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Abstract: In the present paper, we have studied a Finsler space whose
metric is obtained from the metric of another Finsler space by
generalised Kropina conformal change and obtained a necessary and
sufficient condition for these Finsler spaces to be projectively related.
Apart from other results, the relation between the hypersurfaces of the
two Finsler spaces has been discussed.
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1. Introduction

In 1929, M. S. Knebelman* discussed the conformal geometry of gen-
eralised metric spaces. In 1980, Makoto Matsumoto?® discussed projective
changes of Finsler metrics. In 1984, C. Shibata® dealt with a change of
Finsler metric known as B-change of metric. In 1985, Makoto Matsumoto*
discussed the induced and intrinsic Finsler connections of a hypersurface
and Finslerian projective geometry. In 1986, T. Yamada® studied Finsler
hypersurfaces sat- isfying certain conditions. In 2008, M. K. Gupta and P.
N. Pandey®’ studied hypersurface of a Finsler space with Randers conformal
metric and generalised Randers conformal metric. In 2009, these authors®
studied hypersurfaces of conformally and h-conformally related Finsler
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spaces. In 2013, M. K. Gupta, Abhay Singh and P. N. Pandey’ studied a
hypersurface of a Finsler space with Randers change of Matsumoto metric.

The aim of the present paper is to study a Finsler space whose metric is
obtained from the metric of the Finsler space by generalised Kropina
conformal change and to obtain a necessary and sufficient condition for
these Finsler spaces to be projectively related. It is also planned to study the
relation between the hypersurface of a Finsler space and the hypersurface of
a Finsler space whose metric is obtained by the projective generalised
Kropina conformal change.

2. Preliminaries

Suppose F"= (M", L) be an n-dimensional Finsler space, where M" is
an n- dimensional smooth manifold and L(x‘,y‘) is a fundamental metric.

Suppose |, g;,9°,h;,C;.C;, and Gj, denote the components of the

corresponding normalized supporting element, metric tensor, inverse metric
tensor, angular metric tensor, Cartan tensor, associate Cartan tensor and
Berwald connection coefficients respectively. Then they satisfy the
following relations

. 1.. 1.
(2 1) (a) |i =5i L, (b) 0jj :Eaiaj I—Z: (c) Cu'k :Eak 0ij»

(d)C}k =thk giha (e) hj = Laiaj L, (f )h] =0 _Iilj'

where g;,h;,C, and C;, are symmetric in their lower indices. Throughout

the paper, we use the symbols ¢' and &' for the partial derivatives with
respect to y' and x'.

The Cartan connection for a Finsler space F" is given by
Cr=(F}.G;,Cj,) The h—covariant and v—covariant derivatives of a

covariant vector X;(x,y) with respect to Cartan connection are given by

(22) @X,=aX-G.X)G,  (0) X[=5%-C;X,.
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2

Let a(x,y)=\a,(x)y'y’ and B(xy)=hy'. Then the metric Lz% is called a

Kropina metric®.
Suppose the symmetric and skew symmetric parts of the tensor b, be

denoted by r; and s; respectively. Then, we have
(2-3) (a) 2'?] = Q|j+bj|i (b) 25ij = h|j_bj|i'

Let F*”:(M”,L*)be another Finsler space over the same manifold M". If
L (x,y)=e""L(x,y), then the change of metric is a conformal change and the
function o(x) is conformal factor".
If the conformal change is given by

2

(2.4) L (x,y)=¢"" ; where S(x,y)=h (x)y',

then it is called a Kropina conformal change.

If o(x) is constant then (2.4) reduces to Kropina homothetic change

* L2
2.5 L y zk_l
(2.5) (xy) 7

where k=¢"® is a constant.
A subspace M",(1<m<n) of dimension m of the underlying manifold M"

may be represented parametrically by the equations X =x (u®), where u* are

the Gaussian coordinates on M™ (Latin indices run from 1 to n, while Greek
indices take values from 1 to m). The rank of the matrix of projection factors
B =ox /ou” is supposed to be m. If the supporting element y' at a point

u=(u*) of M™ is assumed to be tangential to M™ then y' may be written as
y'=B (u)v* so that v=(v*) is thought of as the supporting element of M at
the point u®. The function L=L(x(u),y(u,v)) gives rise to a Finsler metric on

M™. Thus, we get an m- dimensional Finsler space F"= (M", L(uv)).
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Since the rank of the matrix of projection factors is m, we may choose

(n—m) linearly independent and mutually orthogonal unit vectors ’ili such
that

(2.6) Isli B =0, a=m+1m+2,.....Nn.

We may choose a set of normals with respect to the given directions vy
satisfying

(2.7) (a) Rli:gij ’ilj, (b) g;B.N'=0,  (c) gijNiltl"zéb, a, b=m+1,...,n.

Let us define B*=B"(u,v) by

(2.8) B"=97g,B;.

This, in view of g;B)B, =g”, implies
(29  BE-=.

From (2.7), (2.8) and (2.9), we have

(2100 (a) N'B"=0, (b)gilﬂi:é:, (C)B;Bj”+l:l'l\?j=5‘..

]

a a
The second fundamental h-tensor H.s and the normal curvature vector H.

for the induced Cartan connection ICT'=(F; G;.C;,) in a normal direction

N' are given by

a a . i X a b
(2.11) Ha,;=Ni(B;ﬂ+F;kB;B;)+|\g|aHﬂ
and

a

(212)  H.=Ni(B,+GB)

where I\t{Iazc}kNilhljB;, B.,=0’X'/ou“éu” and B}, =B} v’.
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From (2.11) and (2.12), we have
a a a a a a a b
(213) (a) HOaZHﬁaVﬁZHa, (b) Hao=HaﬁV/}=Ha+|\l{| Ho.

In 1985, Matsumoto* proved that
Lemma 2.1: A totally geodesic subspace is characterised by H.=0 or
equivalently Ho=0

3. Finsler Space with Kropina Conformal Change Metric

Let F"=(M",L') be an n- dimensional Finsler space on the differentiable

manifold M" whose metric L is obtained from the fundamental metric L of
the Finsler space F" by generalized Kropina conformal change (2.4).

Throughout the paper, the geometric objects associated with F™ will be
asterisked *.
Differentiating (2.4) partially with respect to y', we get

2
ot L

. L
3.1 ['=2e"¥—| -
@1 et

b,
where I'=g,L.

Differentiating (3.1) partially with respect to y' and using (2.1)(e) and
(2.2)(f), we have

(3.2) hy, =2€*"" ”;2 {gu ;(lib,- +'jh)+§2hbj}’ h=

where i =L0,". From (3.2) and g;=Hh+[l;, we have

ity

|_2

(3.3) o ZTﬂgIJ +3z' 7

L
b -4 4. 47—,
h T— J+Jt1)+ T,B'J

g

L
where 7= —

The inverse metric tensor g™ is given by
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i B B B i s B 28 -L0
34 I= ! b'h! + ('’ +Pb" )y = =2——— '],
(3:4) g 27L g 27Lb? 1207 +'b) 7L b

where b'=g"b, and b*=b'h..
Differentiating (3.3) partially with respect to y*, we find

« 27L

1 317
C'k = C.jk Yk kibj iM ) T3 bj
' ﬂ{ ﬂ(g b+g.b,+9;h) b

1
(3.5) +L(g,k|,+gk,|1+g,, ) ~(abyl, +bb L +hhl,)
2
—E(mj|k+bj|k|i+mi|j) .
Transvecting (3.5) with g, we have

crocr+ S oLy (oi‘whbo B gt

Lb?

L’b®

(fi“|+5h| )+ E 2(2ﬁ |-2b2)9.k|h bhth
(3.6)

I_sz — (B +120%) (), +h HI"— 2(5ﬂ2+3I_2b2)I“lqbK
+—bh(hl +h1)-21",.
The relation between Cartan connection coefficients Fj of the Finsler space

F" and Cartan connection coefficients F; of the Finsler space F™ is given
by

(3.7) Fi =Fj +Dj,
where Dj is the difference tensor and satisfy the following

(3-8) (a) D;ky D(I)kv (b) D(i)jyj ZD(iJo-
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Transvecting (3.7) by y* and using (3.8)(a), we get
(3.9) G;'=G;+D;

j 1

where G'=F,'y* and G|=F; y*.
Transvecting (3.9) by y' and using (3.8)(b), we get

(3.10)  2G'=2G'+D),,.

Differentiating (3.10) with respect to y', we get
(311)  2G;'=2G}+,D).

From (3.9) and (3.11), we have

(3.12) 0,0}, =20},

The expressions for D), D}, and Dj, are given by

oy Lb L e
(3.13) Dgo=2y—ﬂ{—r00+2S+ﬁao}+ﬁ{|_roo+2ﬂR—2LS—7ﬂao}—al—ﬁs;.

e or

i %)% S | Y ]l Ko Syl S
DOk_2{2ﬂ+ﬁ+4}+2{ﬂ EVA AN Zﬂ}

LR
R Fq

I+

(3.14)

2ﬂlko_0+4|22 'CLO'O}
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aDOJk_é‘kJ{ Oh Oozbn th } @J{

S 1
s —h4s, —ﬁ}

B 2p B 2B BB P
(3.15) [
Y 'BkLZbry r 1 _ 1
21,3 B 5F (rf)kt%+'6hh<) ﬂgqt%('%o 28)+ﬂskh
ﬂ(Sbn+SbK)+ L) O R L
2R YARR, LG ) ﬁdqq[aL%o+2ﬁR 6Ls—%j
I_I B Lo LBo, (Ikh1+lhh<)(_ _
+ﬁ( : j 7 (Lr00+ﬂR 28— j 7 kZLfao BR
+4Ls+%j+%(&lh+mk) HRORA)-ZEL+SL L6
1 @1’ 5 LSRRI
+S.0,) ﬂ kh[ 8 Oy 2ﬂ3h<br150+4ﬁ(h<sh+bnsk)a
where
(3.16) [Lb ~2/8" oo — 2|_st 2o b + o,
21°b
and
(3.17) =—2Lﬁ|;)0—2l_330—Ifﬂj-,lz'JrL[Z,BerLzbz]ao
41%b
R<=8kR! Skzéks' R Zéth Sin zahS(’
@Z0a, ®ay -0 @agd='( @y,

(3.18)
@h=hY"  ()g=sy, (9)s=sb" (h)s =s,9".
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Differentiating (3.9) with respect to y* and using (3.7) and
G, =(6,F; )y +F. we have

(3.19) 0,04, =(6,D}, )y +Dj;.

Differentiating b, partially with respect to y* and using the definition of
h- covariant derivative, we get

(3.20) 6kh|j z_brak Fijr'
Using (2.3)(b) in (3.19), we have
(3.21) 6,5 = 6,(by;—by) = 0.

In view of (2.5), (3.13) reduces to

iy Lb’ L
(3.22) DY, =ﬁ{—r00+28}+ﬁ{L50 +23R-2LS| —ﬁs0 ,
where
(3.23) Sz[sz—Zﬂz]roo—ZLzﬁso
21°b°
and

—Lpr,-Ls,
324) R=—L "%
(.29 2L

From (3.10) and (3.21), we have

i i Y Brotls, | 20 B+l b | L
(3-25) G'=G Yy {ﬁoo 2 zs0 +— Py 2 2SO S-
28| b ap| b 45

Now we propose a lemma:

Lemma 3.1: The tensor s, (0) is not parallel to I'.
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Proof: Let g is parallel to I' then

(3.26)  §=u'

for some scalar 0. Transvecting (3.26) with |, we get
B27)  u=sl=2

Since s; is skew-symmetric in i and j, (3.27) implies

(3.28)  u=0.
Hence,
(3.29)  §=0,

which is a contradiction. This completes the proof.

In view of above lemma and (3.24), the Kropina homothetic change is
projective if and only if

(3.30) $,; =0.
Differentiating (3.30) partially with respect to y' and using (3.20), we have

(3.31) s =0,

1j
which implies
(3.32) by =b;-

Thus, we have

Theorem 3.2: The Kropina homothetic change (2.5) becomes a
projective change if and only if the vector b is gradient.

Suppose the vector b in a Kropina homothetic change (2.5) is parallel
with respect to the Cartan connection, i.e. b;=0. Thus we have r,=0=s; and
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—ag)gx):o. Thus in view of (3.13), (3.14), (3.15), (3.16), (3.17), (3.18) and

(3.19), we get
(3.33) D;, =0,

which in view of (3.9), gives

(3.34) G} =Gl,.
Conversely, if Dj =0 then (3.25) and b :Lg_,lﬁ implies
L, {ﬂ'f)o"‘l-zso b’
. —§= — {(1-2

which in view of Lemma 3.1 gives ;=0 and then r,=0. This implies
b;=0. Thus, we have

Theorem 3.3: For the Kropina homothetic change (2.5), the difference
tensor D), vanishes if and only if the vectorb is parallel with respect to the

Cartan connection of F" and then the Berwald connection coefficients for
both the spaces F" and F™ are the same.

4. Subspaces of a Finsler Space given by Kropina Conformal Change

Suppose F"=(M™,L(u,v)) be a subspace of the Finsler space F" and
F™=(M™ L (uyv)) be a subspace of the Finsler space F™ given by Kropina
conformal change. The functions B (u) may be considered as the
components of m linearly independent vectors tangent to F™ and they are
invariant under Kropina conformal change. Let l;li be the unit normal vector

at a point u® F™, then unit normal vector N"(uyv) of F™ and the inverse

projection factor B along F™ are uniquely determined by
(4D @GEN'=0, (b)gN'N" =4,

and
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(42) B _g aﬂgUBJ

where g is the inverse of metric tensor g’,, of F™.
From (4.1)(a), (4.1)(b) and (4.2), we have

(43)  @BE’=, MBN=0 (©N'B=0 (d)rg*‘Nb?=5§-
From (4.3), we have

(4.4) BB +N I\T; =5,

Transvection of (2.10)(a) with v* gives

(4.5) y;N'=0.

Transvecting (3.3) with N' l;l" and using (2.7)(c) and (4.5), we have

@) GNN'=T 3;,53(%)

Putting a = b in (4.6), we obtain

* i 2TL 3TL3
@7 gNN=TES (2N,
Ni
which implies that 2 is a unit vector.

\/Z;L 3;;3(bKN )

Transvecting (3.3) with B/ N’ and using (2.7)(b) and (4.5), we have

(48)  gGEN (b,-gl"){3;';3<n )40 B;)},
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which shows that N’ is normal to F™ if and only if

(49 (b gl")f;';s (h8) 4;5 ( B;>}=o.

3 2
This implies that either {3;3‘ (h B) 4;2‘ ( B;)}zo or bjlél"zo.
3 2

Transvecting {?’%(h BZ,)—%(Ii B;)}zo with v and using y=Bv*, we
have

3%, 401,
(4.10) { gL y'}:o,

7 TF
which gives

5
@11) -Z-o

Vg

which is not possible. Hence we have

(4.12) b 121" =0.

Thus, the vector N'is normal to F™ if and only if b, is tangent to F".

From (4.5), (4.7) and (4.12), we can say that N‘/ /2; is a unit normal

vector of F™.
Therefore,in view of (4.1)(a) and (4.1)(b), we have

(4.13) N"=—=

Transvecting (3.3) with N and using (4.5), (4.12) and (4.13), we have



252 Akansha and P. N. Pandey

(4.14) N =g;N"'= /% N,

Thus, we conclude:

Theorem 4.1: Let F" be a Finsler space obtained from the Finsler
space F" by a Kropina conformal change (2.4). If F™and F™ are the
subspaces of these spaces then the vector b, bi is tangential to the subspace

F™ if and only if every vector normal to F™ is also normal to F™.

Transvecting (3.6) with NT:@*J‘ B¢ and using (4.5), (4.12) and (4.13), we have

4.15 M* =C' Ni N'Bf —1b B+ B¢,
a jk a (71 k —a
b b i) L

which implies

a*_ a ~ H_I_I :
(4.16) M. =M, (ﬂ JBa.

Transvecting (2.1)(a) with y', we have
(417)  ly=L.

In view of (4.17) and B=hy', (4.16) gives

(4.18) M) =M,

b

o

Hence, we have
Theorem 4.2: The covariant vector M_ under the Kropina conformal
b

change is invariant.

a
The normal curvature vector H, on F™ is given by

(419)  H =N:(B),+G'B!),
which in view of (2.12), (3.9), (3.14) and (4.14), reduces to
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(4.20) Ha; /2; (H +N, ngB;J

Transvecting (4.20) with v* and using VB! =y*, we get

421)  H- /ZTL(H N D, J
B

Transvecting (3.13) with I—?i Ni and using (4.5) and (4.13), we have

2

422) N, D =—%o-i N,

Thus, in view of Lemma 2.1, we have

Theorem 4.3: Let the vector bbi in the Kropina conformal change

(2.4) be gradient and the subspace F™ is totally geodesic if and only if the
vector o; is tangential to the subspace F™.
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