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Abstract: In this paper the properties of Finsler space, whose (h)hv-
torsion tensor Cjj is of the form

LCjx= Paa;a +Q D {a.a;,.b3+R D {a.b;,b}+S bbb
(i,J,k) (i, J.k)

have been studied. Here z {.....} denotes the cyclic sum of i, j, k.
(i,5.k)

Since Cj of any three dimensional Finsler space is of the above form,

any n-dimensional Finsler space F"(n>4)will be called C3- like

Finsler space, if its Cjj is of the form.

Key words: Finsler space, C3-like, C" — reducible.

2000 Mathematics subject classification: 53B40, 53C60.

1. Introduction

There are three kinds of torsion tensors in the Cartan’s theory of Finsler
space, two of them are (v)hv- torsion tensor B;, and (h)hv- torsion tensor
Ci;« which are symmetric in all the indices.

In the year 1971, M. Matsumoto’, paid attention to the form of Cij in
two dimensional Finsler space given by

(1.1) LG = Immm,,
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where | is the main scalar and m; are the component of unit vector
orthogonal to the element of support y' .

Moor studied the properties of Finsler space in which C;, is of the form
(1.1). For such a Finsler space v-curvature tensor Spij vanishes, so that F" is
reduced to a Riemannian space in view of Brickell’s theorem, provided that
the metric is symmetric. It is well known that the torsion tensor C;;, in three

dimensional Finsler space F* (strongly non Riemannian Finsler space), is
always written in the form

(1.2) LCy =Hmmm —J > {mmn3}+1 > {mnn}+Innn,,
(i,5.k) (i,].k)

where (li, m;, n;) is the moor’s frame and they three scalars H, I, J are called

main scalars.

B. N. Prasad and J. N. Singh® have defined C3-like Finsler space
characterized by

1.3) Ci,j,k = Z {hijak +G; Cj b.}.
(i,3:k)
Prasad and Singh? have shown that under different values of a and by,
the C3-like Finsler space reduces to various interesting special Finsler
space. These special Finsler space and corresponding forms of Cjj are

(1.4) Generalized C-reducible Finsler space: C;;, = Z{Piij}.
i,k
(1.5) Quasi C-reducible Finsler space: Ciix= Z{Pij C.}.
(i,.k)
(1.6) Semi C-reducible Finsler space:
P q

= h.C}+—CCC,,

i,j,k (n+1)(§){ 1j k} C2 i~7j 7k
wherep +q = 1.

. . 1
(1.7) C-reducible Finsler space: = {h.C.}.
M (n+l) (i,,;) )
(1.8) C2-like Finsler space: Cijx = éCiCjCk.

T. N. Pandey and B. K. Tripathi® have studied the properties of
F"(n>4) in which Cjj is of the form
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(1.8) C.= > {ha+’CCh}
(i,j.k)

For ax = 0 the above form (1.7) gives Ci of two dimensional Finsler space

Forac=1
J C?(H 4JC?
Mgt Bt Mg e

(1.7) gives Cij of three dimensional Finsler space.

S. Numata® has studies various properties of C3-like Finsler space. He
has given more precise definition of C3-like Finsler space and cited some
example of such a space.

2. Relation satisfied by P, Q, R and S of C3-like Finsler space

Definition (2.1). A Finsler space F" of dimension n (>4) is called C3-
like Finsler space if its (h)hv- torsion tensor Cjj can be written in the form

(1) LC, =Paa;a+Q > {aab}+R > {abb}+Shb;b,
(i,.k) (i,J.k)

where P, Q, R and S are scalars. It is obvious that a; and b; may be taken as
unit vector by suitable modification of scalars P, Q, R and S. Further it may
be supposed that b; is orthogonal to &; . if b; is not orthogonal to a; , then we
take the vector w; = b; - (a, b) a;, (3, b) =g" ai b; .

It is clear that this vector is orthogonal to a; and LCij is written in a form
similar to (2.1) in terms of a; and w;. Consequently we may take

(2.2) g"aibj=0, glaa=g'bib =1
Transvecting (2.1) by g” and using (2.2), we get
2.3) LC, =(P+R)a, +(Q+S)b,.

Again transvecting (2.3) by C* we have

(2.4) LC*=(P+R)u+(Q+5S)yv,

where u=C* a, v=C"band C = C*C,.
Transvecting (2.3) by b* and a* respectively we get
(25) (@ Lv=Q+S§S, (b) LUu=P+R.

Putting the values of (Q + S) and (P + Q) from (2.5), we get Ck =u ax + Vv
by. If a; is orthogonal to C;j then u = 0 and (2.5 b) leads to P + R = 0.
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Similarly if b; is orthogonal to C' then v = 0 and (2.5 a) leads to Q + S = 0.
Thus we have the following:

Theorem (2.1). In a C3-like Finsler space a; is orthogonal to C'if and
only if P + R = 0 and b is orthogonal to C' if and only if Q + S=0.

3. C3-like four dimensional Finsler space

The scalar components C, , of LCij with respect to orthogonal frame
{e,): a =1, 2, 3, 4} of four dimensional Finsler space is given by [5]

(3.1) LCijk = Caﬂyea)ieﬂ)Jeﬂk '

Contracting (3.1) with ¢ we havelC =C,_,.e,. Writing scalar
components of both the sides of (2.1), we get

(3.2) C.,, =Pa,aa +QY {aab}+RY {abb +Shbb,
(ap7) (apy)

where a, and b, are scalar components of a; and b; respectively i.e.
a=ae,; and b=be

aZa)i” )
Since Cij« is indicatory tensor, a; and b; are indicatory tensor i.e. a; y' = 0, b;
y'=0
which imply that a;= 0, b; = 0. Then (2.2) leads to

(33) 622 +a32+a42: 1, b22 +b32+b42:l, a b, + azhs+as by =0.

Taking particular values of «, £,y in (3.2) we get

(3.4) (@) C,, =Pa,’ +3Qa,*b,+3Rab,’+Sh},
(b) C,i = Pa,a’ +Q(2a,a,b,+ a;’ b)) + R(2b,ab, +a,b,?)+Sh,b?,
(€) Cu = Pa;® +3Qa, b, +3Rah’ +Sh?’,
(d) C,,=Pa,a’+Q(2a,a,b,+a,°b,)+R(2b,a,b, +a,b,*)+Sh,b,?,

() Cu, =Pa,a8, +Q(a,a;b, +a;8,b, +a,a,b,)
+R(b,bp, +abhb, +a,b,b)+Sbhbp,,

(f) C,, =Paja, +Q(a,°b,+ 2a,a,b,) +R(2a,bb, +ab,)+Sb’,,
(9) G = Pasa42 +Q(2a,a,b, + a42 b,) +R(2b,a,b, + a3b42) +3S b3b421
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(h) C,, =Paja, +Q(a’b,+ 2a,a,b,) +R(2abb, +a,b,%)+Sb,’b,,
(i) C,., =PaS’+3Qa,’b,+3Ra,b,>+Sh,}’,
(i) C,, =Paja, +Q(a,’h,+ 2a,a,b,) +R(2a,b,b, +a,0,%)+Sb’,,
From equation (3.3) and (3.4), we have
(3.5) (P+Qaz+(Q+S)b,=LC, (P+R)az+ (Q+S)bs=0,

(P +R)as + (Q + S)by =0,

Theorem (3.1). Necessary conditions for a four dimensional Finsler
space to be C3-like are given by (3.5).

4. C'-reducible, Semi C" — reducibility of C3-like Finsler space

Definition (4.1). A Finsler space F" of dimensional n>3 is called C"-
reducible if the following conditions are satisfied
(1) F"is not Riemannian,
(2) Cartan’s v-covariant derivative of (h)hv-torsion tensor Cjj is of the form

(4.1) LG |, =hi;By +h,Bi; +h By +hy By, +h, B, +hy By,

1 L cil..
2(n+1) (n-1)

T. N. Pandey and M. K. Gupta® have shown that every C'-reducible
Finsler space is C-reducible and Converse is also true. Numata* has shown
that there is no C-reducible C3-like Finsler space. Hence from the above
two results, we have

Theorem (4.1). There is no C" — reducible C3-like Finsler space.

Definition (4.2). A non-Riemannian Finsler space F" is called semi-C" —

reducible Finsler space, if the Carton’s v-covariant derivative of h(hv)-
torsion tensor can be written as

42) LCl,=PY {hijBkh}Jr% > {cc B,

i,j.k.h i.j.k,h

where B = [ah;;-2(1,C;+1,C)] and o=

1 L cil..
2(n+1) (n-1)
p+qg=1;p, gdo not vanish and Z { }denote the cyclic sum of i, j, k, h.

i,j,k,h
Taking v-covariant derivative of (2.1) we have

where B, =

[ahy, —2(,C,+1,C)]| and o=
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(4.3)
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LCijk |h +1hCijk =P |h aiajak + P(ai |h ajak +aiaj |h a, +aiajak |h)

+Ql, z {a‘ia‘jbk}+Q z {ai I ajbk +a;a; | by +aiajbk |h}

(i.5.k) (i.5.k)

+R|, X {abb,J+R Y {a;],bjb, +ab;|, b, +abb, |}

(i,.k) (i..k)

+3|, bbb, +S(b; |, b;b, +bb; [, b, +bb;b, ).

Transvecting (4.4) by b b a“ and using (2.2) we have

(4.4)

LCiik s b'b’a" +thijkbibjak :Q(aj I, bl +a, |, b'+R |h)

+R(a, |, @ +2b; |, b')+Sb, |, a*.

Putting the value of LCijn from (4.2) in (4.4) we have

(4.5) p > {hBul-=5 X {C/C;B,}|bba* +1,C;;b'b a"
i,jk.h C i,jk.h
:Q(aj I, b’ +a, |, b +R|,)+R(a, |, ak +2b, |, bi)+Sbk |hak.
So we have
Theorem (3.2). If a C3-like Finsler space in semi C' —reducible then
(4.5) holds.
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