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Abstract: In 1985 Matsumoto' discussed the properties of special
hypersurface of Randers space with b;(x)being gradient of a scalar

function b(x). He has considered a hypersurface which is given by
b(x)= constant. In 2001, Singh and Kumari® have considered the
hypersurface of Matsumoto space with the same equation b(x)= constant.

In this paper we have considered the hypersurface of generalized
Matsumoto space given by b(x)= constant. The conditions under which

this hypersurface is a hyperplane of the first or second kind have been
obtained. This hypersurface is not a hyperplane of third kind.

2000 AMS Subject Classification Number: 53B40.

1. Introduction

Let F"=(M",L) be an n-dimensional Finsler space, where M" is an n-
dimensional differentiable manifold and L(x, y) is the fundamental function.
The concept of an (e, ) -metric was introduced in 1972 by Matsumoto®. A
Finsler metric L(x, y)is called an («,f)-metric if L is a positively

homogeneous function of & and g of degree one, where o’ = a;; (x) yi yj
and B =0, (x)yi is one form on M". We have some interesting examples
of an (&, f)-metric, for instance L = + f (Randers metric), L = a’/ p

(Kropina metric)’, Lz(azﬂ)l/ 3(a decomposition of cubic metric) and
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L=a™"/ B" (Generalized Kropina metric). In 1989 M. Matsumoto, while
studying the slope of mountain, introduced a special («, f)-metric, given
by L=a’/(a-p)which has been called as Matsumoto metric and the
corresponding Finsler space has been called Matsumoto space”.

The propose of the present paper is to study the properties of
hypersurface of generalized Matsumoto space whose metric is given by

am+1
(1.1) Lx,p)=—2—— | m=#0-1.
(a-p)"

2. Fundamental Quantities of Generalized Matsumoto Space

The derivatives of generalized Matsumoto metric with respect to « and
f are given by

™ —(m+1) pa™

2.1 L, =

( a) (a_ﬂ)l’l’H—l
m+1

2.1b Lg=—4%

= P a-pmt

22 L, - m(m+1)am_12/5’2
(a-p""

m+1

53 I :m(m+l)a

2.3) = gy

o4 L, :—m(m+1)am,6’.

=y P a-pm?

The normalized element of support /; = SiL is given by

(2.5) L =a 'L,Y;+ Lgh;,

where 0; stand for and Y; =ay y/. The angular metric tensor

8yi
hj; = LéiéjL is given by
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(2.6) hij = paj +qobib; + q1(B;Y; +bY;) + qoYY
where
’ p - o - (a _ﬂ)2m+l
2m+2
3 _m(m+1)a
(2.8) q0=LLpgp = (@)
2m
(2.9) g1 =LLyga ™ = %
(a-p)

2100 gy =L(Lyy ~Lya a™

_ (m2 _l)aZm—ZﬂZ +(m+ 2)a2m—lﬂ_a2m
(a _ﬂ)2m+2 .

1l - o
The fundamental tensor g;; = 58 ;0 jL2 is given by

itjo
where
2m+2
> m(2m+1)a

2.12)  po=qo+(Lp)" = T

(a-p)™""

2m+1 2m
@13)  p=q+LllpLg="" ( 2;1)(5,:;21)0[ £,
a_

2 2m(m+D)a®™ 2 5% —ma®

_ 27—
@14)  py=agr+p’L PP

The reciprocal tensor gij of g;;is given by
215 g¥=pla —sob'B) —sy 'y +b7y) =520y,

where

27
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25,2
(2.16) I Zanj, 50 = PPy v (PoP2 — P ’
Tp

2 212
L ~(pop2 —pPy)P PP +(pop2 —py )b
1 rp > 2 rp >

b% =a;b'b’, v =p(p+ pob® + p1 B)+(popy — pi ) ’b? - B?).

: 1. o
The hv -torsion tensor Cj = 5 Orgjj 1s given by

(2.17) 2pCle =N (hl]mk + hjkml' + hkl'mj) + yim;m jmy
where
-2
(2.18)  y1=pdpo/0B-3p1q9,  m;=b;—a " pY;.
Clearly the covariant vector m; is a non-vanishing one and it is orthogonal
to the element of support yi .
i

Let {
jk

}be the components of Christoffel symbol of the associated

Riemannian space R" and V| denote the covariant differentiation with

respect to x¥ relative to Christoffel symbol. We shall consider the
following tensors:

(219) ZEU :blj+bjl’ ZE:blj_bjl’

where blj = V]bl .

* i

If we denote the Cartan’s connection CT as (FJ}C,FO;C, jk)a then the

difference tensor Dj‘k = Fj}c - {jik} of generalized Matsumoto space is
given by
(220) D'y =B'E; +F}By + F{B;+ By + Biby ;

—bom 8" B i = Cliy AT = Cp AT +C iy AT g

+ 2 (cj-mc;’,ﬁ + ChmCif = CrusClt )
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where
i ij
221)  Bj=pobi+piY;, B'=g"Bj,

1 ) po - _ ik
BU:E{pI(aU—a Yle)+¥mlmj , B;:gl Bk]’

A]T = B/TEOO + BmEkO + BkFOm + B()ka ,
2 = BSEgy+2ByF; and By =B;y'.

In the following we use the subscript 0 for denoting contraction with yi ,

except for the quantities p, g, and sg.

3. Induced Cartan Connection

Let F" ! bea hypersurface of F", given by the equation xl=x" u?),
a=1,2,...,n—1.Suppose that the matrix of the projection factor

B(ll _ 8x’
ou?®

linearly independent vectors tangential to F " at the point (u%) and the

is of rank n-1. Then the Bé(u) may be regarded as n—1

vector X tangential to F "1 at the point may be expressed in the form

X' = BéX %, where X% are the components of vector with respect to

coordinate system (u%).
The element of support ¥’ of F"is taken tangential to F" ', i.e.
(3.1) y' =B upw®.
Thus v is the element of support of F "1 at the point (u%). The metric

tensor g,z and Av- torsion tensor Cpp, of F " are given by

o N
(3.2) 2ap = 8yBuBY.  Capy = CjBuBLBy .

At each point (u%) of F n-l , the unit normal vector N i (u,v)is defined by

(33)  g(x(), y,)BLNT =0, gy (x(), yu,»N'N/ =1.
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-1l

As for the angular metric tensor /y; = g;; —/;l;,

i we have f,g = Iy .B. B ,B’
(3.4) hiBuN’ =0,  hN'N/ =1
If (Bl-a ,N i) is the inverse matrix of (Bé ,N! ), we have
(3.5) Bf =g“Pg;B),  BLBl =Y, BLN; =0,
N'N;=1  and BLBY+N'N;=6".
The induced Cartan’s connection ICT = (Fﬂ?,GZf,Cgﬂ) of the

hypersurface  F ”_1, induced from the Cartan’s connection

Cr = ij,FOk,C;k), is given by’

(3.6) T4 = Bf* (Bgy +T BﬂBf )+M§‘H :
(3.7) Gj =B (B(") 5+ r(’;j-BlJ;),

ani pjpk
(3.8) Cf, = BY CiyBLBy
where

(04 o
(39) Maﬁ NCJkB Bﬂ’ Mﬂ =g 7M}/ﬂ’
(3.10) H, = Ni(Bga +r§j-Bg;),
. i . .
(311) é(/; :%, B(l)ﬂ ZB&/;VOC.
ouP

The quantities M,z and H, are called second fundamental v-tensor

and normal curvature vector respectively'. The second fundamental 7 -
tensor H,p is defined as'

(3.12) Heyp = Nk( Bl + T, BL Bﬂ)+M Hg,
where

(3.13) Mg = NCiyBjN*.
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The relative 4- and v-covariant derivatives of projection factor fo
with respect to /CT are given by
(3.14) Blyp=HpN', Bl |g=MypN'.
From (3.12) it is clear that the second fundamental 4 -tensor H off is not
symmetric and
(3.15) Hyp—Hpgy =M Hpg-MpgH, .
From (3.10), (3.12) and (3.13) it is clear that
(3.16) Hy, =H,, Hyo=H,+M_,H,.
We quote the following lemmas due to Matsumoto'.
Lemma 1: The normal curvature Hy = H ,v% vanishes iff the normal

curvature vector H , vanishes.

Lemma 2: 4 hypersurface F s a hyperplane of the first kind iff
H,=0.

Lemma 3: A hypersurface F "lis a hyperplane of the second kind iff
Hy =0 and Hyp =0.

Lemma 4: A hypersurface F s a hyperplane of the third kind with
respect to the connection CTUiff Hy, =0, M 45 =0 and Hyp =0.

4. Hypersurface F n-l (¢) of Matsumoto Space

. . . . ob
Let us consider a special Matsumoto metric with a gradient b; (x) = —,

ox'
for a scalar function b(x) and consider a hypersurface F n-l (¢) which is

given by b(x)=c (constant). From parametric equations xl = xi(ua) of

F' we get Mg’»zo, which implies biBé =0. This shows that
ou
b;(x) are covariant components of a normal vector field of F ”_l(c).

Therefore along the F n-l (c), we have
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4.1 b;B., =0 and  b.y' =0.
4.1) iBg iy

In general the induced metric L(u,v) from the generalized Matsumoto

metric, is given by
[alj (x(u) Bl ,BV a,p ]L

L(u,v) = p
\/al-j(x(u))BéBlévavﬂ —bl-(x(u))szva}

Therefore the induced metric of the F"~! (c) becomes

4.2) L(u,v) = 1laaﬂ (u)vavﬁ ,

which is a Riemannian metric. At the points of F "_l(c), the quantities
given in equations (2.7), (2.8), (2.9) and (2.10) become

(4.3) p=1,qo=m(m+1), ¢ =0, g = —a 2,

the quantities given in (2.12), (2.13) and (2.14) reduce to

(4.4) po =m(2m+1), py=ml/a, p;=0,

whereas (2.16) reduces to
1

(4.5) U M(:H)zz’ 517 l; 2,2,

l+mb” +m~b a(l+mb” +m~b”)
2,2
S, = m”b , r=1+mb% +m?b>.

a’(1+mb?> +m?b?)
Therefore from (2.15) we have
(4.6)
m biyj+bjyi _mb2yiyj
a a?

gl —q¥ _

(m+1)b'b7 +
2b2)

(lerb2 +m

Thus along F"7(c), (4.1) and (4.6) give
b2

1+mb? + m?b? '

(4.7) g'bib; =
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Hence we have

b2
1+mb? +m>b?
Also from (4.6) and (4.8) we get

: b* =d'bp;.

(4.8) bi (x(u))= Ni\/

(4.9) b = aijbj = Ni\/bz(l +mb? +m2b2)+mb2a_1yi :
Theorem 4.1: Let F" =(M",L)be a generalized Matsumoto space

with gradient b;(x) =a—biand let F"! (¢) be a hypersurface of F" given
ox
by b(x) = c (constant). Suppose that the Riemannian metric a;; (x)dxidxj is

positive definite and b; are components of a non-zero vector field, then the

induced metric on F "_1(c) is a Riemannian metric given by (4.2) and
relations (4.8) and (4.9) hold.

Using (4.3) in (2.6) we get angular metric tensor along F n-l (c), given
by

-2
(410) l’ll]:al] +m(m+1)blbj—a Yle
Again, using (4.3) and (4.4) in (2.11) we get metric tensor along F n-l (o),
given by
(4.11) gij = a +mQ2m+Dbb; +ma” (bY; +bY;) .

If héaﬂ) denote the angular metric tensor of the Riemannian a;; (x), then

using (4.1) and (4.10), we have along F""\(c),

(4.12) hop = hgg :
From (2.12), we have
2m+2
PO _ poman@mr—2—

Thus along F"'(¢), we have



34 B. N. Prasad, H. S. Shukla and A. P. Tiwari
opg _ m(2m+1)(2m+2)

op a '

Therefore, (2.18) gives

(4.13)

(4.14) 7 =m(m+1)(m+2), and m; =b;.

In view of (4.13) and (4.14) the hv-torsion tensor given by (2.17) reduces to

415 Cy = % {70+ by + By )+ (m+ 1o + 203 by .

Hence from (3.9), (4.1), (4.8) and (4.15) we have

2
m b
(4-16) Map :Z\/Hmbz + m2b? o

and from (3.4), (3.13), (4.1) and (4.15) we have
(4.17) M, =0.

On using (4.17) in (3.15) we have

(4.18) Hyp=Hpg, .

Theorem 4.2: The second fundamental v-tensor M,p of F "_1(c) is
given by (4.16) and the second fundamental h-tensor H,p is symmetric.

Now from (4.1) we get by 5 fo +bl-Bé|ﬂ =0. Using (3.14) and the fact

that blw :bi|jBé+bi |] NjHﬂ,Wehave
(4.19) [bijj B +bi |; N/ H 1Bl +b; HapN' = 0.

Since b; |j= —thg, from (3.13), (4.8) and (4.17) we have

o b2
(4.20) b :B. Bl +H \/ =0.
175”8 b 1+ mb2 + m2b2

Since b;; is symmetric tensor, contracting (4.20) with respect to v#and

i
using (3.16), we get
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o X
(4.21) b; By’ +H \/ =0.
77 “ 1+mb? +m?b>
Further contracting (4.21) with v¥, we have
o b2
(4.22) by;v'y! +H, =0.
& 1+mb? +m?b>

From Lemmas 1 and 2, it is clear that hypersurface F "_1(0) is a
hyperplane of first kind iff Hy =0. Thus from (4.22), it is obvious that

hypersurface F "_1(c) is a hyperplane of first kind iff jyiyj =0. This
b ; being covariant derivative with respect to CT of F ", may depend on

yi . But b;; =V ;b; is covariant derivative with respect to Riemannian

. i
connection { "

}, constructed from a;; (x). Hence bl-j does not depend on
J

.
Since b; is gradient vector, from (2.19) we have
(4.23) Ej=by, Fj=0 and F}=0.
Using (4.23) in (2.20) we get
(4.24) D'y = B'bjy + Blboy + Biby; —bomg ™" B jt — Clin A’ = i AT
+Cﬂwﬂg”+fk%‘ﬁ+q%q$4ﬁgﬁ)
Now using (4.3), (4.4) and (4.6) in (2.21) we get
(4.25) B; = m(2m+1)b; +§Yl~,

B' = m
1+mb2 +m2b

= [(m+ 1), +a‘1y"],

m -2
B":E al«j—a Yle +(2m+1)(2m+2)blbj ,
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m(m+1)(3m+2)
2a(l+mb? +m?b?)

P M

BL =
7 2a

(5§—a‘2yfyj)+ bfbj

_m2|1+(2m+1)(2m+2)b2 |b L
2 2 2,2, I
2 (1+mb” +m~b~)
A ?: B{boo + Brbio and A "= Brboo .
In view of (4.1) we have B(i) =0 and B;; =0, which on using (4.25) gives

A 6 = B" b . Therefore the contraction of (4.24) with yk gives

(426) Dl =B'bjg+Bibgg — B Clbyo.

Again contracting (4.26) with yj , we get

4.27) Dy =B'by = e

R B [(m+1)b"+a—1yl'] boo -
m m

Paying attention to (4.1), along F’ n-l (c), we finally get

ppi . mm+Dhb? m(1+2b2+6mb2+4m2b2)b ,
jo - 2. 2,27/07 2. 2,2 J700
(4.28) 1+mb” +m~b 200(1+mb” +m~b~)
~b;B"Cl by,
- m(erl)b2
(4.29)  BDhy = boo -
l 1+ mb?* + m?b?

From (3.9), (4.8), (4.9), (4.16) and (4.17) we have b'5,C},. B =b*M, =0.

Thus the relation by ; = b;; — b,,Dl-]r- and the equations (4.28) and (4.29) give

|/
1
1+mb2+m

(430) by = 72 boo -

Hence (4.21) and (4.22) respectively reduce to

(431)  H,b*+ 1 byoBL =0,
V14 mb? +m2b>
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(4.32) Ho\/?+ ! b()o =0.
1+ mb? +m2b>

From equation (4.32) and Lemmas 1 and 2, it is clear that the necessary

and sufficient condition for F"~! (c) to be hyperplane of first kind is that
boo =0. Since b;; does not depend on yi satisfying (4.1), this condition

may be written as bijyiyj = (biyi )(cjyj ): 0 for some ¢ (x). Therefore
(4.33) 2b; =bjc;+bjc;.

From (4.1) and (4.33) it follows that

(4.34) by =0, byByBp=0,  byB,y’/ =0.

Hence (4.32) gives Hy =0. Again from (4.33), (4.24) and (4.25) we have

1 2 m
(4.35) b,-oblzzcob, A" =0, A]Bézo B;B,,B ﬂ_ hﬂ.

Thus from (4.23) we have
(4.36) b.D;; I'B! Bé =
Also from (4.6) we find

mc
—( ", by 0 hap b  CijmAr'g" Bl Bé

b2
1+ mb2 + 1712b2 '
With the help of (3.9), (4.9), (4.16), (4.24) and (4.25) we get

437)  g"b.b, =

mz(m + 1)c0b2
4a(1+ mb? + m2b2)

Substituting (4.37) and (4.38) in (4.36), we get

(438)  b,CyAl'g BB ﬂ' - (brbs g”) hop-

- mc0b2
Bﬂ 2, 2,2
4a(l+mb” +m~b”)
Therefore (4.20) reduces to

(439)  bDjB: hop -
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2 2
b mcob
4.40) H \/ +
PN mb? +m22  da(l+mb? +m2b2)

hop =0.

Hence the hypersurface F n-l (¢) is umbilic.
Theorem 4.3: The necessary and sufficient condition for hypersurface

1 (c) to be a hyperplane of the first kind is (4.33) and in this case the
second fundamental tensor is proportional to its angular metric tensor.

Now from Lemma 3, the hypersurface F ”_l(c) is a hyperplane of the
second kind if and only if H, =0 and H,z=0. Thus (4.40) gives

co =c;(x) yi = 0. Therefore there exists a function ¢(x) such that
(4.41) ¢ (x) = d(x)b; (x) .
Hence (4.33) reduces to b;; =@ bb; .

Theorem 4.4: The necessary and sufficient condition for hypersurface
F"(c) to be a hyperplane of the second kind is by =¢bpb;.

Again Lemma 4 together with (4.16) and (4.17) shows that F n-l (c)
does not become a hyperplane of third kind.

Theorem 4.5: The hypersurface F n_l(c) is not a hyperplane of third
kind.
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