmf]Ñ


*, we have 


 (

[image: image93.wmf]Ñ


*X'F)(Y, Z) + 'F(

[image: image94.wmf]Ñ


*XY, Z) + 'F(Y,

[image: image95.wmf]Ñ


*XZ) 


                         =  (

[image: image96.wmf]Ñ


*Xg)(

[image: image97.wmf]Y


, Z) + g(

[image: image98.wmf]Ñ


*X

[image: image99.wmf]Y


, Z) + g(

[image: image100.wmf]Y


,

[image: image101.wmf]Ñ


*XZ).


Using equations (2.5), (2.9) and (2.10) in above equation, we have


(3.10)             (

[image: image102.wmf]Ñ


*X'F)(Y, Z) = u(Z)g(X, 

[image: image103.wmf]Y


).









Barring Z in above equation and using (2.2)(i), we get



                 (

[image: image104.wmf]Ñ


*X'F)(Y, 

[image: image105.wmf]Z


) = 0.


(ii) 
Barring Y in equation (3.10) and using (2.1)(i), we get


(3.11)            (

[image: image106.wmf]Ñ


*X'F)(

[image: image107.wmf]Y


, Z) = [u(X)u(Y) – g(X, Y)]u(Z).





  


(iii)
Again barring X in equation (3.11) and using equation (2.2)(i), we have


(3.12)            

[image: image108.wmf]F)


'


(


*


X


Ñ


(

[image: image109.wmf]Y


, Z) = u(Z)g(X, 

[image: image110.wmf]Y


).






  


Interchanging X and Y in above equation, we get


(3.13)
          

[image: image111.wmf]*


('F)


Y


Ñ


(

[image: image112.wmf]X


, Z) = u(Z)g(Y, 

[image: image113.wmf]X


).






  


Now from equations (3.12), (3.13) and (2.4)(i), we have



                

[image: image114.wmf]*


(')(,)


X


FYZ


Ñ


+

[image: image115.wmf]*


(')(,)


Y


FXZ


Ñ


= 0.


(iv)
Barring X in equation (3.10) and using equation (2.3)(i), we have


(3.14)
        

[image: image116.wmf]*


(')(,)


X


FYZ


Ñ


= u(Z)[g(X, Y) –u(X)u(Y)].





  


Writing two more equations by cyclic permutations of X, Y and Z from equation (3.14), we get




[image: image117.wmf]*


(')(,)


Y


FZX


Ñ


= u(X)[g(Y, Z) – u(Y)u(Z)]





  


and




[image: image118.wmf]*


(')(,)


Z


FXY


Ñ


= u(Y)[g(Z, X) – u(Z)u(X)].





  


Thus 


[image: image119.wmf]*


(')(,)


Y


FXZ


Ñ


- 

[image: image120.wmf]*


(')(,)


Z


FXY


Ñ


 =  u(X)g(Y, Z) – u(Y)g(X, Z)


   = T*(X, Y, Z).


This completes the proof.


Theorem 3.4
A co-symplectic manifold Mn with a semi-symmetric non-metric connection 

[image: image121.wmf]Ñ


* satisfies the condition 
(

[image: image122.wmf]Ñ


*X u)( 

[image: image123.wmf]Y


) = -'F(X, Y).

Proof:
We have



                                   u(Y) = g(Y, U).


Taking covariant derivative of above equation with respected to 

[image: image124.wmf]Ñ


*, we have

(

[image: image125.wmf]Ñ


*X u)Y + u(

[image: image126.wmf]Ñ


*XY) = (

[image: image127.wmf]Ñ


*X g)(Y, U) + g(

[image: image128.wmf]Ñ


*XY, U) + g(Y, 

[image: image129.wmf]Ñ


*XU),

which on using equations (2.9) and (2.10), reduces to


(3.15)
              (

[image: image130.wmf]Ñ


*Xu)(Y) = u(X)u(Y) + g(X, Y).






  


Now barring Y in above equation and using equation (2.2)(i), we obtain



                     (

[image: image131.wmf]Ñ


*Xu)( 

[image: image132.wmf]Y


) = -g(

[image: image133.wmf]X


, Y) = -'F(X, Y).


This completes the proof.

4. Nijenhuis Tensor

The Nijenhuis tensor N* in terms of semi-symmetric non-metric connection

[image: image134.wmf]Ñ


* is given by8

(4.1)          N*(X, Y) = (

[image: image135.wmf]X


*


Ñ


F)Y - (

[image: image136.wmf]Y


*


Ñ


F)X - 

[image: image137.wmf]Y


F


X


)


(


*


Ñ


 + 

[image: image138.wmf]X


F


Y


)


(


*


Ñ


.



    


Theorem 4.1
A co-symplectic manifold Mn eqquiped with semi-symmetric non-metric connection 

[image: image139.wmf]Ñ


* is integrable.


Proof:
Barring X in equation (3.5) and using equations (2.1)(i) and (2.3)(i), we get

(4.2)           (

[image: image140.wmf]X


*


Ñ


F)(Y) = 2u(X)u(Y)U – u(Y)X – g(X, Y)U.


Interchanging X and Y in above equation, we get

(4.3)           (

[image: image141.wmf]Y


*


Ñ


F)(X) = 2u(X)u(Y)U – u(X)Y – g(X, Y)U.


Operating F on both sides of equation (3.5) and using equation (2.1), we get

(4.4)
       

[image: image142.wmf]()()


X


FY


*


Ñ


 = -u(Y)X + u(X)u(Y)U.






    


Interchanging X and Y in above equation, we obtain


(4.5)
             

[image: image143.wmf]()()


Y


FX


*


Ñ


 = -u(X)Y + u(Y)u(X)U.






    


Using equations (4.2), (4.3), (4.4) and (4.5) in equation (4.1), we get

                 N*(X, Y) = 0,

which shows that Mn is integrable.


This completes the proof.

5. Contravariant Almost Analytic Vector Fields on a 

                              Co-Symplectic Manifolds

A vector field V is said to be contravariant almost analytic, if the Lie-derivative of F with respect to V vanishes identically, i.e.


(5.1)
                         (LVF)X = 0,









    


for all X. The equation (5.1) is equivalent to the equation 


                       [V, 

[image: image144.wmf]X


] = 

[image: image145.wmf]]


,


[


X


V


.


In a co-symplectic manifold, the above equation becomes 
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V


X


X


Ñ


-


Ñ


 = 0 if and only if 

[image: image147.wmf]V
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Ñ


 + 
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XV = 0.


Theorem 5.1
If a vector field V is a contravariant almost analytic with respect to Riemannian connection 

[image: image149.wmf]Ñ


on Mn equipped with semi-symmetric non-metric connection 
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*, then 



[image: image151.wmf]**


X


X


VV


Ñ-Ñ


 = - g(

[image: image152.wmf]X


, V)U = -'F(X, V)U.

Proof:
From equation (2.10), we have

(5.2)
                 

[image: image153.wmf]Ñ


*XV = 

[image: image154.wmf]Ñ


XV – u(V)X –  g(X, V)U,






    


for any vector field V. Barring X in above equation, we get

(5.3)                      
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X
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 =  
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X
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 – u(V)
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 –  g(
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Operating F on both side of equation (5.2), we have

(5.4)                      
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 = 
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X
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 - u(V)
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.


Subtracting equation (5.4) from equation (5.3), we get

(5.5)                  
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 - 
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 -
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 - g(
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, V)U,





    


since V is contravariant almost analytic with respect to connection 
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, we have
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X


Ñ


 -
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X


Ñ


 = 0 
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 EMBED Equation.3 [image: image171.wmf]V


X
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Ñ


 - 
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X
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Ñ


 = - g(
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, V)U = -'F(X, V)U.


This completes the proof.

6. Curvature Tensor of Semi-Symmetric 

                              Non-Metric Connection 

[image: image174.wmf]Ñ


*

Let R* be the curvature tensor of co-symplectic manifold Mn with respect to semi-symmetric non-metric connection given by equation (2.10), then we have


(6.1)
      R*(X, Y)Z = 

[image: image175.wmf]Ñ


*X

[image: image176.wmf]Ñ


*YZ - 

[image: image177.wmf]Ñ


*Y
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*XZ - 

[image: image179.wmf]Ñ


*[X, Y]Z.




    


From equations (2.6), (2.10) and (6.1), we have

(6.2)
R*(X, Y, Z) = R(X, Y, Z) + g(Y, Z)X - g(X, Z)Y + u(Y)u(Z)X 

                                    - u(X)u(Z)Y + [u(X)g(Y, Z) - u(Y)g(X, Z)]U.


From above equation, we have

(6.3)
'R*(X, Y, Z, W) = 'R(X, Y, Z, W) + g(Y, Z)g(X, W)-g(X, Z)g(Y, W)


 + u(Y)u(Z)g(X, W) - u(X)u(Z)g(Y, W) + u(X)u(W)g(Y, Z) 

 -  u(Y)u(W)g(X, Z),
    

where 'R*(X, Y, Z, W)=g(R*(X, Y, Z), W) and 'R(X, Y, Z, W)=g(R(X, Y, Z),W).

Putting X = W = ei in equation (6.3) and taking summation over i, 1 ≤ i ≤ n, we get


(6.4)

Ric*(Y, Z) = Ric(Y, Z) + ng(Y, Z) + (n-2)u(Y)u(Z).




    


From above equation, we have


(6.5)

r* = r + (n-1)(n+2).








    


Projective curvature tensor P and Conformal curvature tensor C of the manifold Mn are given by8

(6.6)
  P(X, Y, Z) = R(X, Y, Z) - 
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[Ric(Y, Z)X - Ric(X, Z)Y]    


and


(6.7)
 C(X, Y, Z) = R(X, Y, Z) - 

[image: image181.wmf])


2


(


1


-


n


[Ric(Y, Z)X - Ric(X, Z)Y + g(Y, 

Z)QX - g(X, Z)QY] + 
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[g(Y, Z)X - g(X, Z)Y].



    


Divergence of the curvature tensor of a Riemannian manifold Mn is given by8 


(6.8)


(divR)(X, Y, Z) = (

[image: image183.wmf]Ñ


XRic)(Y, Z) - (

[image: image184.wmf]Ñ


YRic)(X, Z).



A manifold Mn is called R-harmonic10 if

(6.9)


(divR)(X, Y, Z) = 0.



Divergence of the conformal curvature tensor C is given by10

(6.10) 

(divC)(X, Y, Z) = 

[image: image185.wmf])
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XRic)(Y, Z) – (
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YRic)(X, Z) ] - 
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[g(Y, Z)dr(X) - g(X, Z)dr(Y)].


  


A Riemannian manifold Mn is said to be conformally conservative10, if  

(6.11)

(divC)(X, Y, Z) = 0.








  

Theorem 6.1
In a co-symplectic manifold Mn, Bianchi's first identity with respect to semi-symmetric non-metric connection 

[image: image189.wmf]Ñ


* is given by





R*(X, Y, Z) + R*(Y, Z, X) + R*(Z, X, Y) = 0.


Proof:
Writing two more equations by cyclic permutations of X, Y and Z from the equation (6.2) and adding them to equation (6.2), we get the desired result.


Theorem 6.2
A co-symplectic manifold Mn, with semi-symmetric non- metric connection 

[image: image190.wmf]Ñ


*, satisfies the relations

(i) 

'R*(X, Y, Z, W) + 'R*(Y, X, Z, W) = 0,

(ii) 

'R*(X, Y, Z, W) + 'R*(X, Y, W, Z) = 0,

(iii) 

'R*(X, Y, Z, W) =  'R*(Z, W, X, Y).


Proof:



(i) Interchanging X and Y in equation (6.3) and adding it to equation (6.3), we obtain required result.

(ii) Interchanging Z and W in equation (6.3) and adding it to equation (6.3), we have the required result.

(iii) Interchanging the pair of slots in equation (6.3) and using the fact that 'R(X, Y, Z, W) = 'R(Z, W, X, Y),  we get the required result.



Theorem 6.3
In a co-symplectic manifold Mn the Ricci tensor of semi-symmetric non-metric connection 

[image: image191.wmf]Ñ


* is symmetric.


Proof:
Interchanging Y and Z in equation (6.4), we get



Ric*(Z, Y) = Ric(Z, Y) + ng(Z, Y) + (n-2)u(Y)u(Z)




      

= Ric*(Y, Z).


Theorem 6.4
If the Ricci tensor of the semi-symmetric non-metric connection 

[image: image192.wmf]Ñ


* in a co-symplectic manifold Mn vanishes, then the manifold is quasi-Einstein manifold.

Proof:
If Ric*(Y, Z) = 0 then from equation (6.4), we have



Ric(Y, Z) = -ng(Y, Z) - (n-2)u(Y)u(Z)




    
 

= a g(Y, Z) + b u(Y)u(Z),


where a = -n and b = -(n-2),


which shows that manifold is quasi-Einstein manifold.



Theorem 6.5
If the Ricci tensor of the semi-symmetric non-metric connection 

[image: image193.wmf]Ñ


* in a co-symplectic manifold Mn vanishes, then the manifold is R-harmonic and conformally conservative.

Proof:
If Ric*(Y, Z) = 0 then from equation (6.4), we have






Ric(Y, Z) = -ng(Y, Z) - (n-2)u(Y)u(Z),


from which, we get


(6.12)
(

[image: image194.wmf]Ñ


XRic)(Y, Z) = -n (

[image: image195.wmf]Ñ


X g)(Y, Z) - (n-2) (

[image: image196.wmf]Ñ


Xu)(Y)u(Z) - (n-2)u(Y) 






(

[image: image197.wmf]Ñ


Xu)(Z).
  
Using equation (2.6) in above equation, we get


(6.13)

(

[image: image198.wmf]Ñ


XRic)(Y, Z) = 0.








  


Also from equation (6.5) and the condition Ric*(Y, Z) = 0, we get


(6.14)

dr(X) = 0.









  


Using equations (6.13) and (6.14) in equations (6.8) and (6.10), we get the required result.

7. Projective Curvature Tensor of the Semi-Symmetric 

Non-Metric Connection 

[image: image199.wmf]Ñ


*

Projective curvature tensor of co-symplectic manifold with respect to semi-symmetric non-metric connection 

[image: image200.wmf]Ñ


* is given by


(7.1)
P*(X, Y, Z) = R*(X, Y, Z) - 

[image: image201.wmf])
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[Ric*(Y, Z)X - Ric*(X, Z)Y].
    


Using equations (6.2) and (6.4) in above equation, we get


(7.2)
P*(X, Y, Z) = P(X, Y, Z) - 

[image: image202.wmf])
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[g(Y, Z)X - g(X, Z)Y -u(Y)u(Z)X 





+ u(X)u(Z)Y] + [u(X)g(Y, Z) - u(Y)g(X, Z)]U,



    


where P(X, Y, Z) is the projective curvature tensor of the co-symplectic manifold Mn with respect to the Levi-Civita connection 

[image: image203.wmf]Ñ


.


Theorem 7.1
In a co-symplectic manifold Mn with semi-symmetric non-metric connection 

[image: image204.wmf]Ñ


*, we have



P*(X, Y, Z) + P*(Y, Z, X) + P*(Z, X, Y) = P(X, Y, Z) + P(Y, Z, X) + P(Z, X, Y).


Proof:
Writing two more equations by cyclic permutations of X, Y, Z from equation (7.2) and adding them to equation (7.2), we get the required result.


Theorem 7.2
In a co-symplectic manifold Mn, if the curvature tensor of the semi- symmetric non-metric connection is equal to the Weyl-projective curvature tensor of the Levi-Civita connection, then the manifold is quasi-Einstein manifold.


Proof:
Let R*(X, Y, Z) = P(X, Y, Z), which by using equations (6.2) and (6.6), gives



Ric(Y, Z)X - Ric(X, Z)Y = (n-1)[{g(X, Z)Y- g(Y, Z)X + u(X)u(Z)Y - 








u(Y)u(Z)X}+ {u(Y)g(X, Z) - u(X)g(Y, Z)}U],


which gives


Ric(Y, Z)g(X, W) - Ric(X, Z)g(Y, W) = (n-1)[{g(X, Z)g(Y, W) 

-g(Y, Z)g(X, W) + u(X)u(Z)g(Y, W) 
-u(Y)u(Z)g(X,W)}+ {u(Y)g(X, Z) 

- u(X)g(Y, Z)}u(W)].


Now putting X = W = ei in above equation and taking summation over i, 1≤ i ≤ n, we get





Ric(Y, Z) = -ng(Y, Z) - (n-2)u(Y)u(Z),


which shows that Mn is a quasi-Einstein manifold.

7. Conformal Curvature Tensor of the Semi-Symmetric 

Non-Metric Connection 

[image: image205.wmf]Ñ


*

Conformal curvature tensor C* of the co-symplectic manifold relative to semi-symmetric non-metric connection 

[image: image206.wmf]Ñ


* is given by 


(8.1)
C*(X, Y, Z) = R*(X, Y, Z) - 

[image: image207.wmf])
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[Ric*(Y, Z)X - Ric*(X, Z)Y + 


g(Y, Z)Q*X- g(X, Z)Q*Y] + 

[image: image208.wmf])
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[g(Y, Z)X - g(X, Z)Y].

    


Using equations (6.2), (6.4) and (6.5) in above equation, we get


(8.2)
C*(X, Y, Z) = C(X, Y, Z) - 

[image: image209.wmf])
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n


[g(Y, Z)X - g(X, Z)Y] 








+ [u(X)g(Y, Z) - u(Y)g(X, Z)]U.


Theorem 8.1
A co - symplectic manifold Mn with semi-symmetric non-metric connection 

[image: image210.wmf]Ñ


* satisfies the condition



C*(X, Y, Z) + C*(Y, Z, X) + C*(Z, X, Y) = C(X, Y, Z) + C(Y, Z, X) + C(Z, X, Y).

Proof:
Writing two more equations by the cyclic permutations of X, Y and Z from equation (8.2) and adding them to equation (8.2), we get the required result.


Theorem 8.2
 In a co- symplectic manifold Mn, if the curvature tensor of the semi-symmetric non-metric connection is equal to the conformal curvature tensor of the Levi-Civita connection, then Mn is quasi-Einstein manifold.


Proof:
Let R*(X, Y, Z) = C(X, Y, Z), then


(8.3)

'R*(X, Y, Z, W) = 'C(X, Y, Z, W),


where 'C(X, Y, Z, W) = g(C(X, Y, Z), W).


Using equations (6.3) and (6.7) in equation (8.3), we get


(8.4)
g(Y, Z)g(X, W) - g(X, Z)g(Y, W) + [u(Y)g(X, W) - u(X)g(Y, W)]u(Z) 

                +  [u(X)g(Y, Z) - u(Y)g(X, Z)] u(W) = -
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[Ric (Y, Z)g(X, W) 

                - Ric(X, Z)g(Y, W) + Ric(X, W)g(Y, Z) - Ric(Y, W)g(X, Z)] 

                + 
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[u(Y)g(X, W) - u(X)g(Y, W)]u(Z).

    


Now, putting X = W = ei in above equation and taking summation over i, 1≤ i ≤ n, we get


Ric(Y, Z) =  -ng(Y, Z) - (n-2)u(Y)u(Z),


which shows that Mn is quasi - Einstein manifold.

8. Semi-Symmetric Non-Metric T-Connection

If in addition to equations (2.8) and (2.9)

 (9.1)




[image: image213.wmf]*


X


U


Ñ


 = 0 or 

[image: image214.wmf]*


()()


X


uY


Ñ


=0,


hold for arbitrary vector fields X and Y, then the connection 

[image: image215.wmf]*


Ñ


 is said to be semi-symmetric non-metric T-connection.


Also from equations (2.10) and (9.1), we have

(9.2)



[image: image216.wmf]X


U


Ñ


 + X – u(X)U = 0 

[image: image217.wmf]Û


g(X, Y) + u(X)u(Y) = 0.




    


 From equation (6.2), we have


R*(X, Y, Z) = R(X, Y, Z) + [u(Y)u(Z) + g(Y, Z)](X) – [u(X)u(Z) + 





g(X, Z)](Y) + [g(Y, Z) u(X) - g(X, Z) u(Y)]U.


In view of equation (3.14), above equation reduces to


(9.3)
R*(X, Y, Z) = R(X, Y, Z) + 

[image: image218.wmf]*
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(Z)(X) – 
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(Z)(Y) 








+ [g(Y, Z) u(X) - g(X, Z) u(Y)]U.




    


From equations (9.1) and (9.3), we have

(9.4)
R*(X, Y, Z) = R(X, Y, Z) + [g(Y, Z) u(X) - g(X, Z) u(Y)]U.



    

Contracting above equation with respect to X, we get


(9.5)
Ric*(Y, Z) = Ric(Y, Z) + g(Y, Z) – u(Y)u(Z),




    


from which, we have

(9.6)
r* = r + (n-1).









    


Equations (9.4), (9.5) and (9.6) denote the curvature tensor, Ricci tensor and scalar curvature respectively with respect to semi-symmetric non-metric T-connection.


Theorem 9.1 In a co-symplectic manifold Mn, if the curvature tensor of the semi-symmetric non-metric T-connection is equal to the Weyl-projective curvature tensor of the Levi-Civita connection, then Mn is quasi-Einstein manifold.

Proof: Let Let R*(X, Y, Z) = P(X, Y, Z).

Using equations (9.4) and (6.6) in above equation, we get 


R(X, Y, Z) + [g(Y, Z) u(X) - g(X, Z) u(Y)]U 





= R(X, Y, Z) - 

[image: image220.wmf])
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[Ric(Y, Z)X - Ric(X, Z)Y],


which gives



Ric(Y, Z)g(X, W) - Ric(X, Z)g(Y, W) 





= -(n-1)[ g(Y, Z) u(X) - g(X, 
Z) u(Y)]u(W).

Putting X = W = ei in above equation and taking summation over i, 1≤ i ≤ n, we get




Ric(Y, Z) = -g(Y, Z) + u(Y)u(Z),


which shows that Mn is quasi-Einstein manifold.

Theorem 9.2 In a co- symplectic manifold Mn, if the curvature tensor of the semi-symmetric non-metric T-connection is equal to the conformal curvature tensor of the Levi-Civita connection, then Mn is quasi-Einstein manifold.

Proof:
Let R*(X, Y, Z) = C(X, Y, Z), then

(9.7)


'R*(X, Y, Z, W) = 'C(X, Y, Z, W),






    


where 'C(X, Y, Z, W) = g(C(X, Y, Z), W).


Using equations (6.7) and (9.4) in above equation, we get

[u(X)g(Y, Z) - u(Y)g(X, Z)] u(W) = -
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[Ric (Y, Z)g(X, W) 




- Ric(X, Z)g(Y, W) + Ric(X, W)g(Y, Z) – Ric(Y, W)g(X, Z)] 




+ 
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[g(Y, Z)g(X, W) - g(X, Z)g(Y, W)].


Now, putting X = W = ei in above equation and taking summation over i, 1≤ i ≤ n, we get




Ric(Y, Z) =  -g(Y, Z)+ u(Y)u(Z),

which shows that Mn is quasi - Einstein manifold.


Theorem 9.3
In a co-symplectic manifold Mn, the Ricci tensor of the semi-symmetric non-metric T-connection is symmetric.

Proof: Interchanging Y and Z in equation (9.5), we get


(9.8)

Ric*(Z, Y) = Ric(Y, Z) + g(Y, Z) – u(Z)u(Y).




    


Subtracting equation (9.8) from equation (9.5) and using the fact that 

Ric (Y, Z) = Ric (Z, Y), we get the desired result.
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