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Abstract: Basic features of an ultra-low frequency heavy nucleus
acoustic (HNA) wave in a three-component (electrons, light nuclei and
heavy nuclei) degenerate relativistic plasma model has been studied by
taking the dynamics of the heavy nuclei. Here, the electrons and light
nuclei are considered degenerate and relativistic. A nonlinear modified
Schrédinger equation (mMNLSE) is derived here, by employing the
reductive perturbation technique. On the basis of the associated plasma
parameters, the stability of the electrostatic wave mode, angular
frequency, group velocity, dissipative damping coefficient,
modulational instabilities, etc., are studied. The results of this paper
would be useful in understanding the basic features of ultra-low
frequency heavy nucleus acoustic waves in degenerate relativistic
plasmas occurring in astrophysical systems, such as a white dwarf
astrophysical plasma.
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1. Introduction

The nonlinear wave propagation in relativistic plasma has already been
studied by many authors due to its existence in some space-plasma systems?,
laser-plasmas?, Van Allen radiation belt?, Earth’s magnetosphere?, etc. The
nonlinear dynamics in degenerate quantum plasma is also drawn attention to
the researchers because of its importance in some laboratory environments *
10 lons and degenerate electrons and/or positrons are the main constituents
of a degenerate plasma system'6, The degeneracy of electrons or positrons
(lightest plasma particles) occurs at extremely low-temperature and high-
density plasmas*™?t. The quantum effect in many degenerate plasma systems
is considered on the lightest plasma species, because the mean interparticle
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distance in such a system is comparable to the de Broglie wavelength
(A=h/p, where h and p are respectively the Planck’s constant and linear
momentum)?. The general expression for the relativistic electron
degeneracy pressure is (derived by Chandrashekhar't) P,=KN/, where N

S
is the particle number density of the plasma species s, where s=i for ions
and s=e for electrons. For the ultra-relativistic case y=4/3 and
K =3hc/4 222, and for non-relativistic case y =5/3 and K =3zh?/5m, 2-
%, where is the reduced Planck’s constant and m, is the rest mass of an
electron and c is the speed of light in a vacuum. In 1961, E. E. Salpeter®

showed that the value of the relativistic parameter 1/\1-v?/c?, where v is

the particle velocity, for the lightest plasma species at ultra-high
density, is extremely large, and because of this the relativistic effect cannot
be ignored on the dynamics of the lightest plasma species. Because of this
phenomenon, we take into consideration the degenerate relativistic plasma
(DRP) for the study of nonlinear wave propagation.

Nonlinear Schrédinger equation (NLSE) is closely related to Korteweg-
de Vries (KdV) equation, which is used to describe the propagation of
different nonlinear waves as topological solitons?. By solving the NLSE the
nonlinear structures (envelope solitons) are analytically obtained. Because
of compensation of the dispersion with the nonlinearity, the envelope
solitons propagate in plasmas without changing the structure?®. The sign of

the ratio of the wave dispersion, given by the dispersion coefficient (P) and
nonlinearity coefficient (Q) appearing in the NLSE determines the stability

of the wave amplitude. If the ratio (P/Q) is greater than zero (> 0) the

envelope excitations are modulationally unstable, and it is modulationally
stable when the ratio is less than zero (< 0)?°. Beside different plasma

systems in nature, the existence of envelope solitons in laboratory plasmas
has also been shown by many researchers30-32,

Recently, S. Islam et.al.?? studied a DRP system consisting of cold
electrons, cold non-degenerate inertial light nuclei and stationary heavy
nuclei. In their model they considered dynamics of the cold non-degenerate
inertial light nuclei. They have studied the basic features of stability of the
envelope solitons. In their study, the modulation instabilities criteria are also
identified.
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It should be mentioned here that there are some astro-physical plasma
systems where electrons, light nuclei as well as heavy nuclei exist. For
example, a white dwarf (or, degenerate dwarf) is a stellar core remnant and
is composed mostly of electron-degenerate matter. Other than that, white

dwarf also contains light nuclei (as for example, /H or ;Heor 2C, etc.!>1)
and heavy nuclei (as for example, ;cFeor ’Rd or ;Mo etc.33%),

Thus, influenced by S. Islam et.al.??, in this study, the nonlinear
propagation of a low frequency acoustic wave is considered and the plasma
is assumed to consist of electrons, light nuclei and heavy nuclei relevant to
the above mentioned astrophysical plasma system. We consider the plasma
where the inertia is provided by the mass of the heavier nuclei species and
the restoring force is provided by the degenerate pressure of the relativistic
lighter nuclei and the electrons. In this plasma model, the dynamics of the
heavy nuclei is considered. As a result, compared with the ion-acoustic
waves in usual electron-ion plasma, the frequency of the perturbed
electrostatic wave becomes very low, which is here termed as ultra-low
frequency heavy nucleus acoustic (HNA) wave®®. We, therefore, study the
nonlinear dynamics of the ultra-low frequency HNA wave in a degenerate
relativistic plasma system with degenerate electrons, degenerate light nuclei
and inertial heavy nuclei. For this investigation a modified nonlinear
Schrodinger equation (MNLSE) is derived. This manuscript is organized as
follows: The governing equations of our plasma model and the derivation of
a MNLSE are given in Section Il. Modulation instability of the ultra-low
frequency HNA wave and solution of the mMNLSE are described in Section
I1l. Results are discussed in Section IV. Finally, Sec. IV concludes the

paper.

2. Mathematical Model and Derivation of Modified Nonlinear
Schrodinger Equation

In this study we consider the dynamics of ultra-low frequency HNA
wave in a relativistic plasma consisting of electrons, light nuclei and heavy
nuclei. The electrons and the light nuclei are assumed to be degenerate and
relativistic.  The inertia is provided by the mobile heavy
ions and degenerate electron and light ions are inertialess. The equilibrium
state of such a plasma system under consideration is defined as:
ZN,+Z,N,,=N,,, where Z, and Z, are respectively the charge state of

the light and heavy nuclei, and N, is the equilibrium number density of the
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plasma species s (s =e for electron, s=1 for light ion and s=h for heavy
ion). For simplicity of presentation, we consider a one-dimensional
geometry. The nonlinear dynamics of the ultra-low frequency DRP system
in such a geometry is described by the following set of equations:

oN, 0
2.1 -+ —(NV,)=0,
(2.2) %+Vh%=—a£+nazvg,
Gl oX X X
and
O*D
(2.3) o =(1+a)N,—aN, =Ny,

where N, is the particle number density of the species s and is normalized
by N,,, the velocity of the heavy nuclei,v, is normalized by
C, =(theC2 /' m, )2 (m, is the mass of the plasma species s), the electrostatic
potential ¢ is normalized by m.c*/e (eis the magnitude of charge of an
. . . 1/2
electron), the space variable X is normalized by 4, =(m.c’/47Z,N,.e*) ",

the time variable T is normalized by w;; =(47Z;N €’ /mh)m, the
kinematic viscosity of heavy ions is 7=,C,/mN,, A2 (u,is the dynamic
viscosity) and ¢ =2Z,N,,/ Z,N,,.

For the propagation of the ultra-low frequency electrostatic perturbation
mode (the HNA wave), we consider inertialess electrons and light nuclei.

Thus,the number densities of the light nuclei and the electrons in the
degenerate relativistic plasma system are expressed as*

1/(;/|—1)
(2.4) N, =[1—7'—_1q>] ,
7Ky

and

1/(7e‘1)
(2.5) N, =(1+ 79—_1c1>J ,
7/9K2
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where y, and y, are respectively the relativistic parameters of light nuclei
and electrons, K,=K/N/*/zZmc®> and K,=K,NZ:"/mc?* After the

e “ed

expansions, Egs. (2.4) and (2.5) are equivalent to the followings:

(2.6) N, =1- f,, @+ f,0° - f @+ ...,
and
(2.7) N, =1+ f O+ f, 0>+ f @+ ...,

where for ultra-relativistic case f, =-3/4K,, f,=3/16K/,

f,=—1/64K? f, =3/4K,, f,=3/16K?, f =1/64K} and for non-
relativistic case  f,=-3/4K,, f,=3/50K/, f,=1/250K}, f,6 =-3/5K,,
f,=3/50K2, f, =-1/250K;.

After using the expansions in Egs.(2.6) and (2.7) and by suppressing the
subscripts on N, and V,, the set of equations, Egs.(2.1)-(2.3), take the

following form:

e

oN 0

2.8 — +—(NV)=0,
(2:8) 8T+8X( )
oV N oD 2/
2.9 v = ,
(2:9) aT v ax ax+79/§><_2
and
2
(2.10) 0O _q, 1@+ 1, ® + 1,®° — N,

oX?

where u=(1+a)f,+af,, w=1+a)f,-af, and pm=(1+a)f,+af,.
The coefficient of viscosity is very small in some experimental cases and
hence we consider #&=no>%, where the perturbation parameter ¢ is a very
small quantity (0<o<1). To derive the nonlinear Schrodinger equation for

the ultra-low frequency HNA wave in a degenerate quantum plasma, we
consider the following stretched coordinates:

(2.11) E=g(X -v,T),
and
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(2.12) r=gT,

where ¢ is a very small quantity as has been mentioned earlier and the
constant v, is the group velocity of the HNA wave and will be determined

from the compatibility condition of the reductive perturbation technique.
We expand the normalized variables N, V and ¢ as follows:

(2.13) N=1+) ¢&" ZNI(n) (giz_)eil(kxfm)'

(2.14) Vv :ZS”E/I(")(é:,T)eiI(kX—wT)’

(2.15) D=1+ Z(Dn ZNI(n) (f’r)eil(kX—wT),
no

where o is the angular frequency and k is the wave number of the carrier
ultra-low frequency HNA wave. The |-th harmonic of the n—th order

slowly varying field variables N,V and ¢ are respectively N,(“)(f,r),

V" (&,7) and @f” (&,7). After using the stretched coordinates (Egs.(2.11)

and (2.12)) and expanding the variables from Eqgs.(2.13)-(2.15), we get two
coordinate systems namely (X,T) and (&,T). In the first coordinate system
(X,T), the field quantities of the carrier varies rapidly with k and «. On
the other hand there is a slowly modulated wave packet in the second
coordinate system (&,T). After substituting all the above expansions,
Egs.(2.11)-(2.15), in Egs. (2.8)-(2.10) we get a new set of equations, which
gives the 1—th harmonic of the n—th order reduced equations. Here, we
don’t list these reduced equations because of their very large length. From

the reduced equations by taking the first harmonic of the first order
guantities, i.e., n=1 and |=1, we get the linear dispersion relation of the

ultra-low frequency HNA wave:

k2
k2+,ul'

(2.16) o? =

Similarly, by taking the first harmonic of the second order quantities, i.e.,
n=2 and |=1 from the resulting compatibility condition, we obtain the

group velocity
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(2.17) Vo= (1-a).

We omit the detailed derivation of the mNLSE and just mention in short the
important steps. The second order part of the second harmonic @\ is

obtained in terms of @’ @ from the reduced equations when n=2 and

| =2. Similarly, when n=3 and 1=0, o

from the reduced equations. Finally, substituting the expressions for @

and @\ into the reduced equations with n=3 and | =1, we get finally the
following mNLSE:

(2.18) |§—a+ Pg?a+Q|a| a=-iYa,
where a=a" and
° ka, a
(2.19) P:%[Vo%JFZVOa)_;_w_Zz_ljv
3 2 k3
220) Q-2 2fasa)- Ko )25 (aa) |

and the damping coeff|C|ent Y is due to the kinematic viscosity of the heavy
nuclei which is given by
k2

2.21 Y="1n.
(2.21) 5

Equation (2.18) is the required mNLSE for the evolution of the ultra-low
frequency HNA wave in a degenerate relativistic plasma. It is here noted
that in the absence of collision (i.e. when right hand side of Eq. (2.18) is
zero), the solution of the mNLSE is called a bright soliton if
P/Q>0 and a dark soliton when P/Q <033, On the other hand, there is no

stationary envelop solitonic solution in presence of dissipation (Y =0) in the
system.
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Figure 1. The variation of the
angular frequency @ with respect to
the wave number of the carrier
electrostatic ~ wave K. Here,

Z,=26,Z =1 (solid curve) and
Z,=6 (dotted
N,, =10*cm™, N,, =0.005N,,.

curve);

The expressions of the parameters a, —a, used in Egs.(2.19) and (2.20), are

given below:
(2.22) a1=5(v05 1}
w w
k
(2.23) a,=V,—-1
w
(2.24) 8, =—(ka, + @),
(2.25) a =L L _3KkY ,
fokT? 20
k? 3k*
(2.26) a=—a,

3 ' ll) b4 4
Figure 2. The variation of the group
velocity v, versus wave number of the
carrier electrostatic wave K. Here,
Z, =1 (solid curve), Z, =2 (dotted

curve) and Z,=6 (long-dashed
curve); N,, =10*cm™,
N,, =0.005N,,.
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2
(2.27) as :h(a4 +k—2j
0] 20
2
24 _]-zl(z(l"'zvo kj
(2.28) a = Yo @ - @/
—H, +E
(2.29) 8y =2/, — thay,
1 k?
2.30 = — |
( ) ag Vo (3.7 + COZ)

3. Modulation Instability of Hna Wave and Solution of The Modified
Nonlinear Schrédinger Equation

We analyze the modulational instability of the dissipative quantum
ultra-low frequency plasma, which is described by the mNLSE (Eqg. (2.18)),
only for P/Q >0. The amplitude of the wave can be expressed as*’

7ij‘A(z')d -Yr

(3.1) a(&7)=[a,+sa(&r)]e * ,

where a, is the amplitude of carrier wave and A is a possible nonlinear
frequency shift. By taking

il K 7TQ(T)dz‘
(32) sa(&,r)=(U +iW)e[ 3 J

where U and V are the real and imaginary parts of & a(f,r) respectively,

the dispersion relation for the modulation of the ultra-low frequency HNA
wave is obtained. The nonlinear relation is given as follows:

2 _ 2)2 _Kcz(r)
(3.3) Q* =(PK?) (1 < J



336 A. Paul, G. Mandal and M. R. Amin

where Kf(r):(2Q|ao|2 / P)exp(—ZYr). The imaginary part of the square

root of Q gives the local instability growth rate, which is stated as follows:

2
(3:4) I'= Im[Q(r)]:‘pKZ‘[K:((;)_1}
The instability growth will cease when
2
(3.5) 12T :L.n{%]
2Y PK

and for this reason in presence of collision, 7. is the modulation instability
period, which is absent in the plasma without collision.

Y P/Q
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Figure 3. The variation of dissipative  Figure 4. The variation of the ratio

damping coefficient Y versus wave  P/Q with respect to the wave number
number of the carrier electrostatic wave
k for three values of kinematic viscosity

of the heavy nuclei such as =1 (solid
curve), n=3(dotted curve) and
n=5 (long-dashed curve).

of the carrier electrostatic wave K.
Here, N,, =10%cm™, Z, =42

N, =0.005N,,, and Z, =2.
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Figure 5. The variation of the ratio
P/Q with respect to the wave number
of the carrier electrostatic wave K.
Here, N,, =10%cm™, Z, =42

Figure 6. The variation of the ratio
P/Q with respect to the wave number

of the carrier electrostatic wave K.
Here, N,,=10%cm>, Z,=42

N,, =0.005N,, and Z, =2. Ny, =0.0IN, and Z, =2.

Now we are interested to find the solution of the mNLSE, Eq. (18), within
the  instability region (whereP/Q>0). By  substitution of

®(&,7)=a(é,7)exp(-Yr) into the mNLSE (Eq. (2.18)) we get®

2
iai)JrPaq)

(3.6) o Pz

+e 2 Qo[ @ =0.

Here in the Taylor series expansion of exp(-2Yz), we consider only the

first order and constant terms because of the very small value of the
damping parameter coefficient Y . Substituting this approximate Taylor
series expansion in Eqg. (3.6) the following equation is obtained.

BRI

0
+Pa—§2+QaD|(I)|2<D:0,

(3.7) o=



338 A. Paul, G. Mandal and M. R. Amin

where o, =exp(-2Y7)~1-2Yz. Now by substituting ¢(&,7)=0, (7)<,
2=05(r)r and d=dexp(iYo,(r)é*/2P) in Eq. (3.7), the following
standard NLSE is obtained:

-
(3.8) iaE+P6q2)+Q‘<I>2<i>=O
oy ¢

The standard NLSE, Eq. (3.8), has a rational solution, which is localized
both in the directions of ¢ and y (i.e. in the direction of ¢ and z),and is
localized in nonzero background. Therefore, the ultimate rogue wave
solution for the dissipative standard nonlinear Schrddinger equation, Eg.
(1.8), is obtained as®

e [P 4+16iPo, (7)7
(39) () [me{PoD(r)r}z+4{%(7)4’}2

oo

4. Results

In the following section, we study some linear and nonlinear aspects of
the ultra-low frequency HNA wave in the degenerate relativistic plasma
system. We here study stability of the modulated wave. To have some
numerical appreciation of the results of this investigation, have numerically
analyzed angular frequency, group velocity, for different relevant plasma
parameters and also analyzed the solution, Eq. (3.9), of the mNLSE of the
HNA wave. Here, we consider the following typical parameters relevant to
some astrophysical context, such as, for a white dwarf®:
N,, =10%cm™, N,, /N, varies  between  0.005-0.01, 7, =y, =413

h=1.054x107"erg.s, Z,=26 or 42 and Z,=1 or 2 or 6, a,=0.1. The

variation of the angular frequency « with respect to the wave number k of
the carrier electrostatic ultralow frequency HNA wave is shown in Figure 1.
Here we consider that charge state of heavy ion is Z, =26 (for Fe) and that

of light ions are Z, =1 (for H) and Z, =6 (for C), which are shown in solid
curve and dotted curve respectively with the equilibrium electron number
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density N,,=10%cm™ and the light nuclei number density N,, =0.005N,,.

Figure 1 shows that if the wave number of the carrier wave is increased then
the angular frequency also increases toward the saturation value which is the
characteristic of ion-acoustic wave. Also large value of charge state of light
nuclei gives lower value of the angular frequency.

a(ex)?
C‘C‘Z%E

oofsf- |

A S e Il Il e 1 B
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2 el 02 i3 12 03

Figure 7. The variation of the modulus-  Figure 8. The variation of the instability
square of the amplitude of the nonlinear  growth rate I" with respect to the
modulation wave numbers K for three
values of carrier electrostatic wave
function of the position coordinate & for  number k =0.7 (solid  curve),

three values of kinematic viscosity of the  k =0.9 (dotted curve) and k=1.1
heavy nuclei such as n=1 (solid (long-dashed curve); N, =10*cm>,
curve), 7 =3 (dotted curve) and r7=5

) =3 ( ) and 77 N,, =0.005N,,, Z, =1, Z, =26 and

a,=0.1.

2
electrostatic  wave |a(§,r)| as a

(long-dashed curve); N,,=10%cm™>,
N,, =0.005N,,, Z, =1 andZ, =6.

Figure 2 is a graph of group velocity v, versus wave number k of the
carrier electrostatic wave for different values of charge state of light ion Z,.
The solid curve, the dotted curve and the long-dash curve are for Z, =1,
Z,=2 and Z, =6 respectively with the equilibrium electron number density
N,, =10*cm™, and the light nuclei number density N,, =0.005N,,. From the
figure it is seen that the group velocity v, decreases with the wave number

of the carrier k . Also we observe that when the wave number is below 0.95
(approximately), the group velocity is higher for low charge state of the
light nuclei and after that the group velocity is lower for low charge state of
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light nuclei. The variation of dissipative damping coefficient Y versus
wave number k of the carrier electrostatic wave is shown in Figure 3. The
curves are for three values of kinematic viscosity of the heavy nuclei such as
n=1 (solid curve), n=3 (dotted curve) and =5 (long-dashed curve).
Figure 3 shows that damping coefficient is increasing if we increase the
wave number of the carrier. There is also a noticeable effect of kinematic
viscosity of the heavy nuclei on the damping coefficient. This figure shows
that damping coefficient increases drastically with the kinematic viscosity.

Figures 4-6 are graphs of the ratio, P/Q, of the dispersion coefficient P
and the nonlinear coefficient Q of the mNLSE, Eqg. (1.8), versus the wave
number k of the carrier electrostatic HNA wave. We determine for what
value of the carrier wave number the electrostatic HNA wave mode is
modulationally stable and for what values of k it is unstable. In the curves
in Figures 4-6, we consider N,, =10*cm™, Z, =42 and Z,=2. In Figure 4,

N,, =0.005N,,. Here the wave mode is modulationally stable when the wave

number, k, of the carrier wave ranges from 0 to 0.379 and after that value
ofk , the wave amplitude is unstable. In Figure 5, N,, =0.008N,,. Here the

wave mode is modulationally unstable when the wave number, k, of the
carrier wave ranges from 0 to 0.021 and after that value ofk, the wave
amplitude is stable. Finally, in Figure 6, N,,=0.01N,,. We observe that the

wave mode is modulationally unstable when the wave number, k, of the
carrier wave ranges from 0 to 0.121, then from 0.121 to 0.4 it is stable, and
again after that value of k , the wave amplitude is unstable.

Figure 7 shows the variation of the modulus-square of the amplitude of
the nonlinear electrostatic wave |a(§,r)|2 as a function of the position
coordinate & for three different values of the kinematic viscosity of the
heavy nuclei n. The solid curve is for n=1 where as the dotted curve and
the long-dashed curve are for =3 and n=5 respectively. The other
parameters are the following: N_,=10%cm™, N,,=0.005N,,, Z, =1, and
Z,=26. We observe from the figure that the modulated amplitude

drastically decreases with the increment of the kinematic viscosity 7 .

Figure 8 shows the variation of the growth rate of the modulation stability of
the ultra-low frequency HNA wave with respect to the modulation wave
number K taking carrier wave number k as a parameter. It is observed
from the figure that the growth rate increases with the modulation wave
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number up to a certain value of K and then it decreases. It is further
observed that the peak value of the growth rate increases with the carrier
wave number k. The solid curve is for k=0.7 where as the dotted curve
and the long-dashed curve are for k=0.9 and k =1.1 respectively. The other
parameters are the following: N_,=10%"cm™, N,,=0.005N,,, Z, =1, and

Z,=26. It is also found that this peak shifts to the right in the K -axis as the
increase of the carrier wave number k .

5. Discussions

In this research work, we have reported the basic features of the linear
wave dispersion, as well as the modulation stability of the ultra-low
frequency HNA wave in a degenerate relativistic plasma. By considering the
dynamics of the heavy nuclei we have derived the mNLSE by employing
the reductive perturbation technique. For this, we have taken the electrons
and the light nuclei are inertialess degenerate relativistic particles and the
heavy nuclei have been taken as inertial and nonrelativistic. Depending on
the range of the carrier wave number, the amplitude of the modulated wave
becomes both stable as well as unstable. For comparatively lower values of
the unperturbed number density of the lighter nuclei the critical wave
number is comparatively large. However, as the unperturbed number density
of the lighter nuclei is increased, the critical wave number of the modulated
ultra-low frequency HNA wave decreases. Furthermore, for very large
number density of the lighter nuclei, the critical wave number even changes
twice depending on the carrier wave number. For lower values of the carrier
wave number, the wave is modulationally unstable. The modulation growth
rate has also been studied and it is found that for larger carrier wave
number, the growth rate increases and the peak value of the growth rate
shifts towards the larger values of the modulated wave number. The
relevance of the current research in some astrophysical context is indicated,
such as the white dwarf plasma where both light nuclei as well as heavy
nuclei exist in addition to the electrons. It should be mentioned here that in
the current research, we have not included the pressure and the self-
gravitational effect of the heavy nuclei dynamics on the light nuclei and the
electrons, which however, may have great importance in some astrophysical
systems. This is beyond the scope of the present paper. The current research
should be important and valuable in understanding the nonlinear behavior of
localized modulated waves in some astrophysical compact objects, for
example, white dwarf and neutron stars, which are thought to contain
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relativistically degenerate electrons and light nuclei and in addition to the
heavy nuclei.

References

1. J. Arons, Space Sci. Rev., 24 (1979), 437-510.

2. R. Bharuthram and M. Y. Yu, Astrophys. Space Sci., 207 (1993), 197-202.
3. S. Chattapadhyay, K. Ghosh and S. Paul, Fizika, A 9 (2000), 75-86.

4. G. C. Das and S. N. Paul, Phys. Fluids, 28 (1985), 823-825.

5. S. Chandrasekhar, Philos. Mag., 11 (1931), 592.

6. S. Chandrasekhar, Mon. Not. R. Astron. Soc., 170 (1935), 405.

7

. S. L. Shapiro and A. A. Teukolsky, Black Holes, White Dwarfs, and Neutron Stars, John
Wiley and Sons, New York, 1983.

8. D. Koester and G. Chanmugam, Rep. Prog. Phys., 53 (1990), 837-915.
9. G. Chabrier, D. Saumon and A. Y. Potekhin, J. Phys. A: Math. Gen., 39 (2006), 4411.

10. A. Y. Potekhin, D. A. Baiko, P. Haensel and D. G. Yakovlev, Astron. Astrophys., 346
(1999), 345.

11. S. Chandrasekhar, Philos. Mag.(Suppl.), 11 (1931), 592.
12. S. Chandrasekhar, Mon. Not. R. Astron. Soc., 170 (1935), 405.
13. S. Chandrasekhar, Astrophys. J., 74 (1931), 81.

14. S. Chandrasekhar, An Introduction to the Study of Stellar Structure, Dover, New York,
1941.

15. S. Chandrasekhar, Phys. Rev. Lett., 12 (1964), 114.
16. S. Chandrasekhar and R. F. Tooper, Astrophys. J., 139 (1964), 1396

17. S. L. Shapiro and A. A. Teukolsky, Black Holes, White Dwarfs, and Neutron Stars,
John Wiley and Sons, New York, 1983.

18. D. Koester and G. Chanmugam, Rep. Prog. Phys., 53 (1990), 837-915.
19. G. Chabrier, D. Saumon and A. Y. Potekhin, J. Phys. A: Math. Gen., 39 (2006), 4411.
20. V. E. Fortov, Phys. Usp., 52 (2009), 615.

21. G. Chabrier, F. Douchin and A. Y. Potekhin, J. Phys. Condens. Matter, 14 (2002),
9133.

22. S. Islam, S. Sultana and A. A. Mamun, Physics of Plasmas, 24 (2017), 092115.
23. P. K. Shukla and B. Eliasson, Rev. Mod. Phys., 83 (2011), 885.
24. M. A. Hossen and A. A. Mamun, Phys. Plasmas, 22 (2015), 102710.



Modulation of Heavy Nucleus Acoustic Waves in a Degenerate Relativistic Plasma 343

25. M. A. Hossen and A. A. Mamun, Braz. J. Phys., 44 (2014), 673.
26. P. K. Shukla and B. Eliasson, Phys. Usp., 53 (2010), 51.

27. E. E. Salpeter, Astrophys. J., 134 (1961), 669.

28. M. Moghanjoughi Akbari, Physics of Plasmas, 24 (2017), 092117.

29. M. Irfan, S. Ali, M. Arshad Mirza and Yunliang Wang, J. Plasma Phys., 81 (2015),
905810604

30. J. H. Adlam and J. E. Allen, Phil. Mag., 3 (1958), 448.

31. G. P. Agrawal, Nonlinear Fiber Optics, Academic, 1995.

23. M. R. Amin, G. E. Morfill and P. K. Shukla, Phys. Rev. E, 58 (1998), 6517.
33. H. M. Van Horn, Science, 252 (1991), 384.

34. A. Vanderburg, J. A. Johnson, S. Rappaport, A. Bieryla, J. Irwin, J. A. Lewis , D.
Kipping, W. R. Brown, P. Dufour, D. R. Ciardi, R. Angus, L. Schaefer, D. W. Latham,
D. Charbonneau, C. Beichman, J. Eastman, N. McCrady, R. A. Wittenmyer , and J. T.
Wright, Nature, 526 (2015), 546.

35. A. Witze, Nature, 510 (2014) 196.

36. S. Islam, S. Sultana and A. A. Mamun, Physics of Plasmas, 24 (2017), 092308.
37. M. Akbari-Moghanjoughi, Phys. Plasmas, 18 (2011), 012701.

38. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, (1973),763.

39. S. Ali, W. M. Mosle , P. K. Shukla and R. Schlickeiser, Phys. Plasmas, 14 (2007),
082307.

40. A. Bret, Phys. Plasmas, 14 (2007), 084503.



