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Abstract: The aim of the present paper is to discuss different kinds of
hypersurfaces of the Finsler space with Randers change of special

ﬁS

(a, B)—metric of type L =a+uf+vi—+p (where u and v are
o

constants). We have obtained conditions for the hypersurface to be a
hyperplane of first, second or third kinds.
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1. Introduction

M. Matsumoto® introduced the concept of (a, g)-metric on a
differentiable manifold with local coordinates x', where «®=a;;(x)y'y’ isa
Riemannian metric and g=b;(x)y' is a 1-form on M". M. Hashiguchi and

Y. Ichijyo? studied some special (a, g)—metrics and obtained interesting
results. B. N. Prasad® obtained the Cartan connection for the Finsler space
whose metric is transformed by an h-vector. M. Matsumoto* discussed the
properties of special hypersurface of a Randers space with b; (x) as gradient
of a scalar function b(x). M. Kitayama® obtained certain results related to

Finslerian hypersurface given by p- change. P. N. Pandey and Suresh K.
Shukla® discussed the Hypersurfaces of a Recurrent Finsler Space. In 2011,
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H. Wosoughi’ discussed hypersurface of special Finsler space with an
exponential (e, #)— metric and obtained certain results.

The hypersurface of a Finsler space with some given special metrics has
been studied by authors®*. A change of a Finsler metric
L(x, y)—>L"=L(x, y)+b;(x)y' is called Randers change of metric. The

notion of a Randers change was introduced by Matsumoto, named by
Hashiguchi and Ichijyo™ and studied in detail by Shibata™. A hypersurface

M " of the (lvl " L) may be represented parametrically by the equation
x'=x'(u“), @=12......,n-1 where u“ are Gaussian coordinate on M "*.
Since the function L* =L (x(u), y(u,v)) gives rise to a Finsler metric of
M "%, we get an (n-1)-dimensional Finsler space F"*=(M"™L"(uv)).

The aim of the present paper is to discuss different kinds of hypersurfaces of
the Finsler space with Randers change of special («, B)-metric of type
ﬂs
a*
conditions for the hypersurface to be a hyperplane of first, second or third
kinds.

L*=a+up+v=—+p (where x and v are constants). We have obtained

2. Preliminaries

Let Mm" be a real smooth manifold of dimension n and let
= =(M”,L*) be a Finsler space on the differentiable manifold m"

endowed with a fundamental function L"(x, y), where
ﬂS

(2.1) L'=a+upf+v—_+p.
o

Differentiating (2.1) partially with respectto « and g, we get
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The normalized supporting element, the metric tensor, the angular
metric tensor and Cartan tensor are defined by*
a) Ii =5iL,

b) gij=13iajL2,
(2.3) 2

1.
d) Cijkzzakgij,
. . o
respectively, where 9, =$ :

In the Finsler space F*" =(M ”,L*) the normalized element of support
(2.3a) and the angular metric tensor (2.3c) are given by®

(2.5) hi; =pajj+dobibj+ay (b Y;+b;Y;)+a, Y, Y,
where
(2.6) Yi=a;;y),

(2.7) p=L"LLa™
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=i10[a10—3va5ﬂ5+(,u+1)[3a9—4v(,ua4+vﬂ4+a4)ﬂ6]
a

(2.8) qOZL*L*ﬂﬂ
20vr 5 53 454 8
:?[a B +(,u+1)a BT+vp J,
(29) G =L"L 0
4
:—%[a5+yﬁa4+vﬁ5+ﬁa4]
o
(2.10) a4, =L"a * (L, —L,a™)

= [2vat gt 2av((un)at v 5t B0 - (us1) pa® -]
(04

In the Finsler space F™" =(M " L*) the fundamental metric tensor (2.3b)

is given by’
(2.11) 9/j=Pa;j+pob;b;+ pl(biYJ- +iji)+ oYY,
Where
(2.12) Po=0p + L}’
:%[301/(“1)05%4 +(u+1)? a®+20va B +45v2ﬂ8],
(2.13) py=a;+L" pLj
:%[—va‘lﬂ‘l{15a+24ﬁ(,u+1)}—40v2ﬁ9+(,u+1)a9],
(2.14) p,=Q,+piL*2

=%[15va5ﬂ5 +40v2 o +(#+1){24va4,86 —ﬂagﬂ.
a

The reciprocal tensor g™ of g;; is given by
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(2.15) g*”=p‘1a”—Sobibj—Sl(biyj+bjyi)—Szyiyj,
R .
a) blzaljbj, b :aijblbj,
ppo+(Pop2—p))a’
rp
2
PP1+(PoP2—P1" )8
rp
2\p2
ppz+(po P2—P; )b
d) 82:
p
e) r=p(p+pob”+piB)+(Po P2 b)) (@D - B).

For the Finsler space F*" the hv-torsion tensor is given by

where
op _
(2.18) @) ylzpa—ﬂo—?)plqo, (b) m;=b;—a 2pY;.

Here m,; is a non-vanishing covariant vector orthogonal to the element of
support y'.

Let {jik} be the components of Christoffel symbols of the associated

Riemannian space R" and v, denote the covariant differential operator
with respect to x* relative to the Chriestoffel symbols. We will use the
following tensors:

(219) (8  2F]j=b;;+by, (b) 2R =b;;-b

ji
Let cr*=(Fy,G;", Ci) be the Cartan connection of F*". The difference

tensor D}, =F —{j'k} of the Finsler space F*" is given by



184 Ganga Prasad Yadav and P. N. Pandey

(2.20) D\ =B™E +F" B} +F;' B} +B7bg +Byby;

~bom g "B —Cn A" —Cip A" +C

#M o *iS
kmj jkm As 9

+27(Cy Cl +CiL CLl ~ClR G ),

where
a) By =poby+p,Yy, B*i=g*ijB?’

_ op
pl(aij—a 2Yin)+[ oaﬁjmimi
(2.21) b) Bi*j: 2 )
) A;M=B"Eg, +2BgF;", F™* =g™IF],

d) B*=g"™Bj;, By=By',

where 0 denote the contraction with y' except for the quantities p,, g, and
SO.

3. Induced Cartan Connection

Let F*"* be a hypersurface of F*" given by the equation x'=x'(u).
The element of support y' of F*" is to be taken tangential to F*"*, i.e.

(3.1) y =B (u)v.

The metric tensor g, and v-torsion tensor C_, ;. are given by

(32 @  9i,=0)BI8} (b) Clpy=Ciyc B./B}B;"
At each point u® of F*™*, a unit normal vector N* (u, v) is defined by
(3.3) (a) g{;BoN"T =0, (b) g NN =1,

The angular metric tensor hi; of F*", satisfies the following relations

(3.4) (@ h.,=h;B;B;, (b)) hjBINT=0 (c) hNTNT=L

The inverse projection factor B;” (u,v) of B is given by
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(3.5) Bi*a:g*aﬂgi*j B;j,

where g**/ is the inverse of the metric tensor g;, of F™*.

From (3.3) and (3.5), we get

(3.6) BB/ =67, BN/ =0, N*'B;* =0, N* N =1,
and further

(3.7) BB +NiN™ =65

For induced cartan connection ICT :(Fﬁ*;", Gﬂ*"‘,Cﬂ*‘;‘) on F*"!, the second

fundamental h-tensor H/ , and the normal curvature vector H; are given
by

* * * *i * | *K * * * * *i *im %
(3.8) Hop=N; (B, +F i BB )+M H  H =N/ (8], +G;'B})),

Whel‘e M;:Ci*jkB:N*jN*ky B*l

_ *j _ *j ¥/
= and By, =Bj, v*.

Itis clear that H, ; is not symmetric

(3.9 H.y—Hp, =M H-M H_.

Equation (3.8) yields

(3.10) Hoo=H,sv/=H, +M}+M Hg.

The second fundamental v—tensor M , is given by

(3.11) M ,=C/;B. B N**.

The relative h and v-covariant derivatives of BX' and N* are given by

*j _ * *
a) By, =H, N",

b) B |=M,;N",
(3.12) _ e
¢) Ny=-H,,B“g™,

d) N*i|ﬁ=_M;ﬂB}‘“g*ij.
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(3.13) M5 =N/C BN

Let X;(x y) be a vector field of F*", the relative h and v- covariant
derivatives of X; are given by

_ + SITh - *]
(3.14) Xip=XijBg +Xiy N"TH 5, Xip=X5; By

M. Matsumoto® defined different kinds of hypersurfaces and obtained their
characteristic conditions, which are given in the following lemmas.

Lemma 3.1: A Finslerian hypersurface F"* is a hyperplane of the first
kind if and only if H_, =0.

Lemma 3.2: A Finslerian hypersurface F"* is a hyperplane of the
second kind if and only if H,=0 and H,,=0.

Lemma 3.3: A Finslerian hypersurface F"* is a hyperplane of the
third kind if and only if H,, ;,=0=M,, and H_,=0.

4. Hypersurface F*"*(c) of the Finsler space F*"

5
Let us consider a special Finsler metric L*=a+,uﬂ+vﬂ—4+ﬂwith
o
gradient b; (x)=0;b. From parametric equation x'=x'(u“)of F*"*(c), we get
2,b(x(u))=0=b;B;' so that b (x) are regarded as covariant components of a

normal vector field of F*"*(c). Therefore along the F*"*(c), we have
(4.1) (a) b;B; =0, (b) b, y' =0.

Hence the induced metric L*(u, v) of F*"*(c) is given by

(4.2) L (u,v)=\a, vy’ aaﬂzaijB;iB;j,

which is a Riemannian metric.
At a point of F*"*(c), from (2.7), (2.8), (2.9), (2.10), (2.12), (2.13), (2.14)
and (2.16), we get
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1
8) p=1,do=0.0y=0,Gp=—— 7=1,
1
(4.3) b) po=(u+1)", pf%, p2=0,
d) S, =0, 8,=**1 5, - (/”21) b2,
a a
Using (4.3) in (2.15), we find
(4.4) g*ij:aij_ﬂ_ﬂ(biy1+bj ) (,u+1) b2y
o a

Transvecting (4.4) with b;b; and using (4.1b), we have

(4.5) g*ijbibj:bz,
which gives
(4.6) b (x)=bN;",

where b is the length of vector b'.
Transvecting (4.4) with b; and using (4.1b) and (4.6), we get

41 b'=a'lb; =bN"' +(u+1)b%a"y".

This leads to

Theorem 4.1: In the Finslerian hypersurface F*"*(c) of a Finsler
space with Randers change of special («, g)—metric, the induced metric is a
Riemannian metric given by (4.2) and the scalar function b(x) is given by
(4.5) and (4.6).

The angular metric tensor and metric tensor of F*" are given by

. Y Y.
(4.8) hi|=ay; —a—zl

and

(4.9) g;‘j=aij+(y+1)2bibj+“;1(b Yi+b;Yy),

respectively.
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Transvecting (4.8) with B;‘B;j and using (3.4), we get

(4.10) h; ;=h.%)

Where h;(;’) denote the angular metric tensor of induced Riemannian metric.
Differentiating (2.12) with respect to 3, we get

o_20v
op b

d :
é%:o. Therefore (2.18) gives y,=0, m;=b,. Then

(4.11) [6(y+1)a4/33+3a5ﬁ2+18v/37]

Thus along F*"*(c),

from (2.17), we get
(4.12) c;‘jk=“7+l(h;‘jbk +hjb;+hib;).

Transvecting (4.12) with B;'B;'N** and using (3.4), (3.11) and (4.6), we
have

w p+l
(4.13) Maﬁ.:Thaﬁb.

From (3.4), (3.13), (4.1b) and (4.12), we have
(4.14) M =0.

Using (4.14) in (3.9), we have

(4.15) Hoy=H b, .
Thus, we have the following:

Theorem 4.2: The second fundamental v-tensor M}, of F™"*(c) is
given by (4.13) and the second fundamental h—tensor H_ , is symmetric.

Taking h-covariant derivative of (4.1) with respect to the induced
connection, we find



Hypersurface of a Finsler Space with Randers Change of (a, ﬁ)— Metric 189

Applying (3.14) for the vector b, , we get
In view of (3.12) and (4.17), (4.16) implies

(4.18) b,

7B By +b; | BINTTH S+ H N =0,

B
From b;|;=-b,C;7, (3.13), (4.6) and (4.14) together imply
(4.19) bil;B. N*I=—bM =0.

Using (4.6) and (4.19) in (4.18), we find

(4.20) bH; ;+b;;B. B} =0.

i|lj P«

Since H_, is symmetric, b,
we get

; Is symmetric. Transvecting (4.20) with v/,

(4.21) bH +b;:B.y' =0.

i|jPa
Again transvecting with v*, we get

In view of Lemma 3.1, the hypersurface F™"*(c) is a hyperplane of first
kind if and only if b;;y'y’=0. Here b;; being the covariant derivative with
respect to the Cartan connection of F*" may depend on y'. Since b, is
gradient vector, from (2.19) for induced metric L*, we have E,=b
F;7=0. Thus, (2.20) reduces to

ij?

(4.23) DY\ =B"bj, +B7bgy +Bybgj —bom g "B —Cln A"

—CH AT Ct

*M | *iS *S *| *m *i *m *M o~k
km?Vj ikmAs 9 +4 (ijCsk+CkmCsj_Cjkas)'

Using (4.3) and (4.4) in (2.21), we get
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a) B’;:(y+1)2bj+#;lY

« M+l -
b) Bljzg(a”—a 2Yin),

*i ,u+l —a 2yl (,u+l)2 Lyl
(4.24) c) Bj » (5 y'y. ) 5 b.y',

]
0(2

,u+1

d) B* = y', A =By,

In view of (4.1), we have B;'=0 and B;,=0, which together with (4.24)
gives A;™=B""b,,. Transvecting (4.23) with y*, we get

Again transvecting (4.25) with y’, we find
(4.26) Dzlo =By, = /H_l ~——¥'bgo-

Transvecting (4.26) with b, and using (4.1), we have

(4.27) b, D, =O0.
Thus, the relation b;;=b;; -b, D] and (4.27) gives
(4.28) bi|jyiyj:b00'

Using (4.28) in (4.22), we get
(4.29) bH g +bgo=0.

From equation (4.29) and Lemmas 3.1 and 3.2, it is clear that the necessary
and sufficient condition for F*"(c) to be a hyperplane of first kind is that

beo=0. Since b;;=V;b; does not depend on y' and satisfy (4.1b), this
condition may be written as for some b;;y’ yj=(biyi)(cjyj)=0f0r some
¢;(x). Therefore
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(4.30) 2b;; =bic; +bjc;.
From (4.1) and (4.30) it follows that

(4.31) bgo =0, by;;B; B =0, by;B;'y! =0.

ijPa ijPa
Hence (4.29) gives H,=0. Again from (4.23), (4.24) and (4.30), we have

i 1 * * * * *im ¥ +1 *
(4.32) bigh’ =Ec0b2,/1 m=0, A]'B}/ =0, B;B.'B}/ =”2—a i’

Using (3.11), (4.4), (4.7), (4.13) and (4.32) in (4.23), we get

(u+1)cob2 b

(4.33) b, DIB}B} = s

ij2a®p — 2a

Also from the b;;

=b;; -b, D] and (4.31), we get

(,u+l)cob2 .

(4.34) b ;B.'Bj = —b, D » s

Aoy *ipg*j _
i1iBa BoBy =

ij a
Therefore equation (4.20) reduces to

(,u+l)cob2

2a

(4.35) bH ; + 2 5=0.

Hence the hypersurface F*"*(c) is umbilical. Thus, we have

Theorem 4.3: The necessary and sufficient condition for a Finslerian
hypersurface F*"*(c) of a Finsler space with Randers change of special

(a, B)—metric to be a hyperplane of the first kind is that (4.35) holds and
F*"*(c) is umbilical.

From lemma 3.3, the hypersurface F™*(c) is a hyperplane of second
kind if and only if H;=0 and H/,=0. Thus (4.35) gives co=c;(x)y' =0.
Therefore there exists a function ¢(x) such that

(4.36) ¢; ()= (x)b; (x).

Hence (4.30) reduces to. b;; =¢b; b
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Theorem 4.4: The necessary and sufficient condition for a Finslerian
hypersurface F™"*(c) of a Finsler space with Randers change of special

(e, B)—metric to be a hyperplane of second kind is b;; =¢b; b; .

In view of (4.13) and (4.14), Lemma 3.3 shows that F*"*(c) does not
become a hyperplane of the third kind. Thus, we have

Theorem 4.5: The Finslerian hypersurface F™"*(c) of a Finsler space
with Randers change of special (a, g)—metric is not a hyperplane of the
third kind.
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