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Abstract: This paper concentrates on two theorems that illustrate the
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1. Introduction

The curvature tensors are fundamental concepts in differential geometry,
some of them include the projective curvature tensor W, and Riemannian

curvature tensor }kh. So, the relations between the various curvature tensors
introduced by many authors in Finsler geometry. The recurrence and
birecurence properties for the projective curvature tensor Wjﬁm in Finsler
space studied by Saleem and Abdallah!?. The necessary condition for
projective curvature tensor Wj‘}m that is generalized birecurrent tensor
obtained by Qasem and Saleem?. Furthermore, in Berwald and Cartan of third
order, Abdallah et al.* discussed the generalized trirecurrent Finsler space for
P}kh in senses of Berwald and Cartan, respectively.
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In the same vein, the conditions for some tensors to be generalized
B —trirecurrent have been obtained by Ahmed®>®. The relationship between

le}m and Pjikh in generalized BP —recurrent space and generalized BP —
birecurrent space are discussed by Abdallah”®. Two theorems that clarify the
relationship between P/ ijk and Rukln generalized trirecurrent space are
discussed®1°.

2. Preliminaries

Let F, = (M,L(x,y)) is called an n-dimensional Finsler space if the
function L(x, y) satisfying the three conditions*¢. The covariant vector y; is
given by
(2.1) Vi = Gkj (x, y)yk
The metric tensor 9;; and its associative are connected by

. . 1 , lf ] =i,
gkt = 8t =
(2.2) i 9" =9 {0 . if Q.
In view of (2.1) and (2.2), we have

(2.3) Syl =y and 890 = gjr-
The (h)hv-torsion tensor C;jy, is given!’
1 . 1 . . .
Ciji = 50igjic = 50:0;0) F*

and satisfy
(2.4) Cijky' =Crijy' = Ciay' =0.
Berwald’s Covariant derivative By, of a random ensor T-i w.r.t. x¥ is given by

BT} = 0T} — (0,T}) G, + T Gy — TG
where G, is a function called it Berwald's connection parameter. Therefore,
B, of the vector y* and metric tensor gi; are satisfied
(2.5) Bey'=0 and Brgyj = —2Cijpqp Y" = —2¥"BpCijic .
Cartan h-covariant derivative (Cartan's second kind covariant differentiation)
with respect to x* is given18
where ;¢ is a function called it Cartan's connection parameter. Therefore, h-

covariant derivative of the vector y'and metric tensor gij are vanish
identically, i.e.
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The tensor R}kh is called (Cartan's third curvature tensor) and defined*®
in = On T + (alrf;zl ) Gi + Gim (0xGR* — G G) + Top L' — h/k.
The R-Ricci tensor and curvature vector R;;, are connected by

(2.7) Rjkyj = Ry.

The tensor P}kh is called hv-curvature tensor which is given?®

Plin = 0nTji + Cj-Pip, — Clypic

which satisfies

(2.8) Piny’ = Titn ¥/ = Pipy = Cppy™

where P, is called (v)hv-torsion tensor. The associate tensor P;jyp, Of I}ikh
is given by

(2.9) Pijkh = Gir ﬁch :

The projective curvature tensor ﬁ(h and projective torsion tensor Wp,
satisfy

(2.10) Wiy’ = Wi and Wien 9pi = Wpjien -

The generalized BP-trirecurrent space and generalized P"-trirecurrent space
introduced by Abdallah and Hardan* which characterized by

(211)  BByBn Pien = Qmn Pien + bimn (8} gien — 6% 9jn)
—ZytcmnBt(fslekhl — O thl) - ZytdlnBt(6lekhm — O thm)
—2ytllnBth(5lekhm — &y, thm)

and

(2.12) Pien@ymymy = Cumn Pjin + Aimn (8] gkn — O gin);

respectively, where apnn = Bimn + Umndi @A by = BiVmn + Umnll

are non-zero covariant tensors field of third order, ¢, = v and d;, =

B, u,, are non-zero covariant tensor field of second order. B;B,,B, is the

differential operator in sense of Berwald with respect to x™, x™ and x

successively. Also, cimn = Qumeny + Gimdn aNd dypn = Apptin + bimeny

are non-zero covariant tensors field of third order. ()(m)(n) is the
differential operator in sense of Cartan with respect to x! ,x™ and x™,
successively. The above spaces are indicated by G (BP) — TRE, and G (P™) —

TRE,. Also, these tensors which satisfy the conditions (2.11) and (2.12) are

called a generalized B —trirecurrent tensor and generalized h —trirecurrent
tensor, respectively.
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Transvecting the condition (2.11) by y/, (2.1), (2.3), (2.4), (2.5) and (2.8), we
get
(2.13) BB, B, Plih = Amn Plih + blmn(yigkh - 5iic )’h) — 2y CunBe (¥ Cienr)
=2y dinBe (¥ Conm) — 29 1nBiB(Y' Cinm)-

Transvecting (2.12) by g;,, using (2.2), (2.3), (2.6) and (2.9), we get
(214)  Pijknayamym) = ComnPijen + dimn(Grj Gin — 9ri Gjn)-
Transvecting (2.12) by y/, using (2.1), (2.3), (2.5) and (2.8), we get
(2.15)  Pinaymym) = Cimn Pin + dimn (V' Gren — 8k V) -

This paper studies the relationship between ﬁ(h and jikh in two Finsler

spaces based on previous formulas, i.e. study the relationship between them in
generalized Finsler spaces of third order in Berwald and Cartan senses.

3. Main Results

This paper discusses the condition for projective curvature

tensor W, which is generalized trirecurrent tensor with two connections.
For a Riemannian space V,, hv-curvature tensor Pjikh and projective curvature
tensor W, can be expressed as follows?

(3.1) Pl = Wik — 5 (SkRyxc — 8 Ryn).
Transvecting (3.1) by g;,, using (2.3), (2.9) and (2.10), we get
(3.2) Prikn = Wrjkn — % (RjkGrn — Ringri) -
Transvecting (3.1) by y/, using (2.7), (2.8) and (2.10), we get
(3.3) Pin = Wiy, — > (5hRi — 8% Ry).

In next theorem we obtain the condition for Wj‘}m that satisfies the
generalized trirecurrence property in Berwald sense.

Theorem 3.1. In G(BP) — TRE,, the projective curvature tensor j‘}(h is
a generalized B —trirecurrent if and only if the tensor (&,Ryx —
8y Ry)behaves as trirecurrent.

Proof. Letusconsidera G(BP) — TRE,. Taking B — covariant derivative
for (3.1) thrice with respect to x™, x™ and x! successively, then applying
(2.11), we get

. 1 . - .
BleBn jlkh _g BleBn(aillek - 5;( th) = imn lekh
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+blmn(5jigkh - 8k gjn) - 2ytcmn73t(5f€khl — 5_;; Cini) '
_ZytdlnBt(6lekhm — Ok thm) - Zyt.unBlBt((Slekhm — thm)-
Using (3.1) in above equation, we get
BleBn ijsch = Qumn Vvﬁch + blmn (6jigkh - 6Ilc gjh)
_ZytcmnBt(6lekhl — Ok ijhl) - Zytdant(5lekhm — O thm)
—ZytHnBlBt(5lekhm — by, thm)
if and only if
(3.4) B BB (8hRjx = 6 Rjn) = Qmn (8;Rjic — 8 Rjp).
Above equation refers to the behavior of (6;'1Rjk ) Rjy) is trirecurrent.
Now, we have a corollary related to previous theorem. Taking

B —covariant derivative for (3.3) thrice with respect to x™, x™ and x*
successively, then using (2.13), we obtain

. 1 . . . . ,
BB By, Wy, — 3 B1BinBn(81Rjx — 8k Rin) = Qmn Pin + bimn (Y Gren — 65 yn)

—2Y CnBe(¥ Cknt) = 2V dinBe (¥ Cinm) — 25 1nBiBe (¥ Cienm)-
Using (3.3) in above equation, we get
(35) BiBmBn Win = Qimn Wi + bmn (¥ gin — Sk y1)
_zytcmnBt(inkhl) - ZytdlnBt(inkhm) - Zyt.unBlBt(inkhm)
if and only if
(3.6) B BmBn(0pRk — 6k Rpn) = aymn (8pR — 6 Rp).
The equation (3.6) refers to the behavior of (8LR, — &% Ry,) is trirecurrent.
Thus, we conclude
Corollary 3.1. In G(BP) — TRE,, Berwald's covariant derivative of third
order for the torsion tensor Wy, is given by (3.5) if and only if the tensor
(8L Ry — 8L Ry,) behaves as trirecurrent.
In next theorem we obtain the condition for le}m that be generalized
trirecurrent in Cartan sense.
Theorem 3.2. In G(P") — TRE,, the projective curvature tensor jl}{h is
a generalized h —trirecurrent if and only if the tensor (8iRjx — Of Rin)
behaves as trirecurrent.

Proof. Let us consider a G(P") — TRE,. Taking h-covariant derivative for
(3.1) thrice with respect to x!, x™ and x™, successively, then applying (2.12),
we get

. 1 . . . .
Wikh@ymym) — 3 (8hRik — 8k Rin) yamym) = Cumn Plien + dimn (8 Gicn — Ok Gjin)-
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Using (3.1) in above equation, we get
Winaymym) = Comn Wikn + Qimn(8/gkn — 8k 9jn),
if and only if
(3.7) (BLRik — 8k Rin) yamy() = Ctmn (6hRjic — Sk Ri).
The last equation refers to the behavior of (6}1Rjk — 6L Rjp) is trirecurrent.
Now, we have a corollary related to previous theorem. Taking h-covariant

derivative for (3.2) thrice with respect to x!, x™ and x™, successively, then
using (2.14), we get

1
W jkn@yamym) — 3 RjkGrn = Ringrid @)

= ClmnPyrjin + Aimn (Grj Gkn — Gri Gjn)-
Using (3.2) in above equation, we get
(3-8) erkh(l)(m)(n) = Clmnerkh + dlmn(grj 9kh — Grk gjh)'
if and only if
(3.9) (RjkGrn — Ringri) ym)n) = Ctmn(RjkGrn — RinGri)-

Taking h-covariant derivative for (3.3) thrice with respect to x* , x™ and x™,
successively, then using (2.15), we obtain

Wkih(l)(m)(n) - % (SﬁRk - 51i Ry = Cimn Plih + dlmn(yigkh - 51i J’h)-
Using (3.3) in above equation, we get
(3.10) Wkih(z)(m)(n) = Cmn Win + dimn (¥ Gren — 61 Y1)
if and only if
(3.11) (5;'1Rk - 51i R wmym) = Clmn(dfisz - 51i Rp).
The equations (3.9) and (3.11) refer to the behavior of (R jx g-n — Rjngrk) and
(6LRy, — 8L Ry,) are trirecurrent. Thus, we conclude

Corollary 3.2. In G(P") — TRE,, Cartan's covariant derivative of third
order for the associate curvature tensor W, ., and torsion tensor Wi, are
given by (3.8) and (3.10) if and only if the tensors (Rxgrn — Rjngrx) and
(6LR;, — 6L Ry,) behave as trirecurrent, respectively.

4. Conclusion

We proved that jl}{h satisfies the generalized trirecurrence property in

G(BP) — TRE, and G(P"™) — TRE,. Further, we obtained Berwald's and
Cartan's covariant derivatives of third order for the associate curvature tensor
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rjkn and torsion tensor W}, are non - vanishing. This work will allow

researchers to study these relationships between various curvature tensors in
generalized Finsler spaces of higher orders in two connections.
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