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Abstract: Areal spaces of different types have been studied by various
eminent Mathematicians including Cartan?, Davies?3, Kawaguchi* and
others. The study of Areal spaces through parameter invariant multiple
integrals was initiated by Rund>®. Rund made a significant change in the
study of Areal spaces by introducing four index metric- tensor in place
of usual two index metric tensor. Various aspects of this study have been
continued by several authors including Lovelock and Rund’, Rastogi®*?
etc. The purpose of the present paper is to introduce certain new tensors
in Areal space and study their properties vice-versa other well- known
tensors of Areal spaces.

Keywords: Areal space, Tensor D/iz”, Tensor E{};”, areal space X,, the
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1. Introduction

Let X,, be an n-dimensional differentiable manifold with local coordinates
x! (i=1,..,n) and C, be an r-dimensional subspace represented by x! =
xt(t4), A=1,..,r, (r <n), where t4 denotes a system of r-independent
parameters on C, such that Rund® x'% = dx"/at4. In such a space let
L(x", x'%) be a function of n + nr variables x" and x'%, which satisfies
Rund?*?
(1.1) (0'4'L)x's = LS4,
Let gi® (x", x'}) be the metric tensor of X,,, then we have
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(1.2) giP (e ') = 57(9'5;0'il?"),
which has the reciprocal tensor g/, (x", x'%), such that
(1.3) 9ix 9 = 6 8¢

Corresponding to the metric tensor, we have the torsion tensor C{]‘ED
satisfying

(1.4) ;;150 — (a/D ABY

For a set of linearly independent dlfferentlable vector field X} in X,, tangent
to C,., we have the following covariant derivative of X}
(1.5) Xi/; = 0;Xh — (0P XD x' B + T X3,

where all the terms have their usual meaning Rund“v 12
In the next section we shall study properties of the space X, parameterized
by C,.

2. Space X, Parameterized by C,

In case of an areal space of four dimensions parametrised by C,, let us
suppose that we have the vector

(2.1a) L4 =-L"12(3/AL),

and

(2.1b) 1 = L2,

such that

21 WLy=1  Lx{=;1"% 1Lix}=0,
(2.1¢c) L2xt =0, L2x%= %L1/2_
We can alternatively also write

(2.2) Lix'y = 111/254,

If we define

(2.3) Lfi‘ljB = aj'B L4,

we can obtain

(2.4) Lifx'y, =~ (8417 — o5 L),

which leads to
3
(2.5) LFxy =0, Lifx'y = —EL;.“.
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Also, the metric tensor can be defined as

(2.6) gf? = 2(LM2LEP + LLy).

If we define

(2.7) hiP = 2L2LEP = (gf? — 2L7L?),

we can obtain

(2.8a) hiPx'h = LM2(84LF —285L7),  RhiPxy =0,
(2.8b) hiPx'y = =3LY2LY,  h{Px’ bx'l = =3L,
and

(2.8¢) Ciig"x'y = (65917 + 6895 — 6597%).

From these equations we can easily obtain the following theorem.
Theorem 2.1. In an areal space X,, parametrised by C,, vanishing of h{}B

is a sufficient condition for C;jZ” to vanish. Conversely, if Ciz° =0, the

tensor hg‘}B will be homogeneous of degree zero in x'},

ABE
3. Tensor Djjy,

In an areal space X, parametrlsed by C;, we have the following mutually
orthogonal unit vectors namely M}, N(l) 4 and N(z) 4 such that they satisfy

LMy =0, MMi=1, L{NG,=0, M{Niy, =0,
(4) _ L i
(3.1) N(l)lN(l)A 1, L{Nga=0, M{Ny, =0,
NeyiNaa =0, NN = 1.

The tensor /37" in the space X, parametrised by C,, explicitly in terms of
unit vectors, is expressed as

Cijk” = CayM{ M7 M + Cy)NGyiNGy NGk + CayNizyiN Gy NGk
B2 +EG0 CaoyM M NGy + CsyMEMPNGy + Cio)NityiN ey i Mic
+CeNGyiNG NGk + CoNiyiNGy iMie + CioyNGyiG) i Niyi
+CaoM{ (NG NGy + Néy Ny -

Using these vectors, we define a new tensor D/jz* similar to C;jZ*, which
satisfies

(3.3) D;jﬁELA =0, DAk gAB = DE,
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where Df = DN(’i)k. Any such tensor can be expressed as
Dfjie" = DayM{' M Mi¢ + DizyNéayiNiiy Niyic + DiayNGyiNGey ;NG
(34) + Xk (MM (DayNeiyi + DisyNizyie) + NGyiNGy (Do) Mic
+D(7)Nyi) + Ni2yiNGz)j (DeyMic + DeoyN(iyie)
+DoyM{ (NG NGy + Ny NGy}
Multiplying equation (3.4) by gé’,‘s and simplifying, we obtain
(35  Df = (Duy+ Dy + Dgy)M{ + (Dzy + Dy + Do) )N(iy;
+(Dgs) + D(s) + Dy )Nz
Comparing equation (3.5) with D = DN, we obtain
(3.6) D2y + Diay+ Doy =D,  Dyuy+ Dy + Dy =0,
D3y + D(sy + D7y = 0.

Theorem 3.1. In a four-dimensional areal space X, parametrised by a

two-dimensional subspace C,, the tensor D{jg* is symmetric in the pairs of

indices (4,1), (B,j) and (E,k) and is expressed by equation (3.4), with
coefficients satisfying equation (3.6).

Multiplying equation (3.4) by M}, N(il)A and N{Z)A respectively and using
(37) DAZEMi='DEE,  DAEEN(), =* DEE,  D{EFNi, = DEF,
we obtain,

'Dji’ = M (DayMi + DeayN(yy + Dis)Nizyi)
(3.8a) +NGy; (DayMi + Di6yNiiyk + DioyNizyi)

+NGy; (DsyMg + DaoyNGyr + Dy Neoyi)s

2DiE = MP (DyM§ + D6yNéiyk + DaoyNizy)
(3.8b) +N§y;(DyMi; + DzyNiiyi + D7yNoyi)
B E E E
+N2)j(DaoyMi + D7yNiay + DeoyNizyi)

*DiE = MP (D(syM§ + DaoyNGyr + DiyNezy)

(3.8¢c) +N(Bl) i(DaoyM;; + DmNg)k + D(Q)N{;)k)
B E E E

+N2)j(D@yMi + DoyNiyk + DizyNizyi)-
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Using equations (3.4), (3.7) and (3.8a), (3.8b) and (3.8b), we get
(3.9) Gi° =t DRFME+*DEENG) i +2DiE NGy

Theorem 3.2. In an areal space X, parametrised by the subspace C,, the
tensor D{};¥ can be decomposed in the form of equation (3.9).

From equations (3.8a), (3,8b) and (3.8c), we obtain
(3.10a) IDEEM), = DyyME + D(yyNEy) + DisyNEy
(310b)  DEEN/ s = DeyME + Dey)Niiy + DaoyNGye =2 DiEM),
(3100)  DEEN); = DisyME + DaoyNEy + DgyNEy =2 DEEM),

(3.10d) 2D Nys = DieyME + DayNiyie + DeyNizyio

(3.108) 2DfEN() = DaoyME + DNy + DeoyNizyie =2 DFEN 5,
(3.10f) 3Dﬁ<EN(g)j = Dg)Mj; + D(9)N(b;)k + D(3)N(EZ)1<'

Hence, the coefficients D(yy to D, are given by

(311)  Duy =" DEFMIME,  Dezy =? DEEN 5Ny,

(311b) D@y =% DEENY o NEye,  Duy =% DEEMIME,

(3110) D) =* DEEMIME, Do) =* DEEN 5 NEys,

(3.11d) Di7y =2 DEEN yNEyg, Dy =2 DEEN/y s ME,

(81le) Dy = DiNLypN&e Doy ="' DNy sNGye-
Theorem 3.3. In an areal space X, parametrised by C,, the coefficients
D¢y to D4y are given by equations (3.11 a)—(3.11 e).
From equations (3.8a), (3.8b) and (3.8c), we also obtain

(3.12a) 1Dﬁ(EM£ = DyyMi; + DayNiyie + DsyNioyis
(3.12b) 2D Niyg = D& ME + DoyNfiyic + Dy NGy
(3.12c) *DjNizy; = DgyMi; + Dig)N(yy + Dz)Niyre
Adding these equations and using equation (3.5), we obtain
(3.13) "DfiE My D NG+ DiE NG = DE:

Theorem 3.4. An areal space X, parametrised by C, satisfies relation
(3.13).
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ABD
4. Tensor Ejjy

Similar to the tensors Cfjz” and D" defined earlier, we define a new
tensor Efjg” such that it satisfies Efjf°L}y = 0 and E{jz” g, = Ef, where
Ef = EN{yy., in the following form

ik = EM{ MM + E)NéyiNGyiNay + E)NizyiNG) Nk
(41)  +XGo (EwM{M NGy + EyM{MP NGy + Ee)NiyiNiy i Mi

+E ) NéyiNGy NGy + ) NyiNG) M + Eo)N&iNG)iNak

+EqoyM{ (NG NGy + Niy NGy}
Multiplying equation (4.1) by gi{'B and simplifying, we obtain

EQ = (Eqy+ E@) + E@)ME + (E) + Ey + E@))N{yk
(4.2) +(E3) + Es) + E) NGy
Comparing equation (4.2) with Ep, = E ng?, we obtain
4.3) E =Egzy+Es) +Em, Eqy+Ee +Eg =0,
Eoy+ Eu +Eq9 =0.

Theorem 4.1. In a four-dimensional areal space X, parametrised by a

two-dimensional subspace C,, the tensor E{}7” is symmetric in the pairs of

indices (4,i), (B,j) and (D, k) and is expressed by equation (4.1), with
coefficients satisfying equation (4.3).

Multiplying equation (4.1) by M}, N(il)A and N{Z)A respectively and using
44)  EGPPMi="Ef°,  EfR°Nipa ="ERD,  EfR°Nipa =2 B3P,
we obtain

LER” = M (EqyM{ + Egy)Naye + ENyi)

(4.5a) +NGy; EayMg + EyNiyi + EqaoyN3ye)
B D D D

+N@);(EsyMic + EqoyNayk + E@Neyi,

2Eji} = M7 (EyMi + E)N{y + EaoyNizyie)
(4.5b) +NGy, (EMg + EyNiye + Ec7yNiyi)

B D D D
+N2)j(EaoyMy + E7y Ny + E9)Ni2yr),
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SER” = MP (E)ME + Eqo)Ny + E@ Ny
(4.5¢) +NGy,; (EqaoME + EyNiye + E@yNiy)
+NG)j (EgME + E@)Ney + E@Neyw)-
Using equations (4.1), (4 2) and (4.5 a)—(4.5 c), we obtain
(4.6) Efig? =t ERPMEA+2ERP NG +3ERP NG,

Theorem 4.2. In an areal space X, parametrised by the subspace C,, the
tensor Ei‘}ﬁE can be decomposed in the form of equation (4.6).

From equations (4.5a), (4.5b) and (4.5c), we obtain
(4.7a) LEEPM), = EqyMP + E(yNBy + Es)NByre
470)  ERPN!; = EwyMP + E Ny + EqoyNGy =2 EfP M},
47c)  EEPN)y, = E)MP + EqoyNoy + E@NGy =3 ERP M},
(4.7d) ZEJiDN(l)B EeyMy + E(Z)N(l)k + E(7)N(2)k,
(47e) 2Ef N(l)B EqoMg + E)Niy + E@yNoy =2 Ef N(Jl)B,
(4.71) SERO Ny, = E@)ME + E@)Niye + ENoye
Hence, the coefficients E,y to E(,) are given by

(4.8&) EM = E M]MD, E(z) E N(}1)BN(k1)D'

(4.8b)  Egy = Efj N(JZ)BN("Z)D, E@®W =2 E-‘?(DMLJ?MS,

(48c)  Eg =1 EBDM aME,  Eg) = EBDN(Jl)BN("l)D,

48d)  Eqy =2 EfPNLsNEp B =" ERONGys NGy,

(48¢)  Eg) = EfPNysNeyp,  Ecao) =2 EfPMENGyp.
Hence:

Theorem 4.3. In an areal space X, parametrised by the subspace C,, the
coefficients E(qy to E(4¢y are given by equations (4.8)a—(4.8)e.

Adding equations (4.7a), (4.7d) and (4.7f), we obtain
(4.9) ERPMIA2ERPN/\p+3ERPNL o = (Eqy + Ege) + Eg))MP
+(Ey + Eay + E@) NGy + (Eay + Es) + E))Ney
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Using equations (4.2) and (4.3), this reduces to

(4.10) LERP MAA2ESP N o +3EfP N/, = ER.
Theorem 4.4. An areal space X, parametrised by the subspace C,
satisfies equation (4.10).

5. Conclusion

In this paper, we have studied four-dimensional areal space X,
parameterised by a two-dimensional subspace C, in the framework of
parameter-invariant multiple integrals. Certain new tensors associated with
the four-index metric tensor have been introduced and their fundamental

properties have been examined. The tensor h{}B has been defined and its

relation with the torsion tensor C{},‘j” has been established. It has been shown

that the vanishing of h{}B implies the vanishing of the torsion tensor, while
the converse condition ensures the homogeneity of h{}B of degree zero in the
areal variables.

Furthermore, we have constructed two new tensors D" and E{};” and
decomposed explicitly in terms of mutually orthogonal unit vectors. The
necessary conditions on their scalar coefficients and their symmetry
properties have been derived. These results contribute to the structural
understanding of areal spaces and may be useful in the study of variational
problems and related geometrical theories.
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