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Abstract: In this paper, we propose a novel clustering approach termed
the Robust and Sparse n-Pythagorean Fuzzy K-Means algorithm, which
extends the standard n-Pythagorean fuzzy K-Means by addressing two
key limitations: sensitivity to outliers and lack of membership sparsity.
To enhance robustness, we replace the conventional squared distance
term with a robust loss function, making the algorithm more resilient to
noise and outliers. Furthermore, we introduce an additional sparsity-
inducing regularization term that encourages each data point to be
associated with a limited number of clusters, thereby improving
interpretability and reducing overfitting. Experimental evaluations on
several benchmark datasets demonstrate that the proposed method
achieves superior clustering performance by effectively balancing
robustness and sparsity in soft clustering scenarios.

Keywords: n-Pythagorean Fuzzy Sets, Fuzzy Clustering, Sparse
Clustering.

1. Introduction

Clustering, a fundamental unsupervised learning technique, groups
similar data points without prior class labels. Fuzzy C-Means (FCM),
introduced by Dunn' and refined by Bezdek?, enables soft clustering by
assigning membership degrees to data points based on their proximity to
cluster centroids. Despite its effectiveness in handling overlapping data, FCM
is notably sensitive to noise, outliers and struggles with feature selection in
high-dimensional settings.

To address these limitations, several extensions have been proposed. For
instance, Sparse Fuzzy C-Means (SFCM) by Qiu et al.3, inspired by Witten
and Tibshirani’s Sparse K-Means (SPKM)?, incorporates sparsity-inducing
regularization to enhance feature selection. Similarly, Robust and Sparse
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Fuzzy K-Means (RSFKM) by Xu et al.® integrates robust loss functions, such
as the ¢, and iterative re-weighted procedures®, to reduce the influence of
outliers.

A primary drawback of many FCM variants, including those extended to
handle sparse features, is their lack of robustness to outliers due to their
reliance on Euclidean distance, which performs poorly in noisy environments.
Efforts to mitigate this include replacing the Euclidean norm with kernel
distances’. However, such methods often lack spatial context and can suffer
from slow convergence. To improve robustness, several enhanced Fuzzy K-
Means (FKM) algorithms have been proposed: Ji et al.? introduced local
spatial weights to suppress outliers and reduce ambiguity; Zhao et al.® added
non-local spatial constraints to better handle image noise; and Ji et al.l”
leveraged embedded spatial information for further performance gains. Other
approaches include incorporating a normed kernel function and center
initialization for robustness!!, or proposing adaptive spatial information-
theoretic fuzzy clustering to enhance reliability in noisy environments*2,

The second significant challenge in fuzzy clustering lies in selecting
appropriate regularization. While regularization demonstrably improves
clustering robustness'?, various regularization-based clustering models have
been developed'#8, The empirical and computationally expensive nature of
selecting the regularization constant typically limits their practical
application.

Furthermore, traditional fuzzy set-based clustering methods often fall
short in accounting for uncertainty and hesitation in membership assignments.
To overcome this, Atanassov!® introduced Intuitionistic Fuzzy Sets (IFSs),
which provide an additional degree of freedom to model uncertainty by
explicitly incorporating both membership and non-membership degrees,
along with the possibility of hesitation. Xu®® then extended FCM to the
intuitionistic fuzzy domain, proposing the Intuitionistic Fuzzy C-Means
(IFCM) algorithm.

Further advancing this concept, Bryniarska’s?! n-Pythagorean fuzzy sets
generalize IFSs, allowing the sum of the n*"* powers of membership and non-
membership to lie within the unit interval. Building on this framework, Xian
et al. proposed the n-Pythagorean Fuzzy C-Means (nPyFCM)?2. While
nPyFCM extends FCM to a more flexible fuzzy domain, it unfortunately
retains its core limitations: sensitivity to outliers due to reliance on Euclidean
distance and lack of inherent membership sparsity.

To address these critical challenges comprehensively, we propose the
Robust and Sparse n-Pythagorean Fuzzy K-Means (RS-nPyFKM) algorithm.
RS-nPyFKM significantly enhances robustness by replacing the conventional
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squared Euclidean distance with noise-tolerant loss functions using capped
¢4, which effectively reduce the impact of outliers. Additionally, we
introduce a sparsity-inducing penalty on the membership matrix, promoting
selective cluster associations for each data point. This not only improves
interpretability but also reduces overfitting. A dynamic strategy for tuning the
regularization parameter y is also proposed, which significantly enhances
adaptability across diverse datasets. Extensive experiments on benchmark
datasets demonstrate that RS-nPyFKM consistently outperforms existing
methods, achieving robust and interpretable clustering results while
effectively balancing these crucial aspects in soft clustering applications.

2. Preliminaries

The fuzzy set was introduced by Zadeh. Since in real life there is
uncertainty in giving exact membership, and therefore Atanassov'®
introduced intuitionistic fuzzy sets. Later, Yager introduced Pythagorean
fuzzy sets. n-Pythagorean fuzzy set is a generalization of Pythagorean sets.
Its definition is given below:

Definition 2.1.2% Let 2 be a universal set then n-Pythagorean fuzzy set A is a
collection of elements of £ with membership and non-membership values.

A= {((l), ﬂA((l)),VA((I)))l(D € _Q},

where pu,,v4:02 — [0,1] are membership function and non-membership
function, respectively, with property 0 < u(w) +vi(w) < 1. Here, the
hesitance degree is

ma() = (1 - pi(w) — vi) """
An n-Pythagorean fuzzy generator (n-PFG) is a function that transforms a
standard fuzzy set into an n-Pythagorean fuzzy set. This transformation
assigns appropriate non-membership degrees to each element based on its
membership degree while ensuring compliance with the formal definition of
an n-Pythagorean fuzzy set.
We define the n-Pythagorean fuzzy generator as:

Definition 2.2. A function f:[0,1] — [0,1] is said to be an n-PFG if
1. f(x)<(A—-x")nVvxe]0,1]
2. f(0)<1andf(1)=0.

For a fuzzy set A = {{w, us(w))|w € 23}, we can generate an n-Pythagorean
fuzzy set (n-PFS) using an n-Pythagorean fuzzy generator (n-PFG) as

A = {{w, pa(w), f(pa(w)))|w € 2}
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Our algorithm incorporated hesitation into a general fuzzy framework using
n-Pythagorean fuzzy sets, where the membership degree u was bounded as

€ [ (™ +m™m.
We used the upper bound of u in our updates.

Although alternative generators for the non-membership degree v existed
such we adopted the Yager-type function:

1) fulu(@) = (1= @), 0<as<n

3. Robust Sparse n-Pythagorean Fuzzy K Means Clustering

We have a dataset Q = {w;, ®,, ..., wy} Where w; is a vector with
dimension d and N represents the number of samples. Our goal is to distribute
each data point into different clusters, where K represents the number of
clusters. We determine these clusters by minimizing intra-cluster distance and
maximizing inter-cluster distance. Each cluster has a prototype, referred to as
its center. We assign the membership of each data point based on its distance
from the centers. Then, based on the data points in the clusters, we calculate
new centers. This process continues until the objective function reaches its
minimum. Our output will be a matrix Uyyg, Where the (i, j)-th entry is
represented as u;; and gives the membership value of the i" data point in the
jt" cluster. Additionally, we will obtain a matrix of cluster centers C =
[cq, ..., cx]T, where the j** entry represents the cluster center of the jt*
cluster.

The most common way to find the U and C to use the least square loss
function.

3.1) prpin ie1 Xj=1 Uij [l — ¢ ||§

The least squares loss is sensitive to outliers and can be replaced by the
capped ¢;-norm for improved robustness. This norm assigns zero
membership to points lying beyond a threshold e. Therefore, to provide better
robustness, we use capped £;-norm and introduce a new objective function
based on capped ¢, norm for n-Pythagorean setting.

(3.2) U1=r1r,liunzo, cZﬂvleleuij min (iiwi -G iiz, 6) + ylIUlIZ.

To promote sparsity, we include a regularization term. Note that if a data point
is fully assigned to one cluster, ¥5_; uf; = 1, while distributing membership

across multiple clusters reduces this sum. Thus, minimizing ||U[IZ encourages
more distributed assignments. The parameter y controls this behavior: a larger
y results in less sparse (more distributed) clustering.
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Equation (3.1) can be optimized using the iterative re-weighted method,
where the £,-norm is approximated by a weighted £,-norm with the help of
an auxiliary variable. Using this approach, the objective function (2) can be
reformulated as:

(3.3) U1=1r,nl}20, cs Y XK s ugjlle; — ¢
We solve Equation (3.2) by alternately updating the variables S, U, and C.
3.1 Update of S with Fix Cand U
The auxiliary variable s;; is updated using the following rule:
1

(3.4) Sij = 2foi—cjll,’

0, otherwise
When a data point e lies far from the cluster center ¢;, i.e., [o; — ¢, > €,
the corresponding weight s;; is set to zero. This thresholding mechanism
enhances the robustness of the model by effectively down-weighting outliers
during the clustering process.
3.2 Update of C with Fix Sand U

With U and S fixed, the objective function in Equation (3.3) reduces to for
differentiation:

2

2 +yIuI

if "(A)l - Cj”z <€

. N K 2
(3.5) min 3L Yo sy wllo; — g

This problem decomposes into K independent subproblems of the form:
. 2

(3.6) min 33y sy wyjlw; — ¢l
]

Each subproblem in Equation (7) involves minimizing a quadratic function.
The update rule for the cluster center c; is derived by differentiating the
objective with respect to ¢; and setting the derivative to zero. This yields the
following closed-form solution:

Tl Sijlij0
(3.7) ¢ = —éils’”u’” :
This update ensures that each cluster center is a weighted average of the data
points, where the weights incorporate both membership values and the
robustness-inducing auxiliary variables.
3.3 Update of U with Fix Cand S
For fixed C and S, we can rewrite the objective function as follows:

: N K 2 2
(3.8) g X X (Sijuij”wi -l + )/uij)-
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Since the constraints on U are imposed row-wise and element-wise for each
data point w;, Equation (3.8) can be reformulated as N independent
subproblems.

(3.9) min Zf:l(hijuij + yuizj)'

u?l:l,uizo
Here, u; represents the i-th row of the matrix U, and h;; = s;;{|w; — cj||§
denotes the (i, j)-th entry of the matrix H.

3.4 Simplified Objective Function
Upon simplification, Equation (3.9) can be expressed in the following form:

(3.10) omin g — ggll3.
u; 1=1,u;20
Hereg, = — :—; is a constant at this stage.

3.5 Lagrangian and KKT Conditions
The Lagrangian function of problem Equation (11) is

(3.11) L(u;,2,8) = llu; — gll> — A(uf1 - 1) — 8"y,

where A is a scalar and 8 is a Lagrangian coefficient vector to be determined.
Assume that u* is the optimal solution and A* and 8" are the corresponding
Lagrangian multipliers. According to the KKT conditions, we have the
following equations:

vte[1,K], uf—g.—A—6{=0

vte[1,K], u;=0

vt €[1,K], 86;=0

vt € [1,K], ui6f{ =0

Here u} is the t*" scalar element of a vector u*. The first Equation from (3.12)
can be rewritten in vector form as:

(3.13) uw—-g—-A1"1-8"=0.

3.6 Derivation of 1*

Considering the constraint u”1 = 1, Equation (3.13) can be reformulated as

(3.12)

)

(3.14) PR S
: = p :
Substituting (3.14) into (3.13), we have:

. 11T 1 1Ts* .
(315) u = —7g+z— X 1+8

3.7 Simplified Expression for u*
_ Tg*
Denote &* =2

rewritten as:

T
and m=g—%g+%, the above equation can be



Robust and Sparse n-Pythagorean Fuzzy K-Means Clustering 93

(3.16) uw=m+8 —51.
Therefore, for each t € [1, K], we have:
(3.17) u;=m;+6; — 6"

3.8 Final Update Rule for u;
According to Equations (3.12) and (3.17), we have:

(3.18) up = (my = 6°),
Here (m, — 5*)+ = max(m, — §*,0).

3.8 Solving for &*
We can rewrite Equation (18) as &; = u; + 8 —m, such that §; =
(6" —m,), . Therefore, using the constraint u”1 = 1 we have:

(3.19) f(8) = £ ZKi(me = 8), -1,

and optimal & should satisfy £(5*) = 0. When Equation (3.19) equals zero,
the optimal §* can be obtained by Newton’s method, namely:

3 _s _r@

Ok+1) = Ok — FIo}
Once the optimal value of § is obtained, we proceed to update the membership
vector u, for the t-th data point using the closed-form expression provided in
Equation (3.18). This update ensures that the constraints on the membership
values such as non-negativity and summing to one, are satisfied. The
complete iterative process for updating the entire membership matrix U
across all data points is outlined in Algorithm 1.

Algorithm 1: Algorithm for Updating the rows of U

Input: g;;
Output: u;;

11Tg 1,
1.Compute Compute m = g — — T

2. Initialize § = 0;
3.while the stopping criterion is not met do;
Update & using Newton’s method;
end
4.foreach t € [1,K] do
Update u; = (m, —&*),

end
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To incorporate n-Pythagorean fuzzy logic into the clustering process,
generate non-membership using n-. This hesitancy degree plays a crucial role
by influencing the upper bound of the membership degree in each iteration.
Consequently, the updated membership value is calculated by considering
both the original membership u;; and its corresponding hesitancy m;;.

The n-Pythagorean fuzzy hesitancy degree m;; for Yager class is

(3.20) m=1—ufs— (1- (ul-j)a)a, where 0<a <n.
Since we want to use the upper bound of membership value, we update u;;

(3.21) uj; = (u?] + n{lj);
Substituting the definition of 7;; from Equation (3.20) into Equation (3.21),
the modified membership degree can be expressed as:

(3.22) uj; = (1 —(1- (uij)“)“>
A dataset {2 containing N data points; number of clusters K; stopping criterion
n > 0; threshold value e sparsity factor y; parameter n for n-Pythagorean
fuzzy sets; hesitation control parameter o; and the maximum number of
iterations max-iter to prevent indefinite execution in case convergence is not
achieved. The algorithm returns the membership matrix U € R¥*X and the
cluster centers C. Implimentation of this algorithm is given in Algorithm 2.

1
n

Algorithm 2: RS-nPyFKC Algorithm
Input: Q, K, n, €, y, n, a,max-iter
Output: U, C
Initialize the membership matrix randomly U° and which satisfies
Initialize the centers C randomly from Q

iter = 0;
while [u — ul7®| > n and iter<max-iter do
Store uj; ©

ij = Wi

Update S using Equation (3.4);

Update C using Equation (3.8);

Update U using Algorithm 1;

Update U to U™€Y using Equation (3.22);
iter = iter+1

end
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4. Auto-Tuning Of Parameters

To ensure the optimal performance of the RS-nPyFKM algorithm, a
comprehensive parameter tuning procedure was implemented. Given the
algorithm'’s dependence on four specific parameters, Bayesian optimization
was utilized to efficiently explore the hyperparameter space. The objective
function for this optimization was defined by the four clustering evaluation
metrics: Silhouette, Davies-Bouldin, Calinski-Harabasz, and Adjusted Rand
Index. For each metric, values of 1= 1078 and m = 2 was fixed. The
optimization ran for 50 trials. The predefined ranges for parameter
exploration were: n € 1,2,3,4,5, y € [0.1,20], € € [1,5] and «a € [0.3,n].
The resulting optimal parameter settings that yielded the best performance for
each clustering metric on the synthetic, Iris, and Wine datasets are in Table 1,
Table 2 and Table 3, respectively.

Table 1: Parameter tuning for the best value of different matrices for the Synthetic

dataset
Metric n a 4 €
Silhouette 2 | 0.7561 | 3.4271 | 2.0988
Davies Bouldin 3123043 | 4.2183 | 2.1407
Calinski Harabasz 5] 3.1573 | 17.2213 | 2.0458
Adjusted Rand Index | 4 | 2.9727 | 7.3352 | 2.0714

Table 2: Parameter tuning for the best value of different matrices for the Iris dataset

Metric n a y €
Silhouette 2| 0.3033 | 1.0667 | 4.4272
Davies Bouldin 3| 1.264 | 3.7299 | 4.696

Calinski Harabasz 4 | 2.8096 | 0.8996 | 4.9872
Adjusted Rand Index | 4 | 2.7475 | 4.037 | 4.4462

Table 3: Parameter tuning for the best value of different matrices for the Wine dataset

Metric n a 4 €
Silhouette 3|1.3776 | 6.0257 | 4.3855
Davies Bouldin 2 1.1731 | 12.5275 | 1.4016
Calinski Harabasz 4 13.1766 | 17.4428 | 4.3979
Adjusted Rand Index | 2 | 0.8256 | 13.7041 | 3.8161
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5. Comparative Analysis

To assess the competitive performance of the RS-nPyFKM algorithm, it
was systematically compared against three prominent clustering algorithms:
K-Means, Fuzzy C-Means (FCM), and Gaussian Mixture Models (GMM).
The RS-nPyFKM algorithm was instantiated with its optimally tuned
parameters obtained from the procedure outlined in the previous section.
Performance evaluation was uniformly applied across all algorithms using the
four previously specified clustering metrics (Silhouette, Davies-Bouldin,
Calinski-Harabasz, and Adjusted Rand Index). To mitigate the effects of
random initialization and dataset sampling, a bootstrapping strategy involving
100 resamples was employed for each experimental run. The comprehensive
comparative results for the synthetic, Iris, and Wine datasets are presented in
Table 4, Table 5 and Table 6, respectively.

Table 4: Clustering performances on Synthetic Dataset (mean+std)

Metric KMeans FCM GMM RSnPyFKM
Silhouette 0.8191+ 0.8191 0.8183 £ 0.8417 +0.1460
0.0066 +0.0066 0.0074
Davies 0.2510 + 0.2510 0.2525 + 0.2304 £0.0175
Bouldin 0.0106 +0.0106 0.0121
Calinski 4756.2664 4756.2664 + | 4703.1724 + | 4671.5076
Harabasz +505.7099 505.7099 546.9138 +406.9558
Adjusted 0.9414 0.9414+0.01 | 0.941540.01 | 0.9572 +0.0224
Rand Index | +0.0118 18 17
Table 5: Clustering performances on Iris Dataset (mean+std)
Metric KMeans FCM GMM RSnPyFKM
Silhouette 0.4821 04710 0.4297 0.5201 +
0.0334 0.0255 0.0554 0.0345
Davies 0.7880 0.8227 + 0.9318 + 0.8053 +
Bouldin 0.0784 0.039%4 0.1571 0.5738
Calinski 242.8881 + 252.6790 = 207.8654 + 264.2255 +
Harabasz 39.0586 29.8910 39.0771 48.0562
Adjusted 0.6071 + 0.6451 + 0.7063 + 0.6869 +
Rand Index | 0.0859 0.0628 0.1730 0.1485

Table 6: Clustering performances on Wine Dataset (mean+std)

Metric

KMeans

FCM

GMM

RSnPyFKM

Silhouette

0.2969 +

0.2994 +

0.2954 +

0.5190
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0.0204 0.0163 0.0210 0.0324
Davies 1.3594 + 1.3662 + 1.3665 + 0.7453 +
Bouldin 0.0628 0.0621 0.0650 0.0838
Calinski 73.8849 + 75.1860 + 73.4840 £ 123.7503 £
Harabasz 8.8380 6.3377 8.8439 8.1235
Adjusted 0.8236 + 0.8575 0.8164 + 0.9126 +
Rand Index 0.1023 0.0574 0.1098 0.1199

This study concludes with the introduction of the Robust Sparse n-
Pythagorean Fuzzy K-Means (RS-nPyFKM) algorithm, a novel approach
designed to advance fuzzy clustering capabilities. Our findings indicate that
RS-nPyFKM produces more accurate results compared to classical clustering
algorithms and demonstrates significant resilience against outlier data points.
Despite these encouraging results, the current auto-tuning procedure for RS-
nPyFKM is computationally demanding, primarily due to the number of
inherent parameters. Consequently, future research will prioritize exploring
strategies to enhance the algorithm's convergence efficiency and expand its

6. Conclusion

evaluation to include a greater diversity of datasets.
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