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Abstract: The present paper considers the Bayesian analysis of an
autoregressive model involving partially linear time trend. The posterior
odds ratio for testing the unit root hypothesis is obtained under appropriate
prior assumptions. A simulation study is carried out with the objective of
observing the impact of misspecifying time trend on the posterior odds ratio
of unit root hypothesis.
Key words and phases: autoregressive models; partially linear time trend;

unit root hypothesis; prior distribution; posterior odds ratio.

1. Introduction

A partially linear model is a particular econometric model which is
hybrid of a linear regression model and a completely non linear model. In
the context of time series model if dependency on time is non linear, it can
be modeled using partially linear time trend. The presence of unit root in
economic time series has profound implications from both statistical
analysis and economic theorizing point of view. Dickey and Fuller1,2

considered a test for testing the unit root hypothesis for first order
autoregressive time series model. The test for trend stationarity against
difference stationarity in autoregressive models have been proposed by
Nelson and Plosser3. Juhl and Xiao4 studied non-stationarity of time series
involving partially linear time trend and tested the unit root hypothesis using
semi parametric approach. Sims5 and Sims and Uhling6, Dejong and
Whiteman7, Schotman and van Dijk8, Silvapulle and Maddock9, Andrews10,
Hasegawa et al11, Chaturvedi and Kumar12,13 considered Bayesian approach
for testing unit root hypothesis for various time series models.
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The objective of present paper is to develop Bayesian unit root test for
autoregressive model involving partially linear time trend. The posterior
odds ratio for the unit root hypothesis has been derived under appropriate
prior assumptions for the model with and without augmentation term. The
simulation study is carried out for observing impact on posterior odds ratio
when (i) partially linear time trend is taken into account and (ii) when it is
ignored. Some trend functions have been selected from Juhl and Xiao5 for
simulation purpose.

2. Model with partially linear time trend

Let us consider the time series model
(2.1) tt uty  

where  Ttyt ,...,2,1;  are the time series observations and tu is the
disturbance term following AR(1) process ttt uu   1 .

We can write the model (2.1) as
(2.2)     ttt tyy   1

where 






1

   1

Here  t is a white noise process with mean zero and variance

1 .

We consider a more general form of time series model (2.2) involving a
partially non-linear time trend g(t):
(2.3)       ttt tgtyy   1

For the real series first we test whether g(t) is associated with the series or
not. If yes perform the unit root testing with this model, otherwise one may
use model with linear time trend.
We are interested in testing the unit root hypothesis 1:0 H against the
alternative hypothesis  1;1;:1  aaSSH  . Under the unit root
hypothesis model (2.3) reduces to
(2.4)   tt tgy  

where 1 ttt yyy
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Let us assume the following prior distributions of the parameters of the
model (see Schotman and van Dijk8)

(2.5)     






 

 20 1
1,~, yNp

,

   







 



v
Np

21,0~,
,

  










v
Np 1,0~

,
    1;,1~ aaUp  ,

 


 1
p

,
where 0y is the initial observation.

Further we define the following notations

(2.6)     
  











 216

121


 vTTTk
,

          
  



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
 





k

TTTh
4

1111
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22

,

          
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1 1
1 1

2 2 2
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1 ( ) ,

T T

t t t t
t t
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y h
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Theorem 1: The posterior odds ratio for testing the unit root hypothesis
for a time series model involving partial linear time trend, with prior odds
ratio p0/(1-p0), is given by

(2.7)    
 

          








d
hk

ka
p

p

a
T

T












1

22
1

2
1

2
1

2

22
1

0

0
01

1

1

1
1

.
Proof: The Likelihood function under the alternative hypothesis is given

by

(2.8)  
 

     
















 




T

t
ttT

T

tgtyyyp
1

2
1

2

2
1

2
exp

2
,,, 





Combining the likelihood function (2.8) with the prior distributions (2.5),
we get the marginal distribution of y under H1 as

   
   

  

 
 

   

1 1
22 2 21

1 1
1 10 2

2
22 2

02

1
exp ( 1

22 1

) 1 .
1
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t tT
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a

vt g t y d d d d

     


      


  


  

     

      
 

   

We observe that

      
 

     

2
2

1 2

2
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2 1
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vt t y y g t
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    


    

     


  

 

where

(2.9)          tgyyt
k tt 


 11ˆ
1

.
Hence, we have
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(2.10)
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.
Again the likelihood function under the null hypothesis H0 is

(2.11)  
 

  

















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
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



.
Combining the likelihood function (2.11) with the prior distributions, we
obtain the following marginal distribution under the unit root hypothesis:

(2.12)  
 







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


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
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T 
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Utilizing the marginal posterior distributions (2.10) and (2.12), the posterior
odds ratio with the prior odds ratio p0/(1- p0) is given by

   
 

          
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1

,
which is the required result.

3. Model with augmentation term

Let we consider more general form of the model (2.3) involving
augmentation term of order k

(3.1)       t

k

j
jtjtt ytgtyy   




1
1

Under the unit root hypothesis model becomes

(3.2)   t

k

j
jtjt ytgy   




1

We assume same prior assumptions for the parameters of the model and
non-informative prior for the parameters of augmentation term
(3.3)     k

k Rp  ';1 1  
Let us define the following notations
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The following theorem gives the posterior odds ratio for the testing the unit
root hypothesis in model (3.1) and can be easily proved along the lines of
theorem 1:

Theorem 2: The Posterior odds ratio for unit root hypothesis in model
involving partially linear time trend and augmentation term with prior odds
ratio p0/(1-p0) is given by



Jitendra Kumar and Ashutosh Shukla420

(3.4)
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4. Numerical Illustration

For observing the impact of presence of partial time trend on posterior
odds ratio, we have generated series from the time series model with partial
linear time trend:

       ttt tgtyy    111 ; )1,0(~ Nt

Where g(t) is the function which accounts for the non-linearity in time trend.
For simulation purpose some non-linear forms of g(t) taken from Juhl and
Xiao5 are g(t)= t2-1, g(t)= 2(t-1)(t-2) and g(t)=(t-1)(t-2). We have generated
parameters  and  from the normal distribution N(10,1) and N(50,1)
respectively. Further we have taken 55,45,35T ; 98.0,95.0,90.0
and experiment is replicated 100 times for a particular set of parameters.
The posterior odds ratio is obtained for generated series setting the model (i)
with partially linear time trend and (ii) with linear time trend. We accept the
unit root hypothesis if the posterior odds ratio is more than 1 leading to the
conclusion that series is difference stationary. If posterior odds ratio is less
than 1, unit root hypothesis is rejected leading to the conclusion that series is
trend stationary. The computation of posterior odds ratio requires numerical
integration, which has been performed using Monte Carlo integration
technique. The computations have been done using MATLAB 7 software.
We take the prior odds ratio as 1, i.e., assign equal prior probabilities to the
null hypothesis of difference stationarity and the alternative of trend
stationarity. For integrating purpose 10,000 values of autoregressive
parameters have been drawn from uniform distribution (1, a). The value of a
is obtained following the approach of Schotman and van Dijk8.

The numerical results in table 1-3 provide posterior odds ratio for
various parametric values and selected functions g(t). The posterior odds
ratio is evaluated for two different cases viz (i) incorporating non-linear
component of trend g(t) in the model denoted by PORnl and (ii) ignoring
non-linear part g(t) and considering linear trend in the model, denoted by
PORl. The ratio PORl / PORnl is given in the last column of each table 1-3.
We observe drastic increase in posterior odds ratio when non-linear
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component g(t) is ignored. The maximum change in posterior odds ratio is
observed for the function g(t)=2(t-1)(t-2). Further the ratio PORl / PORnl is
increases with increasing sample size and/or increasing  .

Table-1

g(t)
Size of series
(T)

9.0

nlPOR lPOR nll PORPORRatio /

t^2-1

35 5.51E-63 1.80E-06 3.27E+56

45 7.97E-94 2.11E-09 2.65E+84

55 8.99E-125 1.08E-12 1.20E+112

(t-1)*(t-2)

35 8.91E-60 3.27E-06 3.67E+53

45 8.51E-87 4.59E-09 5.39E+77

55 6.29E-127 2.79E-12 4.44E+114

2(t-1)*(t-2)

35 3.13E-71 3.54E-06 1.13E+65

45 2.67E-105 5.12E-09 1.91E+96

55 3.39E-142 3.19E-12 9.42E+129

Table-2

g(t)
Size of series
(T)

95.0

nlPOR lPOR nll PORPORRatio /

t^2-1

35 1.69E-51 3.07E-06 1.81E+45

45 1.25E-80 6.80E-09 5.44E+71

55 4.38E-112 8.18E-12 1.86E+100

(t-1)*(t-2)

35 2.42E-48 5.34E-06 2.21E+42

45 4.32E-78 1.43E-08 3.31E+69

55 8.83E-110 1.99E-11 2.26E+98

2(t-1)*(t-2)

35 2.10E-58 5.66E-06 2.70E+52

45 3.08E-89 1.52E-08 4.95E+80

55 1.06E-116 2.15E-11 2.04E+105
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Table-3

g(t)
Size of series
(T)

98.0

nlPOR lPOR nll PORPORRatio /

t^2-1

35 7.17E-35 1.47E-03 2.05E+31

45 4.51E-60 4.24E-07 9.39E+52

55 1.36E-89 1.48E-10 1.09E+79

(t-1)*(t-2)

35 6.71E-33 1.33E-03 1.98E+29

45 1.90E-58 5.39E-07 2.84E+51

55 7.72E-88 2.64E-10 3.42E+77

2(t-1)*(t-2)

35 3.53E-43 1.83E-03 5.18E+39

45 9.10E-73 6.66E-07 7.32E+65

55 1.23E-102 2.96E-10 2.42E+92

Acknowledgement

The first author gratefully acknowledge the financial assistance from
council of Science & Technology, Govt. of UP. The authors are also
grateful to Professor Anoop Chaturvedi, Department of Statistics, University
of Allahabad, UP-211002, INDIA for his valuable suggestions.

References

1. D. A. Dickey and W. A. Fuller, Distribution of the estimators for
autoregressive time series with a unit root, Journal of the American
Statistical Association, 74 (1979) 427–431.

2. D. A. Dickey and W. A. Fuller, Likelihood ratio tests for autoregressive
time series with a unit root, Econometrica, 49 (1981) 1057–1072.

3. C. R. Nelson and C. I. Plosser, Trend verses random walk in
macroeconomic time series: Some evidence and implications, Journal of
Monetary Economics, 10 (1982) 139–332.

4. T. Juhl, and Z. Xiao, Partially linear model with unit root test, Econometric
theory, 21 (2005) 877-906.

5. C. A. Sims, Bayesian skepticism on unit root Econometrics, Journal of
Economics Dynamics Control, 12 (1988) 463–474.



Unit Root Test of Autoregressive Time Series Model 423

6. C. A. Sims and H. Uhling, Understanding unit root. A helicopter tour.
Econometrica, 59 (1991)1591–1600.

7. D. N. Dejong and C. H. Whiteman, Reconsidering trend and random walk
in macroeconomic time series, Journal of  Monetary Econometrics, 28
(1991) 221–254.

8. P. Schotman and H. K. van Dijk, A Bayesian analysis of the unit root in real
exchange rates. Journal of Econometrics, 49 (1991)195–238.

9. P. Silvapulle and R. Maddock, Unit root and structural break, presented at
the 1992, Australian Economic Society Meeting, July 4-6, Monash
University, (1992).

10. D. W. K. Andrews, Tests for parametric instability and structural change
with unknown change point, Econometrica, 61 (1993) 821-85.

11. H Hasegawa, A. Chaturvedi and Tran Van Hoa, Bayesian unit root test in
non-normal AR (1) model, Journal of Time Series. Analysis., 31 (2000)
261–280.

12. A. Chaturvedi and Jitendra Kumar, Bayesian unit root test for time series
model with structural break, American Journal of Mathematical and
Management Sciences, 1& 2 (2007) 243-268.

13. A. Chaturvedi and Jitendra Kumar, Bayesian unit root test for model with
maintained trend, Statistics & Probability Letters, 74 (2005) 109–115.


