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Abstract: This paper establishes DDVV-type curvature inequalities for
Riemannian maps into generalized complex space forms. Using the
Gauss and Ricci equations, we relate intrinsic curvature invariants of the
domain manifold to extrinsic invariants of the map and discuss the
equality cases. The results extend known curvature inequalities from
submanifold theory to the setting of Riemannian maps.
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1. Introduction

In the field of geometry, inequalities serve to link intrinsic and extrinsic
invariants, playing a crucial role in defining the characteristics of geometric
objects. Among the most significant results in this area is the DDVV
conjecture.

The DDVV conjecture has its roots in the earlier work of Pierre Wintgen?,
who in 1979 proved a seminal inequality for surfaces immersed in a 4-
dimensional Euclidean space. This result was later generalized by Guadalupe
and Rodriguez? to surfaces in arbitrary space forms. The DDVV conjecture,
formally proposed in 1999 by De Smet, Dillen, Verstraelen, and Vrancken?,
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extends this foundational work to higher dimensions and arbitrary
codimension.

By a DDVV-type inequality, we mean an inequality that gives a bound of

the form
(1.1) Fs=1 1An Agll? < c (BT 1141172,
This inequality is formulated for a particular class of n x n matrices
A4, ..., A, Where the commutator of two matrices is defined by [A,B] =
AB — BA. The quantity ||4,]|? = tr(4A*) denotes the squared Frobenius
norm, with A* representing the conjugate transpose of A4, and ¢ being a non-
negative real constant. Inequalities of DDVV type naturally arise from the
normal scalar curvature problem in submanifold geometry, which is
commonly known as the DDVV conjecture.

In 1999, De-Dillen-Verstraelen-Vrancken® proposed the normal scalar
curvature conjecture:

Conjecture: (DDVV conjecture) Let M™ be an immersed submanifold of a
real space form with constant sectional curvature k. Then

(1.2) p+pt <|H|?+x,

where p denotes the normalized scalar curvature, which is an intrinsic
geometric quantity determined by the curvature tensor of the tangent bundle,
while pt represents the normalized normal scalar curvature associated with
the normal bundle, an extrinsic invariant that captures the curvature of the
normal bundle and H is the normalized mean curvature vector field, which
measures the average extrinsic curvature of the submanifold.

The Normal Scalar Curvature Conjecture was proved by Lu* and Ge-
Tang® independently. The submersion version of the normal scalar curvature
conjecture was studied by Ge®.

The DDVV conjecture, as originally stated and proven, applies to
submanifolds of real space forms. The problem of generalizing this inequality
to more intricate ambient spaces and types of maps has become a significant
area of contemporary research. The DDVV inequality has been successfully
extended to submanifolds of warped products, as well as to special classes of
submanifolds, such as slant, totally real, and CR-submanifolds, particularly
in complex and quaternionic ambient spaces.

Recall that a Riemannian map was defined by Fischer’ to be a mapping
whose differential acts as an isometry from the tangent space of the domain,
modulo its kernel, onto its image. A Riemannian map is a smooth map
between Riemannian manifolds that generalizes both isometric immersions
and Riemannian submersions. Unlike an isometric immersion, which has an
injective differential, a Riemannian map can have a non-trivial kernel (or
vertical distribution) at each point.
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Fischer outlined in his seminal work’ that a Riemannian map "is a map
that is as isometric as it can be, subject to the limitations imposed upon it as
a differentiable mapping”. He demonstrated that these maps fulfill the
generalized eikonal equation and thus have constant rank on each connected
component, establishing a connection between physical optics and geometric
optics.

Moreover, Fischer proposed that Riemannian maps can serve as a
geometric framework for formulating quantum models, thereby relating the
theory of Riemannian and harmonic maps to Lagrangian field theory and to
physical models governed by the Maxwell-Schrédinger equations.

The structure of the paper is outlined as follows. Section 2 revisits the
fundamental concepts and formulas necessary for the discussion. In Section
3, we explore the DDVV inequality for Riemannian maps transitioning from
a Riemannian manifold to a generalized complex space form. Lastly, the
paper concludes with the application of such inequalities.

2. Preliminaries

In this section, we recall some fundamental notions and preliminary
results related to the geometric framework of Riemannian maps, highlighting
the role of the second fundamental form.

2.1 Generalized Complex Space Form
Definition 2.1%* Let (M, g,,]) be a Riemannian manifold of even-dimension
equipped with a structure J which is almost complex of type (1,1) on M
satisfying J2 = —I, where I denotes the identity map. The manifold (M, g,,/)
is called an almost Hermitian manifold if the Riemannian metric g, is
compatible with J, that is,
910X, JY) = g1(X,Y) forall X,Y € T(TM).
Moreover, (M, g,,]) is said to be a generalized complex space form, denoted
by M(c,, c,), if there exist smooth functions c¢; and ¢, on M such that the
curvature tensor R of M satisfies, forall X,Y,Z € I'(TM),
(2.1) RX,Y)Z = c1{9: (Y, 2)X — g1 (X, 2)Y}
+c{9:UY, 2)]X — 9:UX, 2)]Y + 29,(JY, X)] Z}.

In particular, the following special cases are well known0-12;

e If ¢; = candc, = 0, then M(c) reduces to a real space form.

e lfc,=c¢c, = % then M (c) is a complex space form.
c+3a

4

o Ifc, = and ¢, = %, then M (c) becomes a real Kahler space form.
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2.2 Riemannian maps
Let F:(M,g,) » (N,g,) be a smooth mapping between Riemannian
manifolds M and N of dimensions m and n, respectively, such that
0 < rankF < min{m, n}.
For each point p € M, the differential of F at p is denoted by
F.p: TyM = TppN.

The kernel of F,,, determines an orthogonal decomposition of the tangent
space T, M with respect to the metric g, given by’

T,M = KkerF,,, @ (kerF,kp)l

The subspaces kerF,, and (kerF*p)l are referred to as the vertical and
horizontal distributions of M at p, respectively, and are denoted by V, and
H,. Since the rank of F is neither zero nor maximal, the image of F,,, does
not coincide with the entire tangent space of N at F(p). Consequently, the
tangent space Tr(,yN admits the orthogonal decomposition

1
TrpyN = rangeF,, @ (rangeF.,)

with respect to the metric g,.
The map F is called a Riemannian map if for each point p € M, the restriction

Fp I(kerF*p)J-: (ker F*p)l — rangeF,,,

is a linear isometry. Equivalently,

g2(EX,EY) = g1(X,Y)
for all vector fields X,Y € I'((kerF.)1). This notion unifies two classical
geometric mappings. In particular, when ker E, = {0}, the map F reduces to
an isometric immersion, while if (range F,)* = {0}, it becomes a Riemannian
submersion.

To describe the extrinsic geometry associated with the map F, the second
fundamental form of F is defined by*?

(VE)(X,Y) = VREY — E.(V{Y)
for X,Y € I'((kerE.)*), where V¥ and V" denote the Levi-Civita connections
on M and N, respectively. Here, (VE,)(X,Y) takes values in (range F,)*.
Let V¥4 be the induced connection on the normal bundle (range F,)*. For
any X € I'((kerF)Y) and V € I'((range F,)1), the covariant derivative
VY xV can be decomposed as*®

VExV = =SyEX + ViV,
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where S, denotes the shape operator corresponding to the normal vector field
V. The shape operator satisfies the relation
(2.2) 92(SyEX, EY) = g,(V, (VE)(X,Y)),

for all X,Y € I'((kerF,)*) and V € I'((rangeF,)'). Since the second
fundamental form ( VE, ) is symmetric, it follows that each shape operator S,
is a symmetric linear transformation of range F,.

Let RM,RY and R+ denote the curvature tensors corresponding to the
Levi-Civita connections VM on M, V" on N, and the normal connection on
(range F.)*, respectively. For a Riemannian map F, the Gauss and Ricci
equations relate the curvature tensors of M and N to the second fundamental
form and the shape operators. These equations are given as follows®3:

The Gauss equation for a Riemannian map is expressed by

(23)  g,(RN(EX,EY)EZ,EH) = g,(RM(X,V)Z, H)

+9,((VE)(X, 2), (VE)(Y, H)) — g2((VE)(Y, Z), (VE) (X, )
for all vector fields X,Y, Z, H € T'((kerE.)%).
Similarly, the Ricci equation associated with the normal bundle (range F,)*
is given by
(2.8) g, (RN (F.X, EY)V,V,) = g, (RTH(EX, EY)V1,V3) + g2([Sv,, Sy, JEX, EY)
where V,,V, € I'((rangeF,)') and the commutator of the shape operators is
defined by
[SVZISVl] = Sy,Sv, — Sv, Sy,

Let {e,, ..., e,} be an orthonormal basis of (ker F.); and {v;14, ..., v, } an
orthonormal basis of (range F*)ip at a point p € M. The Ricci curvature of
the horizontal distribution (ker F,); is then defined by

RicteFI (X) = TT_; g, (RM (e, X)X, &), X € (kerF,)*.
The corresponding scalar curvature is given by
plkerF)® = Yicicjer 91(R™ (e, ¢j)ej,€;)
and the normalized scalar curvature is defined as

(kerF*)J' _ ZT(kerF*)J_
e - r(r-1)
On the other hand, the scalar curvature of the normal subbundle (range

E)*, referred to as the normal scalar curvature, is defined by

L 2
plrange )™ — Jleiq’sr Yrr1<p<ysn 92(R (ei €)vp, )
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The corresponding normalized normal scalar curvature is given by
1
(25) ptrangeryt _ ZIET)

r(r-1)
Also, for the Riemannian map F, we can write4

(2.6) {5 =g, ((VF;)(ei, ej),vﬁ),i,j =1.,rf=r+1,..,n

(27) IC1% = 31521 g2 ((VE)(ewey), (VE) (ewey))
(2.8) trace{ = Yi_; (VE)(e; €)),

(2.9) |Itracel||* = g, (trace(, trace {).

Therefore, we have

(2.10) c% =12,

which is called the Casorati curvature of the horizontal space HP.
Lemma 2.2141%: For the above terms, we have

1 1 2
(211) €% = |¢I1? =2 lraced || + 355, (¢ — ¢ — =)

+230 i Xy ({fi) — 235 rs1 Dosicjsr {( ( ((5)2}.

Lemma 2.3%: Let ((5),1’,] =1,..,r and B =1,..,n represent the

coefficients of the traceless part of the second fundamental form relative to
orthonormal bases of the tangent and normal bundles. Then

(2.12) ZE:l Z1si<jsr ({5 - Cﬁ)z + 27‘2%:1 lei<j5r ((5)2

> 2r <Z1s,8<ysn Z1si<jsr ( (( (”‘ Jk)>2>

N R

3. Riemannian Maps to Generalized Space Forms

Let {ey, ..., e, } be an orthonormal basis of (kerF.)* , and let {v; .1, ..., v}
be an orthonormal basis of (range F.)'pp, where p € M. Then
{F.e, ..., F.e,} forms an orthonormal basis of (range ) ,.

Theorem 3.1: Assume that rankF =r <n and let F:(M,g,) =
(M(cq,c3),g,) be a Riemannian map defined from a Riemannian manifold
(M, g,) to a generalized complex space form M (c;, ¢;). For a unit vector X €
(kerF,)*, the inequality

(3.1) 4RickeFIN(X) < 4c,(r — 1) + ||tracel||? + 12¢, Y7, g2(JE.X,F.e;)
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holds. Moreover, equality occurs if and only if

(3.2 (VE)(X,Y) = 0 VY € I'((kerE,)?') orthogonal to X,
and
(3.3) (VE)(X,X) = > trace(.

Proof. Let M(c,, c,) be a generalized space form with constant sectional
curvature c¢; and c,, then from (2.3) and (2.4), we have

(B4) g R"(X,Y)Z,H) = c1{g1(Y,2)g:(X, H) — g.(X,Z) g, (Y, H)}
~92((VE)(X,Z), (VE)(Y, H)) + g2((VE)(Y, Z), (VE) (X, H))
+c{9,(JEY,EZ)g,(JEX,FH) — g,(JEX,F.Z)g,(JEY,F.H)

+2g9,(JEY,EX)g,(JF.Z, F.H)},

where X,Y,Z,H € T'((kerF,)1). Let{ey, ..., e,} with e; = X and using (2.6)-
(2.9) and (3.4), we get

(35)err(r — 1) + 3¢, X7 j=1 93(JF.es, Foey) = IISI1% = Iltraceq || + 2zkerr)”,
using lemma (2.2), and
(36) ke (p) = Cz_l (r — D) (r = 2) + 3¢, Yo<icjer g5(JF. 1 Foe;)

2
_22=r+1 Zzsi<jsr {({5) — (5(ﬁ} + Ric(kerF*)J_(X).
Substituting the value of (2.11) and (3.6) in (3.5), we get
(3.7) Ric®erF) (X) = ¢, (r — 1) + 7 [[trace¢||? + 3¢, X1, g2UF.X,F.e;)

1 2 2

_erﬁlzr+1 (5131 - (fz -t (rﬁr) - Z}}=r+1 Zl‘ﬂ:z ((ﬁ)

< ¢ (r— 1) +1 lltraceq||? + 3c, X7y g3(F.X, Fey).
Hence, we have the inequality (3.1). The equality case of (3.1) holds if and
only if

551 = czﬁz +oeet Zfr
and
F=0i=2.,mB=r+1..,m

hence we have (3.2).

Theorem 3.2: Assume that rank F =r <n and let F:(M,g,) =
(M(cq,c3),g,) be a Riemannian map defined from a Riemannian manifold
(M, g,) to a generalized complex space form M(c,, c;). Then the following
inequality holds
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3C2

1 L 1
(3.8) gt 4 glermt < Ll trace |12 + ¢, + oD Ztj=192 2(JF.e;, E.e)),

for normalized normal scalar curvature o®s¢ F)* and normalized scalar
curvature o ®er F)*

Proof. Let {ej,..,e} be the orthonormal basis of (kerF)*, and
{Vr+1, ..., U} be an orthonormal basis of (rangeF.)* r,,,, where p € M. Then
{F.ey,...,F.e.} forms the orthonormal basis of (range F)g,, and from
(2.1),(2.3) and (2.4), we have

(3:9) Xy=rs1 2ij=1 92(R™(Fey Fej)vg, vy)

= g2(R"(Feei Fogj)vp, vy) — g2 ([S0,,50,| Feeis Fuey),
using (3.9) in (2.5), we get

1 2
(3.10) Q(range F)™ = r(r—1) \/lei<jsr 215B<y5n g% ([SVY'SVB] F.e;, E‘ej)’

using (2.2) in (3.10) and solving further, we get

(311) Q(range F*)J'

2
== 1)\/21<1<]<r Y1<B<y=n (Zk 1 (( ( ( )) ,
using lemma (2.3), in (3.11), we get

2
(312) r2(r— 1))t < ¥R Vicicjer (Zﬁ - (ﬁ)

2
+2r Xp=ri1 Lasi<jsr ((5) -
(Remark- (5 =0for B =1,...,r, from equation (2.6))
Also, we can compute
(313) (= Dliraced|* = Ty Sasicser (¢4 = ¢f) +20¢f3)).

and
(3.14) glerh =y — 1(2 )+3& ij=1 gz(fFeuFeJ)

+Zﬁ —r41 Misi<jsr (C ( (65) )

From (3.12), (3.13) and (3.14), we get the required result.

Remark: The establishment of a DDVV-type inequality for Riemannian
maps from a Riemannian manifold into a generalized space form represents a
significant advancement in differential geometry. The core application of the
DDVYV inequality for Riemannian maps is to establish a relationship between
the curvature of the source manifold and the extrinsic curvature of the map.
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They serve as a fundamental way to measure how a map "bends" or "curves”
as it projects one manifold onto another. When the inequality becomes an
equality, it characterizes a specific class of maps with special geometric
properties. These maps are considered "ideal" or "optimal™ in some geometric
sense and can lead to rigidity results, which state that a map satisfying the
equality must be of a very specific, rigid type. This work provides a unifying
framework that bridges several distinct and complex areas of research: the
DDVYV conjecture, and the generalized mapping theory of Riemannian maps.
The results of this paper can be applied to a variety of related fields. In
mathematical physics,complex geometric structures play a significant role in
areas such as gauge theory, sigma models, and complex geometric
formulations of field theories. Riemannian maps and submersions are used to
model phenomena in Kaluza-Klein theory, where higher-dimensional
manifolds are projected onto lower-dimensional ones. The DDVV-type
inequality can provide new analytical tools for these applications, offering
constraints and relationships between physical quantities that are
geometrically motivated.
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