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Abstract: In this paper, an analysis of two collinear anti-plane shear
cracks in a porous piezoelectric layer bonded with two similar elastic
half-spaces is done. The impermeable crack face conditions are
considered. Using Fourier transform, the problem is reduced to three
pairs of integral equations. The displacement and electric potentials are
expanded as a series of Jacobi polynomials and then the integral
equations are solved by making use of Schmidt's method. The analytic
expressions, for the intensity factors at the right and left end of the
crack, are obtained. A particular case for the piezoelectric layer is also
discussed in which the expressions for the intensity factors for the
cracks in a piezoelectric layer are derived. Numerical calculations are
made to show the effects of geometry and position of cracks on the
stress intensity factors and electric displacement intensity factors.
Keywords: Crack; Porous Piezoelectric materials; Shear;Integral
equations;Intensity factor.

2010 AMS Classification Number: 74A45, 76S05.



220 Anil K. Vashishth and Ashok Dahiya

1. Introduction

Fracture mechanics of materials has been attracting the attention of
researchers in the areas of mechanics of solids, applied mechanics, structural
engineering, material science and earth science. In the case of piezoelectric
ceramics materials, the initiation and propagation of cracks may be resulted
due to mechanical and electrical loads. To check the failure during service
and to obtain the reliable service life time of piezoelectric components, the
crack analysis of piezoelectric ceramics becomes very important.

The problems of cracks in piezoelectric materials have been studied
intensively for the electrically permeable cracks'® and electrically
impermeable cracks®*. Narita and Shindo® carried out an analysis of
scattering of anti-plane shear waves by a finite crack in piezoelectric
laminates. Zhou et al.° made an analysis of the behaviour of two collinear
cracks in a piezoelectric layer bonded to two half spaces by Schmidt method
for impermeable crack face condition. Using singular integral equation
technique, Wang and Mai’ discussed the effect of electrical boundary
conditions on mechanical and electric field intensity factors for a
piezoelectric layer bonded by two elastic layers and Wang et al.? extended
this phenomenon to an anti-plane crack problem in a functionally graded
piezoelectric materials strip. The dynamic behaviour of two collinear anti-
plane shear cracks in a piezoelectric layer was investigated by Zhou and
Wang?®. To et al.” discussed propagation of a mode-I1I interfacial conductive
anti-plane crack along a conductive interface between two dissimilar
piezoelectric half-spaces. In the above work for the piezoelectric material,
out-of-plane mechanical displacement and in-plane electric fields were
decoupled. Li and Chen™ performed numerical analysis of interfacial crack
tip singularities and crack tip energy release rates for a permeable crack in
elastic dielectric/piezoelectric bi-materials. The problem of multiple cracks
on the interface between a piezoelectric layer and an orthotropic substrate
was solved by Li and Lee* with the help of method of dislocation simulation
and singular integral equation. Shin and Lee™ analyzed the dynamic
propagation of a crack in a functionally graded piezoelectric material layer
between two dissimilar piezoelectric layers under anti-plane shear by
making use of integral transform approaches. Choi and Shin'* analyzed three
collinear impermeable interfacial cracks in bonded dissimilar transversely
isotropic piezoelectric materials under electromechanical loadings. Hassan
and Song™ analyzed the influence on the intensity factors in transversely
isotropic piezoelectric bi-materials with two symmetrically interfacial
cracks near the edges of a circular cavity, subjected to the dynamic incident
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anti-plane SH-wave. Govorukha et al.*® provides a comprehensive survey of
works on cracks situated at the interface of two materials, at least one of
which has piezoelectric or piezo-electro-magnetic properties. Using an
extended finite element method, a static impermeable crack, at interface of
piezoelectric materials, was studied by R. R. Bhargava and P.R. Verma*"'.

In this paper, a study of behavior of anti-plane shear cracks, in a layer
of porous piezoelectric material bonded to similar elastic half spaces, is
undertaken. Using integral transform technique, the problem is transformed
into sytem of integral equations. The displacement and the electric potential
are expanded in the series of Jacobi polynomials and thereafter Schmidt's
method is used to find stress intensity factors. Numerical examples are taken
to study the effect of cracks geometry, wave frequency, porosity and
thickness of the piezoelectric layer on the stress intensity factors.

2. Formulation of the Problem

We consider a model which consists of a porous piezoelectric layer of
thickness 2h which is bonded between two similar elastic half-spaces.
Quantities in the half-spaces are designated with the superscriptl. The
porous piezoelectric material is assumed to be transversely isotropic having
symmetry of type 6mm and poling direction is along the positive Z axis.

Two symmetric cracks, each of length (1-b), as shown in the Fig. 1, are
situated in the mid plane of the porous piezoelectric layer and are parallel to
the interfaces. 2bis the distance between the cracks. All the field quantities
assumed to be time harmonic, i.e. time factor is of the form e and that is
suppressed for brevity. Here, @ is the circular frequency.
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Figure 1. Geometry of the Problem
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Following Vashishth and Gupta®® , the appropriate constitutive equations,
corresponding to shear hoizotal motion of a porous piezoelectric material,
can be written as

*

(2.1) T2k =44k o5 Pk o152
(2.2) =0,

(2:3) Dy = eygWy 418y ~A1d

(2.4) T U ST (EE )
(2.5) CuqVoW+e 2P+ & V2 = pi

(2.6) & V2W—& V24— A V28 =0,

(2.7) GeViw-A V25 v2 =0,

where 7,, D, and z°, D, (k=x,y) are the shear stress and in plane

electric displacement for solid and liquid phases of the porous piezoelectric

materials. ¢ 44 is the elastic constant; e, ¢, are the piezoelectric constants

and &,, A, &, are the dielectric constants. w, W are the mechanical
displacements and ¢, ¢ are the electric potentials for solid and liquid

2
. . . P
phases of the porous piezoelectric materials. p:pll—l,
o)
22
V2= i+i and p, p, p,,are the mass densities of porous
aXZ ayz 11, /12, 22

piezoelectric material.
The constitutive equations for elastic half space are
(2.8) 7 =cl,W

Xz X 1
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(2.9) Ty, SCW

(2.10) ., VW' = p'w',

7! are the shear stresses, w' is the shear displacement, p' is the mass

density and c;, is the rigidity in the elastic half-spaces. Because of assumed
symmetry in geometry and loading, it is sufficient to consider the problem
in the domain 0 < x <o, 0<y <o,

Using Fourier transform, the solutions of Egs. (2.5)-(2.7) and (2.10) can be
expressed as

(2.11) w(x,y,t) = HAl(s)e + Az(s)eyly}cos(sx)ds,
(2.12) w(x,y,t) = sz A3(s)e_y2y cos(sx)ds,
(2.13) o(X, Y, t)——4w(x Y0 = I{Bl(s)e_sy +B, (s)esy}cos(sx)ds,

(2.14) ¢ (x,Y, t)——w(x Y, t)—— .[ {Cl(s)e Yic (s)esy}cos(sx)ds

where 1Y 1371, re given in the Appendix A and
A (s), A(s), By (5), By(S),Cy(5),CH(s), are unknown functions which are to
be determined from field equations and boundary conditions.

The boundary conditions for the considered model are

(2.15) 7yz(x,0,t) =7, (b<|x<1)
(2.16) Dy(x,0,t) =-Dy, (b <|x/<1)
(2.17) Dy(th)——D (b<|x/<1)

(2.18) W(x,0,t) = §(x,0,t) = ¢ (x,0,t) =W(x,0,t) =0, (x| <b,|x|>1)
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(2.19) ryz (x£N,1) = 77 (x £h,1),

(2.20) (1= B)W(x,+h,t) + AW (x, +h,t) = w! (x,+h,1),
(2.21) Dy (x,£h,t) =0,

(2.22) Dy (x,£h,t) =0,

(2.23) W(x, Y8 = W (x, y,)

=g(x,y,t) = ¢*(x, y,t) =0, for x2 + y2 —> o0,

Where g is the porosity of porous piezoelectric material. Using Egs. (2.1)-
(2.10) and (2.11)-(2.14) in these boundary conditions, we get

(2.24) ET A(s)cos(sx)ds =0, (0<x<bh,1<x)
T 0

(2.25) —IylF(s)A(s)cos(sx)ds- **[70,615[)0 D"y },(bSXSD

P a1 @
(2.26) ZT B(s)cos(sx)ds=0, (0<x<b,1<Xx)
4 0
(2.27) 2TSFZ (s)B(s)cos(sx)ds = _ 1 DO+A11D , (b<x<1)
Ty 511 o
(2.28) 27 c(s)cos(sx)ds = 0, (0< x <b,1<X)
T

**

(2.29) iIsF?’(S)C(S) cos(sx)ds = DT’ (b<x<1)
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where 41yt pig, B D Fy(S), Fy(S), Fa(S), AGS), Ay (S), B(S)
B, (s), C(s),Cz(s), are given in the Appendix A

3. Solution of Integral Equations

The system of integral equations (2.24)-(2.29) is solved by using
Schmidt’s method (Morse and Feshbach'). The displacement and the
electric potentials for solid and liquid phase of the porous piezoelectric layer
can be written as

11
v 2 el
(3.1) {w,¢,¢ }(x,o,t): RCICRCN A
n=0
1+b 1+b\2 |2
S P A PR
x b 1- (@2 , for b<x<1l,y=
2 2
(3.2) {w,¢,¢*}(x,0,t) ={0,0,0}, for x<b,x>1,y=0

where a,, b, and c, are unknown coefficients to be determined and

11
Pn(2 ZJ(x) is a Jacobian polynomial.
Taking Fourier cosine transforms of Eq. (3.1), we get

(3.3) {A(s),B(5),C(s)} = nozoo{an,bn _ZBan,Cn _Zlan}
4 2

1 1-b
“nCn() Inua(s15

where
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1
r'(n +1+§)

Qn=2Jn i

(3.4)

n
(-1)2 cos(s@) for (n=0,2,4,6,8...),
Gn(s) = n+1

1) 2 sin(sl+b) for (n1=1,3,5,7,9..)

and I'(x), J,(x) are the Gamma and Bessel functions, respectively.
Substituting the value of A(s), B(s) and C(s) in Egs.(2.24)-(2.29) and
integrating with respect to x in [b, x|, we get

% T1 1-b O]
(35) 2 On {sG”(S)Jnﬂ( 2 j[“sgz(s)}

x [sin(s)—sin(sb) ]ds = 2”,9* [1+ 4, + A (x—b),
u

1-b
(36) Zon-Bann | [[RETCIAMER=

x {1+[F2 (s)—l]} [ sin(sx)—sin(sb)]ds

A1y A1
-, 511[[)0(“0‘51 )--110f |(x-b),
1 1-b
(3.7) n_O(Cn—lan)Qn !SGn(s)Jnﬂ[ )

x {1+[F3(s)—1]}[sin(sx)—sin(sb)] ds

_ 7| A1 *
—ZQLZMDO—DO}(x—b),
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where 4,,4,,0,(s) and g,(s) are given in the Appendix A. Egs. (3.5)-(3.7)
can now be solved for the coefficients a,, b, and ¢, by Schmidt method.

4. Intensity Factors

Coefficients a,, b, and c, are determined, so that entire perturbation

stress field, electric displacement for solid and liquid respectively can be
obtained. Intensity factors play a dominating role because they characterize
the intensity of the singular piezoelectric crack fields (stress and strain). The
knowledge of intensity factors is based on the near field solutions and is
useful because intensity factors give information for the strength and life
time prediction of structures. Thus, by making use of Egs. (2.11)-(2.14) and

Eq. (3.3) in the Egs. (2.1)-(2.4), the expressions of 7,,, D, and D, near the
crack tips, are obtained as

(4.1) rya(x0,0 =~ zoanQn J.Gn(s){lJ{ Fy(s) - 1}}

1-b %5 £ 3
xJ +1[52J cos(sx)ds - ngo(bn —aan )Qn

< S oy IGn (5)[L+[F3(s) 11}

X Jn+1( 1 Zb)cos(sx) ds

251

42) Dy(40,0= "L ¥ (b~ "3.a0)Qn [Gn ()
n=0 n 0

4

{1+[F2(s) 1]} n+1( 12bjcos(sx)ds
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s (o 2 [oncs)

[+ [F3(9) 113, +1[ 1 zb]cos(sx) ds,

(4.3)

00 77 o0
: [bn—gan}QnIGn(S)
n=0 Ty 0

1-b

X {1+ [F2 (s) —1]} J n+1(s 2jcos(sx) ds

Zéf* o) n 2
+ A1 5 (cn - an)Qn jGn(S)
7. n=0 772 0

X {1+ [F3(s) —1]} Jn+1 (s ibJ cos(sx)ds,

From the above equations, the singular part of the stress field and the
singular part of the electric displacements can be expressed as

(4.4) T= —in§0(0443n +€15Pn +¢156n) Qn Hn (b, X),
(45) D=~ 5 (44 ~e5n + A;tn)@n Hn (0,
(4.6) D’ ——;ng (A11Pn —¢152n +§11Cn)Qn n(b.x),
where

Hn(b,x) = (-)™L f,(b,x,n), (1=01,2,3,4,5..) for 0<x<b,

Hnp(b,x) =(-1) f2(b, x,n), n=0,1,2,3,4,5..., for 1<x,
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n+1
f,(b,x,n) = 201-b)™" :
r n+1
\/(1+b—2x)2—(1—b)2 L1+b—2x+\/ (L+b—2x)2—(1-b)2 }
2(1—b n+1
f2(b, X,n) = (1=b) T

J@x-1-b)2 —(1-b)? [2x—1—b+\/(2x—1—b)2 —(1—b)2}

Using Egs. (4.4)-(4.6), the stress intensity factor K, electric displacement
intensity factor D, solid phase and electric displacement intesity factor
D, for liquid phase at the left end of the right crack are obtained as

(4.7) {KL, D, DE}: X|im_m{r, D, D*},

—b

* 2 0
(4.8) {KL, D . DL} = /ﬁ(l—b)n;o(_l)n Qn (C442n +€50n +&;5Cn,

€ 58n —¢11Pn — A1 1n:$158n — A 1Pn —&316n)-

Similarly, at the right end of the right crack, the intensity factors are
obtained as

(4.9) {KR, Dy, D’F;}: XEQJF\/M{T, D, D*},

2 o
\ / 2(1-b) ngan (C442n +€5Pn + & 5Cn,

€580 —¢11Pn — A 1tn:$158n — Ay 9bn —&31Cn)

5. Reduced Case

(4.10) {KR,DR,DE}

In order to validate the results obtained in the present model of study,
intensity factors are derived for piezoelectric layered structure as special
case of porous piezoelectric layered structure. When we take
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¢ =0,A,=0,& =0, then porous piezoelectric material model reduce to

piezoelectric material model. The Egs. (4.8) and (4.10) then reduce to the
form

(61) {K_.D|= /ﬁ(f_b) ngo(—l)n(CMan +15bn,€153n =& 1bn) O,

(52) {Kg.Dg}= \fﬂ(lz_ 0) noéo(cman +€150n:€153n ~¢110n) Qn.

Egs. (5.1) and (5.2) gives the stress intensity factors and electric
displacement intensity factors at the left and right end of the right crack
respectively and these expressions coincide with those as obtained by Zhou
and Wang®.

6. Numerical Discussions

In this section, the intensity factors are calculated numerically for
porous piezoelectric material. The results have been found with a good level
of performance by using Schmidt’s method. A sufficient and satisfactory
level of approximation is achieved when first ten terms of the infinite series

are retained. The magnitudes of the unknown coefficients a, decrease

rapidly with the increase in the number of terms n. The material constants
for the porous piezoelectric material (PZT-5H) and elastic half-space
(Aluminium) are given in Table 1.

Table 1. Material Constants

Materials Elastic Piezielectric Dielectric Density
constant constant constant Kg/ m?
(10N /m?) c/m? 10 °c/Vm?
PZT-5H C,y=2.3 e, =17 &,=21.7 P =4950
(15:7.8 §£:29,9 P, =—1125
A,=112 | p,,=4800
Aluminium CL4=2-65 pl =2706

The stress intensity factors (KL, KR) and the electric displacement intensity

factors for solid phase (DL,DR) and the electric displacement intensity
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factors for fluid phase (D[f, D;) at the crack tips are calculated numerically
and plots are shown in Figures 2- 8. It is observed that the dynamic intensity
factors not only depend on the crack length (b) the width of the porous
piezoelectric layer (h) the electric loading (/11,/12) the frequency of the

wave (a)/ CSH) porosity ( ﬂ) but also on materials’ characteristics. Figures

2(i) and 3(i) show that the stress intensity factors increase with the increase
of the electric loading (ll) for h=1.0 but decrease for h <1.0. Thus the
probability of mechanical failure with electric loading in piezoelectric plate
increases with depth of the layer up to a certain limit. The electric

displacement intensity factors for solid phase increases (Figure 2(ii), 3(ii))
while the electric displacement intensity factors for fluid phase remains

constant (Figures 2(iii), 3(iii)) with increasing electric load (4, ). When h is
taken very large, then results were found not varying with A,.

K/ o

ok

Figure 2. Variation of intensity factors with A, for b=0.1, @/cg,, =0.5,
A, =0.5, #=0.2, h=0.5. The graphs with the Igend (O, V) represent
intensity factors for piezoelectric

This observation is consistent with the fact that the stress intensity factor is
independent of the electric loading for infinite/semi-infinite porous
piezoelectric materials. The comparison of intensity factors for piezoelectric

and porous piezoelectric materials in reference of electric loading (4,) is
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shown in Figures 2(i) and 2(ii) and it is observed that the intensity factors in
porous piezoelectric materials are greater than that in piezoelectric material.

In the Figure 4, the effect of porosity on the intensity factors with increasing
A,1s shown. The dynamic stress intensity factors increase with increase in

porosity (,B) but electric displacements for solid and fluid phase remain
constant.

Figure 3. Variation of intensity factors with A, for b=0.1, @/cg,, =0.5,
A,=05 =02 h=1.

15 ) a5 )

A 1 1

Figure 4. Variation of intensity factors with A, for b=0.1, @/cg,, =0.5,
A, = 0.5, h=21with different values of porosity (ﬁ)
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Figure 5 describes the variation of intensity factors with A, The stress

intensity factors decrease while electric displacements intensity factors for
fluid phase increase as 4, increases. The electric displacements intensity

factors for solid phase remain unchanged with 4,

« 10719

7.9
7

A

Figure 5. Variation‘of intensity factors with 4, for b=0.1, @/c,, =0.5,
A, =05 =02, h=1.

Figure 6 shows that the porosity affects only the stress intensity factors
while D, and D, remains unaffected. The same type of observation was

made in case of A,. Figure 7 shows that the dynamic stress intensity factors
tend to increase with the frequency (CU/CSH) reaching a peak and then

decrease. However, when the frequency w/cg, >2, the dynamic stress

intensity factors tend to increase with the frequency again. This
phenomenon is brought up by the free waves. However, the electric
displacement intensity factors do not experience variation with frequency. In
Figure 7(i), the stress intensity factors for porous piezoelectric materials and
piezoelectric material in reference w/c, are compared and it is found that

the intensity factors are more for porous piezoelectric materials than that for
piezoelectric materials.



234

Anil K.

Vashishth and Ashok Dahiya

15
[SS——— | womess 80 1
roesrmare: ful) 3 Tl —— ]
-l “:i';ﬁ - - =03
— ] 4 W2 — a0

“x 14!
X
135 |
i
13"
0 0s 1 15 2 25 3
A A
0 2 ]
7 088204304584 L g 1o
prpm——"
: arrio 02 ‘
7 0652040045635 Py e
' — ) 4 =8
., 7065204304563 55
o'z e
1.06520430456245 1 - - -0}
— = 4
(il L
7065204304562 e 4
o as 1 14 2 25 3 o 0s ' 15 2 25 b )
A Ay
Figure 6. Variation of intensity factors with 4, for b=0.1, @/cg,, =0.5,
A, = 0.5, h=21with different values of porosity (,B)
[
25 29 |. 10 :
- -kl (PPM) $
> — g (FPM) 28 i
- L
L0
o — N L ) o 27 {
L b
2 15 a |
26 — 11
(S0 ) ‘
1 - == =0y |
- o - |
) \'z':'.-'.'-:.':""“ i) |
05 Z‘b------—-—-—--------
0 0s 1 15 2 25 o8 1 15 2 25
wy ;
1010 Csn "’cSH
72
fis8
&=
&. 66
84 —()‘.l'cI
- =Dl
82 AL
““] B .
[
0 05 1 15 2 25
wic

SH

Figure 7. Variation of intensity factors with @/ Cg,, for 1, =0.2, b=0.1,,

A,=05h=14=0.2



Analysis of Two Anti Plane Shear Collinear Cracks in a Porous Piezoelectric ... 235

Figure 8 depicts the variation of intensity factors with b. The stress and
electric displacement intensity factors decrease with the decrease of the
crack’s length. The stress intensity factors and the electric displacement
intensity factors at the inner crack tips are larger than ones at the outer crack

tips. It is observed that intensity factors K, and K, D, and Dy, D; and
D, are almost equal when b>0.6. It can, therefore, be concluded that

intensity factors at left and right ends of the tips of a crack of small length
are almost same.

— /1 (PPM) Pilna(RRM)

0 02 04 06 08 1

Figure 2. \Variation of intensity factors with b for @/cg, =0.5,

A, =05, 4, =0.5, #=0.2, h=1for porous piezoelectric and piezoelectric materials

7. Conclusions

The dynamic response of two symmetric cracks embedded in a porous
piezoelectric layer bonded between two elastic half-spaces, under anti-plane
shear impact is studied in this paper. The cracks are considered parallel to
the interface and lie in the mid plane of the porous piezoelectric layer.
Fourier transforms are used to reduce the problem to the solution of pair of
three integral equations which are further solved by using Schmidt’s
method. The analytic solutions of the dynamic stress intensity factor and
dynamic electric displacement intensity factor, for solid and fluid phase,
have been obtained and numerical computation has been done. It is observed
that the dynamic intensity factors depend on the crack length, width of the
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porous piezoelectric layer, electric loading, frequency of the wave and
porosity along with materials characteristics. The influence of the electric
loading on the results is considerable for a thin porous piezoelectric layer in
comparison to a thick layer. Thus the probability of mechanical failure with
electric loading in piezoelectric plate increases with depth of the layer up to
a certain limit. The stress intensity factors and the electric displacement
intensity factors at the inner crack tips are larger than the ones at the outer
crack tips but for b >0.6, the intensity factors at left and right ends of the

tips of a crack of small length are almost same.

Appendix A:

2 " A
—_ [ — —
—c14+—15, =u+p Ly = 5 15 1
U ” M=pu+u U 51

_ fﬂ’
1C 4l
SH D

I 2
C44 Pl _®5 415

Coy =40 P=P , 77
SH pp" ™ gy Ay

py = A1 41 _®s 415, -~ A
a1 AR AL g A g

**

n P
H ‘%4*‘“’155*515 LB =1 ﬁ{“ 12}

P2
—27,h
* 2 * D, — UAe 71
a:gll_pil1 D =-D +Ll Q, Fl(s)=—'u3 50
a1 a1 L+ pe 1
1— e—ZSh 1—e —2sh

7.h
FZ(S)_ 25 h F3(S)—ﬁ,A(S) (1"'1113e l )A]_(S),
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Ay = e 1A (6), BE) = (1+e 2B (s),

B, (5) =e 2B, (5),C(s) = (1+&72M)Cy (5), 15 = 2

| |
_ CapVo * CapVo *
Cy(s)=e ZShcl(s),myl—“leﬂ tp =+

_ &5 Ag Dy o _#Dg
g (‘511 é8110‘)70' "2 argy

—27v.h —27,h
0,(8)= (-9~ (g +S)uge 'L ,0p(9) =14 pge L.
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