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1. Introduction

The almost contact metric structures are closely connected to the almost
Hermitian structures.  For instance, if (N, {¢p, & 7, g}) is an almost

contact metric manifold, then an almost Hermitian structure is induced on
NxR'. If this almost Hermitian structure is integrable, then the input
almost contact metric structure is called normal. As it is known, a
normal contact metric structure is called Sasakian®. On the other hand,
we can characterize the Sasakian structure by the following condition:

(Vyo)(Y)=(X,Y)é-n(Y)X, X,YeTM.

As it is well known, the Sasakian structures have many remarkable
properties and play a fundamental role in contact geometry. In the present
paper, almost contact metric hypersurfaces in Hermitian manifolds are
considered.



434 Sushil Shukla

2. Preliminaries

Let M be an almost contact manifold equipped with an almost contact
metric structure (¢,&,7,9) consisting of a (1,1) tensor field ¢, a vector field

&, al-form n and a compatible Riemannian metric g satisfying

@' =—1+7®¢&, n(€)=L ¢(£)=0, 7°9=0,

9(X.Y)=g(eX,pY)+n(X)n(Y),

g(X,@Y)==09(pX.Y), 9(X,&)=n(X), forall X.Y e x(M).
An almost contact metric manifold M is a Sasakian manifold if and only if

(Vi )(Y)=(X.Y)E=n(Y)X, X,YeTM,

where V is Levi-Civita connection of the Riemannian metric g .

Let us consider a differentiable manifold M of class C* endowed with a
tensor field F of type (1,1)such that

F2=1, ie. R"F" =",

and
g(FX, FY)=g(X,Y).

Then we say that g is compatible with structure F and (F, g) is called

almost Hermitian structure and the manifold M with this structure is called
almost Hermitian manifold.

3.The Main Results

Theorem 3.1: The first group of the Cartan structural equations
of an almost contact metric structure on a hypersurface N in a
Hermitian manifold M *" is the following:

a a Q an H o 1 a H Q
dw =WﬂAWﬂ+ByﬁW7AWﬂ+(\/§Bﬂ +ioh )W AW+ (-—=B +ia™ )w,Aw,

N
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dw, =—w’/Aw, +BZ,w AW’ + (N2 B, —ic” )w,Aw+ (—i B, +ia,, )W Aw,

72

dw= (2B} —/2Bg, - 2ias )W AW, + (B, +ic, , JWAW” + (By” —ia/ )WAW,.

Proof: Let us use the Cartan structural equations of an almost
contact metric structure on a hypersurface in an almost Hermitian
manifold*:

dw” =wi Aw” + B W Aw, + B w, Aw, + 2 B;" +ioj )W Aw

1

N

< 1
+(—J2B"™ - —_B¥ —
( 7

B +ia” )w,Aw,

(3.1) dw, =—w/Aw, +BJ,w AW’ +B,, W’ AW’ + (v2 B/, —ic” )w,Aw

- 1 -~ 1 .

(2B  —— B B tia )W AW,

( nof \/E ofpn \/E off 0!/3)

dw=+2 B, W AW’ + 2 B) — J2 By, — 2ias )W’ Aw,

+(B, s+ Bl +io,  )WAW + (BY"+ B —ic )wAw,
here indices «, 3,y range from 1 to n-1.
An almost Hermitian structure is Hermitian (i.e. integrable) if and only if
its Kirichenko structural tensors vanish?

(3.2) B =0, B,,, =0,

Therefore by (3.2), (3.1) becomes

dw” =wi AW’ + B W Aw, +(\2 B;" +ioj )W/ Aw+ (—i B +ia” )w,Aw,

2
dw =—w/Aw, +B” w AW’ +(\/2 BZ. —ic” )w, A lg
W, =—Ww, Aw, + B/ W, Aw +( an—laa)wﬁ w+(—$

dw= (2B} —/2Bg, — 2ia )W AW, + (BY, +ic, , JWAW” + (Bl —ia/ )WAW,.

n 1 B
oy T 10,5 )W AW,
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Theorem 3.2: The  following are equivalent on a Sasakian
hypersurface N in a Hermitian manifold:
1. N is totally umbilical hypersurface,
2. N is totally geodesic hypersurface,
3. N is totally minimal hypersurface.

Proof: Condition for minimality of arbitrary hypersurface is*

g%c. . =0, p,s=12,.......... ,2n—1.

ps

And matrix of contravariant tensor on N is given by®®

(g*)=|0..0 1 0.0/,

Hence we have
g Pso_ps :gaﬂo.aﬂ + gdﬂO.dB + gdﬂO'&ﬂ + ga/)’o.ag + gnno_nn

_ 9B i nn
=90, +9" 0,;+9" 0,

9%0,=9"0, =11=1.

Which imply
970, =0 1=0.

As the condition 2=0 holds if and only if matrix (o, )vanish, so this

condition is a criteria for N to be a totally geodesic hypersurface in M?". By
matrices (o) and (g™), we have o, =4, , . iS Possible if and only if

A =0. Therefore propositions I, Il and 111 are equivalent.
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Theorem 3.3: The almost contact metric structure on a hypersurface
N in a Hermitian manifold M " is Sasakian if and only if the matrix of
second fundamental form of the immersion of N into M *" looks as (3.4).
Proof: Cartan structural equation of a Sasakian structure is’
dw” =wi AW’ +is; wAw” |

——w is?
dw, =—W, AW, —i5, WAW,,

dw=-2iw"Aw,, .

From these structural equations and Theorem 3.1 equations, the condition,
whose fulfillment is a criterion for the structure on N to be Sasakian.

(31) o5 =35,
(3.2) o =0,
(3.3) io” =0.
Which implies

os=0 and ¢/ =0.

Therefore besides o, the rest of components of the second fundamental

form of the immersion of N into M?2" vanish. Hence the matrix of the
second fundamental form of a Sasakian hypersurface in a Hermitian
manifold looks as

0
0 .. 0
0
(3.4) o, =0.0 2 0.0
0
0 .. 0
L 0 _
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Theorem 3.4: The type number T of a Sasakian hypersurface in a
Hermitian manifold is at most one.

Proof: For a Riemannian manifold and its submanifold, the rank of the
determined secnd fundamental form is called the type number®®,
Considering the matrix of the second fundamental form of a Sasakian
hypersurface in a Hermitian manifold, it is easy to see that

T=rank(o, )<1.

Therefore we have the theorem.
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