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Abstract: This paper establishes DDVV-type curvature inequalities for 

Riemannian maps into generalized complex space forms. Using the 

Gauss and Ricci equations, we relate intrinsic curvature invariants of the 

domain manifold to extrinsic invariants of the map and discuss the 

equality cases. The results extend known curvature inequalities from 

submanifold theory to the setting of Riemannian maps. 
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1. Introduction 

 

In the field of geometry, inequalities serve to link intrinsic and extrinsic 

invariants, playing a crucial role in defining the characteristics of geometric 

objects. Among the most significant results in this area is the DDVV 

conjecture. 

The DDVV conjecture has its roots in the earlier work of Pierre Wintgen1, 

who in 1979 proved a seminal inequality for surfaces immersed in a 4-

dimensional Euclidean space. This result was later generalized by Guadalupe 

and Rodriguez2 to surfaces in arbitrary space forms. The DDVV conjecture, 

formally proposed in 1999 by De Smet, Dillen, Verstraelen, and Vrancken3, 
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extends this foundational work to higher dimensions and arbitrary 

codimension. 

By a DDVV-type inequality, we mean an inequality that gives a bound of 

the form 

(1.1)      ∑  𝑚
𝑟,𝑠=1  ‖𝐴𝑟 , 𝐴𝑠‖2 ≤ 𝑐(∑  𝑚

𝑟=1  ‖𝐴𝑟‖2)2. 

This inequality is formulated for a particular class of 𝑛 × 𝑛 matrices 

𝐴1, … , 𝐴𝑚, where the commutator of two matrices is defined by [𝐴, 𝐵] =
𝐴𝐵 − 𝐵𝐴. The quantity ‖𝐴𝑟‖2 = tr(𝐴𝐴∗) denotes the squared Frobenius 

norm, with 𝐴∗ representing the conjugate transpose of 𝐴, and 𝑐 being a non-

negative real constant. Inequalities of DDVV type naturally arise from the 

normal scalar curvature problem in submanifold geometry, which is 

commonly known as the DDVV conjecture. 

In 1999, De-Dillen-Verstraelen-Vrancken3 proposed the normal scalar 

curvature conjecture: 

Conjecture: (DDVV conjecture) Let 𝑀𝑛 be an immersed submanifold of a 

real space form with constant sectional curvature 𝜅. Then 

(1.2)       𝜌 + 𝜌⊥ ≤ ‖𝐻‖2 + 𝜅, 

where 𝜌 denotes the normalized scalar curvature, which is an intrinsic 

geometric quantity determined by the curvature tensor of the tangent bundle, 

while 𝜌⊥ represents the normalized normal scalar curvature associated with 

the normal bundle, an extrinsic invariant that captures the curvature of the 

normal bundle and 𝐻 is the normalized mean curvature vector field, which 

measures the average extrinsic curvature of the submanifold. 

 The Normal Scalar Curvature Conjecture was proved by Lu4 and Ge-

Tang5 independently. The submersion version of the normal scalar curvature 

conjecture was studied by Ge6. 

The DDVV conjecture, as originally stated and proven, applies to 

submanifolds of real space forms. The problem of generalizing this inequality 

to more intricate ambient spaces and types of maps has become a significant 

area of contemporary research. The DDVV inequality has been successfully 

extended to submanifolds of warped products, as well as to special classes of 

submanifolds, such as slant, totally real, and CR-submanifolds, particularly 

in complex and quaternionic ambient spaces. 

Recall that a Riemannian map was defined by Fischer7 to be a mapping 

whose differential acts as an isometry from the tangent space of the domain, 

modulo its kernel, onto its image. A Riemannian map is a smooth map 

between Riemannian manifolds that generalizes both isometric immersions 

and Riemannian submersions. Unlike an isometric immersion, which has an 

injective differential, a Riemannian map can have a non-trivial kernel (or 

vertical distribution) at each point. 
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Fischer outlined in his seminal work7 that a Riemannian map "is a map 

that is as isometric as it can be, subject to the limitations imposed upon it as 

a differentiable mapping". He demonstrated that these maps fulfill the 

generalized eikonal equation and thus have constant rank on each connected 

component, establishing a connection between physical optics and geometric 

optics. 

Moreover, Fischer proposed that Riemannian maps can serve as a 

geometric framework for formulating quantum models, thereby relating the 

theory of Riemannian and harmonic maps to Lagrangian field theory and to 

physical models governed by the Maxwell-Schrödinger equations. 

The structure of the paper is outlined as follows. Section 2 revisits the 

fundamental concepts and formulas necessary for the discussion. In Section 

3, we explore the DDVV inequality for Riemannian maps transitioning from 

a Riemannian manifold to a generalized complex space form. Lastly, the 

paper concludes with the application of such inequalities. 

 

2. Preliminaries 

 

In this section, we recall some fundamental notions and preliminary 

results related to the geometric framework of Riemannian maps, highlighting 

the role of the second fundamental form. 

2.1 Generalized Complex Space Form 

Definition 2.18-11 Let (𝑀, 𝑔1, 𝐽) be a Riemannian manifold of even-dimension 

equipped with a structure 𝐽 which is almost complex of type (1,1) on 𝑀 

satisfying 𝐽2 = −𝐼, where 𝐼 denotes the identity map. The manifold (𝑀, 𝑔1, 𝐽) 

is called an almost Hermitian manifold if the Riemannian metric 𝑔1 is 

compatible with 𝐽, that is, 

𝑔1(𝐽𝑋, 𝐽𝑌) = 𝑔1(𝑋, 𝑌) for all 𝑋, 𝑌 ∈ Γ(𝑇𝑀). 

Moreover, (𝑀, 𝑔1, 𝐽) is said to be a generalized complex space form, denoted 

by 𝑀(𝑐1, 𝑐2), if there exist smooth functions 𝑐1 and 𝑐2 on 𝑀 such that the 

curvature tensor 𝑅 of 𝑀 satisfies, for all 𝑋, 𝑌, 𝑍 ∈ Γ(𝑇𝑀), 

(2.1)   𝑅(𝑋, 𝑌)𝑍 = 𝑐1{𝑔1(𝑌, 𝑍)𝑋 − 𝑔1(𝑋, 𝑍)𝑌} 

+𝑐2{𝑔1(𝐽𝑌, 𝑍)𝐽𝑋 − 𝑔1(𝐽𝑋, 𝑍)𝐽𝑌 + 2𝑔1(𝐽𝑌, 𝑋)𝐽𝑍}. 

In particular, the following special cases are well known10-12: 

 If 𝑐1 = 𝑐 and 𝑐2 = 0, then 𝑀(𝑐) reduces to a real space form. 

 If 𝑐1 = 𝑐2 =
𝑐

4
, then 𝑀(𝑐) is a complex space form. 

 If 𝑐1 =
𝑐+3𝛼

4
 and 𝑐2 =

𝑐−𝛼

4
, then 𝑀(𝑐) becomes a real Kähler space form. 
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2.2 Riemannian maps 

Let 𝐹: (𝑀, 𝑔1) → (𝑁, 𝑔2) be a smooth mapping between Riemannian 

manifolds 𝑀 and 𝑁 of dimensions 𝑚 and 𝑛, respectively, such that 

0 < rank𝐹 < min{𝑚, 𝑛}. 

For each point 𝑝 ∈ 𝑀, the differential of 𝐹 at 𝑝 is denoted by 

𝐹∗𝑝: 𝑇𝑝𝑀 → 𝑇𝐹(𝑝)𝑁. 

The kernel of 𝐹∗𝑝 determines an orthogonal decomposition of the tangent 

space 𝑇𝑝𝑀 with respect to the metric 𝑔1 given by7 

𝑇𝑝𝑀 = ker𝐹∗𝑝 ⊕ (ker𝐹∗𝑝)
⊥

 

The subspaces ker𝐹∗𝑝 and (ker𝐹∗𝑝)
⊥

 are referred to as the vertical and 

horizontal distributions of 𝑀 at 𝑝, respectively, and are denoted by 𝒱𝑝 and 

ℋ𝑝. Since the rank of 𝐹 is neither zero nor maximal, the image of 𝐹∗𝑝 does 

not coincide with the entire tangent space of 𝑁 at 𝐹(𝑝). Consequently, the 

tangent space 𝑇𝐹(𝑝)𝑁 admits the orthogonal decomposition 

𝑇𝐹(𝑝)𝑁 = range𝐹∗𝑝 ⊕ (range𝐹∗𝑝)
⊥

 

with respect to the metric 𝑔2. 

The map 𝐹 is called a Riemannian map if for each point 𝑝 ∈ 𝑀, the restriction 

𝐹∗𝑝|(ker 𝐹∗𝑝)⊥: (ker 𝐹∗𝑝)⊥ → range𝐹∗𝑝 

is a linear isometry. Equivalently, 

𝑔2(𝐹∗𝑋, 𝐹∗𝑌) = 𝑔1(𝑋, 𝑌) 

for all vector fields 𝑋, 𝑌 ∈ Γ((ker𝐹∗)⊥). This notion unifies two classical 

geometric mappings. In particular, when ker 𝐹∗ = {0}, the map 𝐹 reduces to 

an isometric immersion, while if (range 𝐹∗)⊥ = {0}, it becomes a Riemannian 

submersion. 

To describe the extrinsic geometry associated with the map 𝐹, the second 

fundamental form of 𝐹 is defined by13 

(∇𝐹∗)(𝑋, 𝑌) = ∇𝑋
𝑁𝐹∗𝑌 − 𝐹∗(∇𝑋

𝑀𝑌) 

for 𝑋, 𝑌 ∈ Γ((ker𝐹∗)⊥), where ∇𝑀 and ∇𝑁 denote the Levi-Civita connections 

on 𝑀 and 𝑁, respectively. Here, (∇𝐹∗)(𝑋, 𝑌) takes values in (range 𝐹∗)⊥. 

Let ∇𝐹⊥ be the induced connection on the normal bundle (range 𝐹∗)⊥. For 

any 𝑋 ∈ Γ((ker𝐹∗)⊥) and 𝑉 ∈ Γ(( range 𝐹∗)⊥), the covariant derivative 

∇𝐹∗𝑋
𝑁 𝑉 can be decomposed as13 

∇𝐹∗𝑋
𝑁 𝑉 = −𝑆𝑉𝐹∗𝑋 + ∇𝑋

𝐹⊥𝑉, 
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where 𝑆𝑉 denotes the shape operator corresponding to the normal vector field 

𝑉. The shape operator satisfies the relation 

(2.2)            𝑔2(𝑆𝑉𝐹∗𝑋, 𝐹∗𝑌) = 𝑔2(𝑉, (∇𝐹∗)(𝑋, 𝑌)), 

for all 𝑋, 𝑌 ∈ Γ((ker𝐹∗)⊥) and 𝑉 ∈ Γ((range𝐹∗)⊥). Since the second 

fundamental form ( ∇𝐹∗ ) is symmetric, it follows that each shape operator 𝑆𝑉 

is a symmetric linear transformation of range 𝐹∗. 

Let 𝑅𝑀, 𝑅𝑁 and 𝑅⊥ denote the curvature tensors corresponding to the 

Levi-Civita connections ∇𝑀 on 𝑀, ∇𝑁 on 𝑁, and the normal connection on 

(range 𝐹∗)⊥, respectively. For a Riemannian map 𝐹, the Gauss and Ricci 

equations relate the curvature tensors of 𝑀 and 𝑁 to the second fundamental 

form and the shape operators. These equations are given as follows13: 

The Gauss equation for a Riemannian map is expressed by 

(2.3)  𝑔2(𝑅𝑁(𝐹∗𝑋, 𝐹∗𝑌)𝐹∗𝑍, 𝐹∗𝐻) = 𝑔1(𝑅𝑀(𝑋, 𝑌)𝑍, 𝐻) 

         +𝑔2((∇𝐹∗)(𝑋, 𝑍), (∇𝐹∗)(𝑌, 𝐻)) − 𝑔2((∇𝐹∗)(𝑌, 𝑍), (∇𝐹∗)(𝑋, 𝐻)) 

for all vector fields 𝑋, 𝑌, 𝑍, 𝐻 ∈ Γ((ker𝐹∗)⊥). 

Similarly, the Ricci equation associated with the normal bundle (range 𝐹∗)⊥ 

is given by 

(2.4) 𝑔2(𝑅𝑁(𝐹∗𝑋, 𝐹∗𝑌)𝑉1, 𝑉2) = 𝑔2(𝑅𝐹⊥(𝐹∗𝑋, 𝐹∗𝑌)𝑉1, 𝑉2) + 𝑔2([𝑆𝑉2
, 𝑆𝑉1

]𝐹∗𝑋, 𝐹∗𝑌) 

where 𝑉1, 𝑉2 ∈ Γ((range𝐹∗)⊥) and the commutator of the shape operators is 

defined by 

[𝑆𝑉2
, 𝑆𝑉1

] = 𝑆𝑉2
𝑆𝑉1

− 𝑆𝑉1
𝑆𝑉2

 

Let {𝑒1, … , 𝑒𝑟} be an orthonormal basis of (ker 𝐹∗)𝑝
⊥ and {𝑣𝑟+1, … , 𝑣𝑛} an 

orthonormal basis of (range 𝐹∗)𝐹∗𝑝

⊥  at a point 𝑝 ∈ 𝑀. The Ricci curvature of 

the horizontal distribution (ker 𝐹∗)𝑝
⊥ is then defined by 

 ℛ𝑖𝑐(ker𝐹∗)⊥
(𝑋) = ∑  𝑟

𝑖=1 𝑔1(𝑅𝑀(𝑒𝑖, 𝑋)𝑋, 𝑒𝑖), 𝑋 ∈ (ker𝐹∗)⊥. 

The corresponding scalar curvature is given by 

 𝜏(ker𝐹∗)⊥
= ∑  1≤𝑖<𝑗≤𝑟 𝑔1(𝑅𝑀(𝑒𝑖, 𝑒𝑗)𝑒𝑗 , 𝑒𝑖) 

and the normalized scalar curvature is defined as 

 𝜚(ker𝐹∗)⊥
=

2𝜏(ker𝐹∗)⊥

𝑟(𝑟−1)
 

On the other hand, the scalar curvature of the normal subbundle (range 

𝐹∗)⊥, referred to as the normal scalar curvature, is defined by 

 𝜏(range 𝐹∗)⊥
= √∑  1≤𝑖<𝑗≤𝑟  ∑  𝑟+1≤𝛽<𝛾≤𝑛  𝑔2(𝑅⊥(𝑒𝑖, 𝑒𝑗)𝑣𝛽 , 𝑣𝛾)

2
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The corresponding normalized normal scalar curvature is given by 

(2.5)       𝜚(range𝐹∗)⊥
=

𝜏(range𝐹∗)⊥

𝑟(𝑟−1)
 

Also, for the Riemannian map 𝐹, we can write14 

(2.6)         𝜁𝑖𝑗
𝛽

= 𝑔2 ((∇𝐹∗)(𝑒𝑖, 𝑒𝑗), 𝑣𝛽) , 𝑖, 𝑗 = 1 … , 𝑟, 𝛽 = 𝑟 + 1, … , 𝑛 

(2.7)          ‖𝜁‖2 = ∑  𝑟
𝑖,𝑗=1  𝑔2 ((∇𝐹∗)(𝑒𝑖, 𝑒𝑗), (∇𝐹∗)(𝑒𝑖, 𝑒𝑗)), 

(2.8)                 trace𝜁 = ∑  𝑟
𝑖=1   (∇𝐹∗)(𝑒𝑖, 𝑒𝑗), 

(2.9)                  ‖trace𝜁‖2 = 𝑔2(trace𝜁, trace 𝜁). 

Therefore, we have 

(2.10)                   𝒞 ℋ =
1

𝑟
‖𝜁‖2, 

which is called the Casorati curvature of the horizontal space ℋ𝑝. 

Lemma 2.214,15: For the above terms, we have 

(2.11)   𝑟𝒞 ℋ = ‖𝜁‖2  =
1

2
‖trace𝜁‖2 +

1

2
∑  𝑛

𝛽=1   (𝜁11
𝛽

− 𝜁22
𝛽

− ⋯ − 𝜁𝑟𝑟
𝛽

)
2

 

    +2 ∑  𝑛
𝛽=𝑟+1  ∑  𝑟

𝑖=2   (𝜁1𝑖
𝛽

)
2

− 2 ∑  𝑛
𝛽=𝑟+1  ∑  2≤𝑖<𝑗≤𝑟   {𝜁𝑖𝑖

𝛽
𝜁𝑗𝑗

𝛽
− (𝜁𝑖𝑗

𝛽
)

2

}. 

Lemma 2.34: Let (𝜁𝑖𝑗
𝛽

), 𝑖, 𝑗 = 1, … , 𝑟 and 𝛽 = 1, … , 𝑛 represent the 

coefficients of the traceless part of the second fundamental form relative to 

orthonormal bases of the tangent and normal bundles. Then 

(2.12)    ∑  𝑛
𝛽=1  ∑  1≤𝑖<𝑗≤𝑟   (𝜁𝑖𝑖

𝛽
− 𝜁𝑗𝑗

𝛽
)

2

+ 2𝑟 ∑  𝑛
𝛽=1  ∑  1≤𝑖<𝑗≤𝑟   (𝜁𝑖𝑗

𝛽
)

2

 

         ≥ 2𝑟 (∑  1≤𝛽<𝛾≤𝑛  ∑  1≤𝑖<𝑗≤𝑟   (∑  𝑟
𝑘=1  (𝜁𝑗𝑘

𝛽
𝜁𝑖𝑘

𝛾
− 𝜁𝑖𝑘

𝛽
𝜁𝑗𝑘

𝛾
))

2

)

1

2

. 

 

3. Riemannian Maps to Generalized Space Forms 
 

Let {𝑒1, … , 𝑒𝑟} be an orthonormal basis of (ker𝐹∗)⊥ 𝑝 and let {𝑣𝑟+1, … , 𝑣𝑛} 

be an orthonormal basis of (range 𝐹∗)⊥ 𝐹∗
𝑝, where 𝑝 ∈ 𝑀. Then 

{𝐹∗𝑒1, … , 𝐹∗𝑒𝑟} forms an orthonormal basis of (range 𝐹∗)𝐹∗𝑝. 

Theorem 3.1: Assume that 𝑟𝑎𝑛𝑘𝐹 = 𝑟 < 𝑛 and let 𝐹: (𝑀, 𝑔1) →
(𝑀(𝑐1, 𝑐2), 𝑔2) be a Riemannian map defined from a Riemannian manifold 
(𝑀, 𝑔1) to a generalized complex space form 𝑀(𝑐1, 𝑐2). For a unit vector 𝑋 ∈
(𝑘𝑒𝑟𝐹∗)⊥, the inequality 

(3.1)   4ℛ𝑖𝑐(ker𝐹∗)⊥
(𝑋) ≤ 4𝑐1(𝑟 − 1) + ‖trace𝜁‖2 + 12𝑐2 ∑  𝑟

𝑖=1  𝑔2
2(𝐽𝐹∗𝑋, 𝐹∗𝑒𝑖) 
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holds. Moreover, equality occurs if and only if 

(3.2)         (∇𝐹∗)(𝑋, 𝑌) = 0 ∀𝑌 ∈ Γ((ker𝐹∗)⊥) orthogonal to 𝑋,  

and 

(3.3)              (∇𝐹∗)(𝑋, 𝑋) =
1

2
trace𝜁. 

Proof. Let 𝑀(𝑐1, 𝑐2) be a generalized space form with constant sectional 

curvature 𝑐1 and 𝑐2, then from (2.3) and (2.4), we have 

(3.4)   𝑔1(𝑅𝑀(𝑋, 𝑌)𝑍, 𝐻)  = 𝑐1{𝑔1(𝑌, 𝑍)𝑔1(𝑋, 𝐻) − 𝑔1(𝑋, 𝑍)𝑔1(𝑌, 𝐻)} 

     −𝑔2((∇𝐹∗)(𝑋, 𝑍), (∇𝐹∗)(𝑌, 𝐻)) + 𝑔2((∇𝐹∗)(𝑌, 𝑍), (∇𝐹∗)(𝑋, 𝐻)) 

      +𝑐2{𝑔2(𝐽𝐹∗𝑌, 𝐹∗𝑍)𝑔2(𝐽𝐹∗𝑋, 𝐹∗𝐻) − 𝑔2(𝐽𝐹∗𝑋, 𝐹∗𝑍)𝑔2(𝐽𝐹∗𝑌, 𝐹∗𝐻) 

         +2𝑔2(𝐽𝐹∗𝑌, 𝐹∗𝑋)𝑔2(𝐽𝐹∗𝑍, 𝐹∗𝐻)}, 

where 𝑋, 𝑌, 𝑍, 𝐻 ∈ Γ((ker𝐹∗)⊥). Let{𝑒1, … , 𝑒𝑟} with 𝑒1 = 𝑋 and using (2.6)-

(2.9) and (3.4), we get 

(3.5)𝑐1𝑟(𝑟 − 1) + 3𝑐2 ∑  𝑟
𝑖,𝑗=1  𝑔2

2(𝐽𝐹∗𝑒𝑖 , 𝐹∗𝑒𝑗) = ‖𝜁‖2 − ‖trace𝜁‖2 + 2𝜏(ker𝐹∗)⊥
, 

using lemma (2.2), and 

(3.6)    𝜏(ker𝐹∗)⊥
(𝑝) =

𝑐1

2
(𝑟 − 1)(𝑟 − 2) + 3𝑐2 ∑  2≤𝑖<𝑗≤𝑟  𝑔2

2(𝐽𝐹∗𝑒𝑖, 𝐹∗𝑒𝑗) 

        − ∑  𝑛
𝛽=𝑟+1  ∑  2≤𝑖<𝑗≤𝑟   {(𝜁𝑖𝑗

𝛽
)

2

− 𝜁𝑖𝑖
𝛽

𝜁𝑗𝑗
𝛽

} + ℛ𝑖𝑐(ker𝐹∗)⊥
(𝑋). 

Substituting the value of (2.11) and (3.6) in (3.5), we get 

(3.7)  ℛ𝑖𝑐(ker𝐹∗)⊥
(𝑋) = 𝑐1(𝑟 − 1) +

1

4
‖trace𝜁‖2 + 3𝑐2 ∑  𝑟

𝑖=1  𝑔2
2(𝐽𝐹∗𝑋, 𝐹∗𝑒𝑖) 

            −
1

4
∑  𝑛

𝛽=𝑟+1   (𝜁11
𝛽

− 𝜁22
𝛽

− ⋯ − 𝜁𝑟𝑟
𝛽

)
2

− ∑  𝑛
𝛽=𝑟+1  ∑  𝑟

𝑖=2   (𝜁1𝑖
𝛽

)
2

 

≤ 𝑐1(𝑟 − 1) +
1

4
‖trace𝜁‖2 + 3𝑐2 ∑  𝑟

𝑖=1  𝑔2
2(𝐽𝐹∗𝑋, 𝐹∗𝑒𝑖). 

Hence, we have the inequality (3.1). The equality case of (3.1) holds if and 

only if 

𝜁11
𝛽

= 𝜁22
𝛽

+ ⋯ + 𝜁𝑟𝑟
𝛽

 

and 

𝜁1𝑖
𝛽

= 0, 𝑖 = 2, … , 𝑟;  𝛽 = 𝑟 + 1, … , 𝑛; 

hence we have (3.2). 

Theorem 3.2: Assume that 𝑟𝑎𝑛𝑘 𝐹 = 𝑟 < 𝑛 and let 𝐹: (𝑀, 𝑔1) →
(𝑀(𝑐1, 𝑐2), 𝑔2) be a Riemannian map defined from a Riemannian manifold 

(𝑀, 𝑔1) to a generalized complex space form 𝑀(𝑐1, 𝑐2). Then the following 

inequality holds 
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(3.8)  𝜚(range 𝐹∗)⊥
+ 𝜚(ker 𝐹∗)⊥

≤
1

𝑟2
‖ trace ‖2 + 𝑐1 +

3𝑐2

𝑟(𝑟−1)
 ∑ 𝑔2

2(𝐽𝐹∗𝑒𝑖 , 𝐹∗𝑒𝑗)𝑟
𝑖,𝑗=1 , 

for normalized normal scalar curvature 𝜚(range 𝐹∗)⊥
 and normalized scalar 

curvature 𝜚(ker 𝐹∗)⊥
. 

Proof. Let {𝑒1, … , 𝑒𝑟} be the orthonormal basis of (ker𝐹∗)⊥ 𝑝 and 

{𝑣𝑟+1, … , 𝑣𝑛} be an orthonormal basis of (range𝐹∗)⊥ 𝐹∗𝑝, where 𝑝 ∈ 𝑀. Then 

{𝐹∗𝑒1, … , 𝐹∗𝑒𝑟} forms the orthonormal basis of (range 𝐹∗)𝐹∗𝑝, and from 

(2.1),(2.3) and (2.4), we have 

(3.9)   ∑  𝑛
𝛽,𝛾=𝑟+1  ∑  𝑟

𝑖,𝑗=1  𝑔2(𝑅𝐹⊥(𝐹∗𝑒𝑖, 𝐹∗𝑒𝑗)𝑣𝛽 , 𝑣𝛾) 

       = 𝑔2(𝑅𝑁(𝐹∗𝑒𝑖, 𝐹∗𝑒𝑗)𝑣𝛽 , 𝑣𝛾) − 𝑔2 ([𝑆𝑣𝛾
, 𝑆𝑣𝛽

] 𝐹∗𝑒𝑖, 𝐹∗𝑒𝑗), 

using (3.9) in (2.5), we get 

(3.10)    𝜚(range 𝐹∗)⊥
=

2

𝑟(𝑟−1)
√∑  1≤𝑖<𝑗≤𝑟  ∑  1≤𝛽<𝛾≤𝑛  𝑔2

2 ([𝑆𝑣𝛾
, 𝑆𝑣𝛽

] 𝐹∗𝑒𝑖 , 𝐹∗𝑒𝑗), 

using (2.2) in (3.10) and solving further, we get 

(3.11)    𝜚(range 𝐹∗)⊥
= 

2

𝑟(𝑟−1)
√∑  1≤𝑖<𝑗≤𝑟  ∑  1≤𝛽<𝛾≤𝑛   (∑  𝑟

𝑘=1  (𝜁𝑗𝑘
𝛽

𝜁𝑖𝑘
𝛾

− 𝜁𝑖𝑘
𝛽

𝜁𝑗𝑘
𝛾

))
2

, 

using lemma (2.3), in (3.11), we get 

(3.12)      𝑟2(𝑟 − 1)𝜚(range 𝐹∗)⊥
≤ ∑  𝑛

𝛽=𝑟+1  ∑  1≤𝑖<𝑗≤𝑟   (𝜁𝑖𝑖
𝛽

− 𝜁𝑗𝑗
𝛽

)
2

 

 +2𝑟 ∑  𝑛
𝛽=𝑟+1  ∑  1≤𝑖<𝑗≤𝑟   (𝜁𝑖𝑗

𝛽
)

2

. 

(Remark- 𝜁𝑖𝑖
𝛽

= 0 for 𝛽 = 1, … , 𝑟, from equation (2.6)) 

Also, we can compute 

(3.13)    (𝑟 − 1)‖trace𝜁‖2 = ∑  𝑛
𝛽=𝑟+1  ∑  1≤𝑖<𝑗≤𝑟   ((𝜁𝑖𝑖

𝛽
− 𝜁𝑗𝑗

𝛽
)

2

+ 2𝑟𝜁𝑖𝑖
𝛽

𝜁𝑗𝑗
𝛽

), 

and 

(3.14)     𝜏(ker𝐹∗)⊥
= 𝑟 − 1 (

𝑐1

2
𝑟) +

3𝑐2

2
∑  𝑟

𝑖,𝑗=1  𝑔2
2(𝐽𝐹∗𝑒𝑖, 𝐹∗𝑒𝑗) 

       + ∑  𝑛
𝛽=𝑟+1  ∑  1≤𝑖<𝑗≤𝑟   (𝜁𝑖𝑖

𝛽
𝜁𝑗𝑗

𝛽
− (𝜁𝑖𝑗

𝛽
)

2

). 

From (3.12), (3.13) and (3.14), we get the required result. 

Remark: The establishment of a DDVV-type inequality for Riemannian 

maps from a Riemannian manifold into a generalized space form represents a 

significant advancement in differential geometry. The core application of the 

DDVV inequality for Riemannian maps is to establish a relationship between 

the curvature of the source manifold and the extrinsic curvature of the map. 



              

Riemannian maps satisfying DDVV-type inequality            79 

 
They serve as a fundamental way to measure how a map "bends" or "curves" 

as it projects one manifold onto another. When the inequality becomes an 

equality, it characterizes a specific class of maps with special geometric 

properties. These maps are considered "ideal" or "optimal" in some geometric 

sense and can lead to rigidity results, which state that a map satisfying the 

equality must be of a very specific, rigid type. This work provides a unifying 

framework that bridges several distinct and complex areas of research: the 

DDVV conjecture, and the generalized mapping theory of Riemannian maps. 

The results of this paper can be applied to a variety of related fields. In 

mathematical physics,complex geometric structures play a significant role in 

areas such as gauge theory, sigma models, and complex geometric 

formulations of field theories. Riemannian maps and submersions are used to 

model phenomena in Kaluza-Klein theory, where higher-dimensional 

manifolds are projected onto lower-dimensional ones. The DDVV-type 

inequality can provide new analytical tools for these applications, offering 

constraints and relationships between physical quantities that are 

geometrically motivated. 
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