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1. Introduction 

 
 

Let 
k 0

( )   n
ng u a z





   be an analytic function in the disc z < R, R>1 

and suppose that g(1)  0.  Define the Appell polynomials pk(x), k  0 by : 

(1.1)      ux
k

k

g u e     p ( ) kx u


   . 

To each function f defined in [0, ) associate the operators: 

(1.2)    
-nx

n k
k 0

e
L (x)     p ( )

(1)

k
f nx f

g n





 
  

 
  

we suppose pk   (x) for x  [0, ), k = 0,1,2, ……….. 

 If an  0, n  N, this supposition is satisfied, because 
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(1.3)      
 k i
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p (x)   a
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k
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




 .    

A. Jakimovski2 and B. Wood3 have studied the properties of this 
sequence of operators. 

For f  L1[0, ), we replace 
k

f
n

 
 
 

 by
k 1

-nt k
n0

n
e t  (S ) (t) dt

1
f

k






   

    

into Ln  and thus we define the following class of positive linear operators:      

(1.4)   
-nx 1
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n k n
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(1) 1

k
ntn

f nx e
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




  
 




 

   

where    (Sn f) (t) = e-nx  
k 0

( ) k
 f ( ) 

! n

knx

k




 

 Next, we denote by E the class of function of exponential type, which 
have the property that | f(t) |  eAt , for each t  0 and some finite number A. 

 
2. Basic Results 

 

 The following results are essential to study the convergence of the 
sequence Mnf. 

(2.1)                                    (Mn1) (x) =1, 

(2.2)           (Mnt) (x) = x + 
1 g (1) ( 1)

g(1) nn

 
, 

(2.3)               (Mn t
2) (x) =  2 2 '(1) x

x  + (2   +5) +   
(1) n

g

g


 
 

 
 

               + 
2

1 g"(1)  (2 5)g'(1)
 ( 1)( 3) .

(1)gn


 

  
    

 
 

In particular, we have  

(2.4)                
1 '(1)

( )  (x) ( 1)
n (1)

n
g

M t x
g


 

    
 

 and 

(2.5)     2
2

3x 1 "(1) (2 5) '(1)
( )  (x) ( 1)( 3)

n (1)
n

g g
M t x

gn


 

  
      

 
. 

Proof: We use the following results  
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(2.6)   n( 1)( ) 1, (L 1)( ) 1,nS x x   

(2.7)                       n
1 g'(1)

( )( ) x, (L )( )   ,
g(1)

nS t x t x x
n

    

(2.8)             2 2 x
( )( ) x   ,

n
nS t x    

                2 2
n 2

2g'(1) 1 "(1) '(1)
(L )( )  1  

g(1) (1)

x g g
t x x

n gn

    
       

    
. 

Using the definition of Gamma-function, we have  

    

0

1t ne t dt n


     .  

Using (2.6), we have 
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Now 

1

0 0

( ) ( ) ( )   
(1) 1

nx k
nt k

n k
k

e n
M t x p nx e t t dt

g k






  
 




 

   


0

1
   ( )

(1)

nx

k
k

e k
p nx

g n





  
  

 
 , by Gamma function 

 


0 0

k 1
   ( ) .      ( )

(1) n (1)

nx nx

k k
k k

e e
p nx p nx

g n g

  

 


    

 n n
1

   (L )( )    (L 1)( )t x x
n


   



192                                  Premlata Verma, Leena Kaushik  and  S. P. Singh 
 

192 
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                                                                                            using (2.7)
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 
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   
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2
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     

 
, 

                                                                                        using (2.6) to (2.8). 
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Now 

Mn (t-x)(x) = Mn (t)(x) - x(Mn 1)(x)


 ' 11 1

  
(1) n

g

n g

 
   

and  

            Mn (t-x)2(x) =  (Mn t
2)(x) - 2x(Mn t)(x) + x2(Mn1)(x)

              
   2

2

2 ' 1 " 1 (2 5) '(1)1
  2 5      

(1) (1)

g g gx
x

n g gn




     
       

   
 

    21 '(1) 1
 1 3     2      

n (1)

g
x x x

g n


 

 
        

  
 



             
 

2

" 1 (2 5) '(1)3 1
   ( 1)( 3)

(1)

g gx

n gn


 

  
     

 
. 

3. Main Results 
 

Theorem 1:  If f  L1[0, )  E, then     n
n
Lim L ( )  f xf x


 , the 

convergence being uniform in each compact [0,1]. 

Proof:  From (2.1), (2.2) and (2.3) of the basic results one results that 

   n
n
Lim  L ( )    f xf x


 , for f(x) = 1, x and x2  

In accordance with the Bohman - Korovkin theorem, we obtain the desired 
result. 

Theorem 2:   If f  C [0, b), then for any x  [0, b) , we have 

        2
u 3

         w ( ; ) 3
4

n
b

M f x f x f f u
b u

 
    

 
 

where     2
n    Mu t x x  . 

Proof: Let fk be the Steklov function attached to the function f.  Let us 

use the following result of V.V. Juk5.  If f   C [0, b) and 
-a

    0, 
2

b
u

 
  

 
,  

then    2 22

3 3 1
    ;   and "     ;

4 2
kf f w f u f w f u

u
   . 



194                                  Premlata Verma, Leena Kaushik  and  S. P. Singh 
 

194 

Since (Mn1)(x) = 1, we can write 

                  n n    =  M Mn kM f x f x f x f x                              

          M  -  f    f  - f  n k kf x x x xk                  

      n     + M   -n k k kM f f x f x f x        -  f x  kf x    

(3.1)                              2           k n k kf f M f x f x         

Because  n n n   M sup  f x      M     M 1    nf M f f f    . 

By using the relation 

         2
n

1
  g M g" x

2
nM g x g x t x x       2

,nM t x x                             

                            For g  C2 [0, b], 

 
 

 

 We have  

        2
n k

1
  ' M  f " x

2
n k k kM f x f x f t x x


   


                                                 

   2
 nM t x x 


.                                              for fk  C2 [0, b]  

In accordance with a result from3-4, we obtain 

1
'            "

2
k k k

b
f f f

b
   22

1 3 1
        w  f;u

4
k

b
f

b u
  . 

Thus we have 

      22

1 3 1
           w  f;u

4
n k k k

b
M f x f x f

b u

 
   


                               

   2
  nM t x x      2

22

1 3 1
     .  w  f;u

2 2
nM t x x

u

 
  

 
 

Using        2
    nu M t x x  , we have 

 

          

        2 2
u 3 1 3

           w  f;u f;u
4 4

n k k k
b

M f x f x f w
b u

 
    

 
. 
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From (3.1), we can write  

      2
3

        w  f;u      
2

n
u

M f x f x f
b


  


  

   2 2
3b 1 3

     w  f;u     ;
4 u 4

w f u


  
 

                                     2 2
u 9 3 1

        w  f;u      w  f;u
4 4 u

b
f

b
    

                   2
u 3

        w  f;u   3   
4 u

b
f

b

 
   

 
.  

Hence the proof. 
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