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1. Introduction

One of the most exciting result is the extension of Banach Fixed Point
Theorem in complete metric space for non-self mapping as such that A to B
does not necessarily has a fixed point where A and B are nonempty closed
subsets of a complete metric space (X, d), with AN B = ¢.

A point x in A for which d(x, T(x)) = d(A, B) is called a best proximity
point of T, whenever a non-self mapping T has no optimal approximate
solution, where d(A, B) = inf {d(x,y) : X € A,y € B}.A best proximity point
represents an optimal solution to the equation T(x) = X.Since best
proximity point reduces to a fixed point, if the underlying mapping is assumed
to be self - mappings, the Best Proximity Point Theorems are natural deduced
of the Banach Fixed Point Theorem.

In this paper, we have deduce the concept of G-g-contraction mapping
and proved some coupled coincidence best proximity point theorems for
nonlinear contraction mappings in the new set up of complete metric spaces
endowed with a directed graph. As an application, we have applied our results
to present an existence theorem for solution of some particular integral
equations.
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In the current paper, our aim is to extend some coupled coincidence best
proximity theorems for nonlinear contractions in partially ordered complete
metric spaces endowed with a directed graph. Our results would bring about
a more unified approach to the presentation of coupled coincidence best
proximity and coupled best proximity point theorems.

Let (X,d) be a metric space and A be the diagonal of the Cartesian
product X X X. Consider a directed graph G such that the set V(G) coincides
with X and A c E(G) ,where E(G) is the set of edges of the graph G. Assume
that G has no parallel edges and so G can be identified with the pair (V(G),
E(G)). Also, denote by G~1 the graph obtained from G by reversing the
direction of the edges in G. Thus

E(G™) = {(xy) EXXX:(y,x) € E(G)}.
2. Preliminaries

In this section, we give some basic definitions and concepts related to the
main results of this article. In the sequel, N denotes the set of all positive
integers and R the set of all real numbers.

For non-empty subsets A and B of a metric space (X, d), we let

d(A,B) = inf{d(x,y):x € Aandy € B}
stands for the distance between A and B.

Now, we introduce the notion of coupled coincidence best proximity
point.

Definition 1: Let A and B be nonempty subsets of a metric space (X,d).
An element (x,y) € A X A is called a coupled coincidence best proximity
point of the function F:A X A - Band g: X = Xif

d(gx, F(x,y)) = d(gy,F(y,x)) = d(4,B).
Definition 2:2 Let A and B be nonempty subsets of a metric space (X, d).
An element (x,y) € A X A is called a coupled best proximity point of the
function F: AX A — Bif

d(x,F(x,y)) = d(y,F(y,x)) = d(4B).
It is easy to see that if A = B in Definition 2, then a coupled best proximity
point reduces to a coupled fixed point.

Definition 3.3 The mappings F: X X X - Xandg: X — Xarecalled
commutative if

9(F(x,y)) = F(gx,gy),
for all x,y € X.
Definition 4.* A function g : X — Xis G-continuous if



Coupled Coincidence Best Proximity Point Theorems 63

(1) forall x, x*€ X and any sequence {n;};cy of positive integers, {xni} -
x* and (xni ,xnm) € E(G), forall n € N implies g(x) — gx™;
(i1) forall y, y*€ X and any sequence {n;};cy of positive integers, {yni} -
y* and (Y, , ¥n,,,) € E(G™), forall n € N implies g(y) = gy~
Definition 5.5 A function F: X X X — Xis G-continuous if for all (x,
y), (x*,y*) € X X X, and any sequence {n;};cy of positive integers, {xni} -
x*, {yn,} = y* as i - o0 and (xn,,%n,,,) € EG), (YnyVn,,,) € E(G™)
forn € N, implies F(xn,,¥n,) = F(x*,y"), F(¥n; , %n,) = F(", x%).
Definition 6.°> Let (X, d) be a complete metric space endowed with a
directed graph G. Then the triple (X, d, G) has the property (A) if
(1) For any sequence {x,},en in X such that {x,} = x* and (x,, x,4+1) €
E(G), (xn,x") EE(G™Y);
(i) For any sequence {y;,}nen in X such that {y,,} = y* and (y,,, Yn+1) €
E(G), (Y, y*) € E(GT)).

3. Main Results

Now we are ready to discuss our main results. With the help of
preliminaries and some definitions given below. First we establish some
lemmas which will be useful later. Suppose that A and B be non- empty subset
of metric space (X, d) endowed with a directed graph G. Let us consider the
mappingsF: AXA - B, F: B X B - Aand g:A — B. Define the set
(AX A)pg and (B X B)p, as

(AXA)rg = {(x,y) € X X X: (gx,F(x,y))
€ E(G)) and (gy, F(y,x)) € E(G™H)}.
and
(B XB)pg = {(3,%) € XXX : (gy,F(y, %))
€ E(G)) and (gx,F(x,y)) € E(G™ )}
Definition 7. The mapping F: AX A - B F: BX B - A is
called a G—g-contraction if
(i) G is edge preserving, i.e., (gx,gu) € E(G)and (gy,gv) € E(G™!) =
(8(gx),8(gw) € E(G)and g(g(y)) €E(G™);
(i) F is g-edge preserving, i.e., (gx,gu) € E(G) and (gy,gv) €
E(G™) = (F(xy),F(u,v)) € E(G) and F(y,x),F(v,u)) € E(G™1);
(iii) for all x,y € Xsuch that (gx,gu) € E(G) and (gy,gv) € E(G™?).
The map F: A X A - B,F: B X B — Ais said to satisfy g-cyclic
contraction for some a € [0,1);
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d(F(x,y),F(u,v)) < % [d((gx, gw) + d(gy, gv))] + (1 — @)d(4, B)

for all (x,y) € A X A, (u,v) € B XB.

Lemma 8. Suppose that A and B be non-empty subsets of a metric
space (X, d). The maps F: A X A - B,F: B X B = Ais g-edge
preserving and F(AX A) <€ g(A),F(B xB) < g(B).Also let {x,},
{n}, {un}, {v,,} be sequences in the metric space (X, d) endowed with a
directed graph G. Then the following statements are true:

(i) (gx,gu) € E(G) and (gy,gv) € E(G™1) = (F(xn,yn),F(un,vn)) € E(G)
and (F (¥, x), F(vn, un)) € E(G™Y),Vn €N ;

and
(gy,gv) EE(G) and (gxgu) EE(G™) = (F(yn, xn), F(vn,uy)) €
E(G) and (F(xp, ), F(up, v,) € E(G™1),Vn €EN;

(i) (x,y) € (AX A)Fg = (F(tn ¥n), F(xni1, Yn+1) € E(G) and

(F((ynr xn)'F(yn+11 xn+1)) € E(G_l)rvn € N;
and

¥.%x) € BXB)rg = (FOn %n), F(yn+1, Xn41)) € E(G) and

(F(xnryn)' F(xn+1f yn+1) € (G_l),Vn € N;

(i) (%) € AXArg = (Fwyn) FOn %)) € (AX A)gg,Vn €N
and

¥,X) € BXB)rg = (F(¥n, Xn), F(xn, ¥)) € BX B)gg, VN EN.

Proof. We have F(A X A) € g(A), set
(3.1) F(x;,yi) = g(xiv1) and F(y;, ;) = g(Vis1),

(3.2) X=X ¥ = Yo
(i) Let (gx,gy) € Fg and (gy,gx) € E(G™Y)
Then by the g-edge preserving property of F
(F(x,y),F(w,v)) € E(G) and (F(y,x),F(v,u)) € E(G™)
= (gx1,8u1) € E(G) and (gy1,gv1) € E(G™Y) (by B.D).
Again, applying the g-edge preserving property of F,

(F(xy, ¥1),F(uy,v1)) € E(G) and F(yy, %), F(vy,u1)) € E(G™).
Hence, using (3.1), (3.2) and g-edge preserving property of F repeatedly,
(F(x ), F(uy, vy,)) € E(G) andF((A X A)Fg), F(v,,u,)) € E(G™!) Vn €N.
Similarly, we can show that

(gy,gv) € E(G)and (gx,gu) € E(G™) = (F(¥n xn), F(vn, un)) € E(G)
and (F (xp, Yn), F(un, 1)) € E(G™Y),Vvn € N;
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(ii) (x,y) € (AX A)py

= (X0,Y0) € (AXA)pg

= (gxo,F(x0,¥0) € E(G) and (gyo, F(¥o,%0) € E(G™H).
= (gxo, gx1) € E(G) and (gy,,gyl) € E(G™") (by (3.1)).
Then, by the g-edge preserving property of F

(F(xo’yo), F(xl’yl)) € E(G) and (F(yo_xo), F(yl,xl)) € E(G™Y).
Thus using (3.1) and g-edge preserving property of F repeatedly

(F(xn,yn):F(xn+1,yn+1)) € E(G) and (F(yn,xn)rF(yn+1,xn+1)) €
E(G"Y)VneN.
Similarly, we can prove
(YJ X) € (B X B)Fg = (F(ynrxn)rF(yn+1'xn+1)) € E(G) and
(F(xn' yn)lF(xn+11 yn+1)) € E(G_l)'vn € N;

(i) (x,y) € (A X A)pg = F(xn, ¥n), F(Xn+1, Yn+1) € E(G) and
F(ynr xn)r F(:Vn+1: Xn+1 € E(G_l)

= (8%n+1, F(Xns1, Yns1) € E(G) and (8Yn41, F(Vn41, Xns1) € E(GTH).

(by(3.1))
= (Xn+1_: yn+1) € (A X A)Fg.

Similarly, we can show that
(y,x) € (BXB)gg) = (F(¥n,Xn), F(Xn,yn)) € (B X B)gg, VnEN.

Lemma 9: Let A and B be non-empty subsets of a metric space(X, d).
The maps F:AXA - B, F: BXB - A be a G—g-contraction with
contraction constant a € [0,1)and F(AX A) € g(A), F(BXB) <
9g(B). Also suppose that {x,,},{yn} be sequences in X. Then, for (x,y) €
(Ax A) Fg, (y,x) € (B X B)Fg, there exist v(x,y) = 0 such that

n-—1 n-—1

d(gXn, GXns1) < —— r(x,¥) and d(gyn, g¥ns1) < —— T(x,¥).
where r(x,y) = d(gxo, gx1) + d(gyo, gy1) + (1 — a 1)d(A, B).

Proof: (x,y) € (A X A)pg

= (gx,F(x,y)) € E(G) and (gy,F(y,x)) € E(G—1)

= (gXo,8%1) € E(G) and (gyogy) € E(G™Y)

Then, by Lemma (8), Vvn € N

(F(%n, ¥n), F(%n+1,Yn+1)) € E(G) and (F(¥n, Xn), F(Yn+1,Xn+1)) € E(G™),

= (8%n, 8%n+1) € E(G) and (gYn,8Yn+1) € E(G™), VNEN.
But F is a G—g-contraction, so
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d(gxn, 9xnt1) = d(F(Xn-1, Yn-1), F (X Yn))
<3 [d(gxn-1, 9%n) + d(gYn-1, g¥)] + (1 — @) d(4, B)
= % [d (F(xn_z,yn_z), F(xn_l,yn_l)) +
d (F(Yn-zXn-2), F(¥n-1,6n-1) )| + (1 = @) d(4, B)
[d(gxn-2, g%n-1) + d(gYn-2, gyn-1)] +
(1 —a®)d(4,B)
< © [d(gxo,gx) + d(gYe,gyD)] +(1 — a™)d(4,B).
Then d(gx,, gxns1) < %_1 r(x,y), where r(x,y)= d(gxolgxl) +
d(gy0.9y1) + (1 — a™ 1d(4,B).

an—l

Similarly, d(gyn, gyn+1) < —— r(x, ).

2
a
<=
2

O

Lemma 10: Suppose A and B be nonempty subsets of a complete metric
space (X, d) endowed with a directed graph G. Let F: AXA - B, F:
B X B — A be G—g-contraction with contraction constant « € [0,1) and
F(AxA) € g(A),F(B xB) € g(B).Also let {x,},{yn} be sequences in
X. Then, for each (x,y) € (AXA)rg, (¥,x) € (BXB)gy there exist
x*, y* € X such that gx,, > x *and gy, = y* as n — oo.

Proof. Let (x,y) € (A X A)pg. Then, using Lemma (9),

n-—1
d(gxn, gXns1) < aT r(x,y) where a € [0,1),

n—-1
d(gYn gYn+1) S —— r(x,y) foralln € N.
Let m > n. We have
d(gxn‘ 9Xm ) = d(gxn' gxn+1) + d(xn+1' gxn+2) + - d(gxm_l,gxm)

n—-1 m-—2

r(6y) + 5 16 y) + == 1(x,y)

< a

2
n-1

=——reNtat-+ am 1

n—-1 1-— am—n
5 TN CT )
= d(gxy,gxm) — d(A,B)

For large m, n. Hence, { gx, }n€N is a Cauchy sequence.
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Similarly, {gyn}n€N is also a Cauchy sequence. Also, (X, d) is complete. So,
there exist, say, x*, y* € X Such that lim,,_,,gx, = x" and lim,, .8y, = y".

m
Now we discuss our main results.

Theorem 11: Suppose that A and B be nonempty closed subsets of a
complete metric space(X, d) endowed with a directed graph G. LetF :
AXA - B, F:BXB— Abea G—g-contraction with contraction constant
a € [0,1) and F(A*xA) € g(A), F(B X B) S g(B). Let g be G-continuous
and commutes with F. Also, we assume either

(a) F is G-continuous, or

(b) the triple (X,d, G) has the property (A).

Then coupled coincidence best proximity point of Fg is not empty
ie, CCoinBP(Fg) # ¢ iff (AX A)pg # @ and (B X B)py #* @.

Proof: Suppose that CCoinBP(Fg) # ¢.

Then there exists some (x*,y*) € CCoinBP(Fg), i.e., d(gx*,F(x*, y*)) =
d(A,B) and d(gy*, F(y*,x*)) = d(A, B). So,
(gx", F(x', y*) = (gx" gx") €A C E(G)
and
(&y", F(y",x) = (gy»gy*) EAc E(GTHEACEG)
> (") € (AX A
= (AXA)pg #0,(BXB)gg # 0

Next, let us assume that (A X A)gg # @, (B X B)gg # @
Then there exists

(%0,Y0) € (AXA)rg, (Vo,%0) € (BXB)gg i,

(gx0 . F(x0,¥0)) € E(G) and (¥, F(¥o, %0)) € E(G™).
Then, by Lemma (8) (ii), we have a sequence {n; };cn of positive integers such
that

(F(xni'yni )'F(xni+1,yni+1,)) € E(G)and (F(yni'xni)’F(yni+1,xni+1,)) € E(G_l)'
Using (3.1) and (3.2),

(3'3) (ani+1, ani+2') € E(G) and (gyni+1' gyni+2) € E(G_l)
Also, from Lemma (10),
3.4 lim gx, =x" and lim gy, =y~

n—oo n—oo

But g is G-continuou
(3.5) limg(gxy,) = g(x") and limg(gyn,) =g(y")

Also since Fand g are commutative,
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g(gxl’li+1) = g(F(XHi’ yl’li)) and g(gYIIH_l) = g(F(YI’liani))
(3.6) (8%n,,,) = (F(gXn, ,8Yn;) and g(gyn,,,) = (F(8Yn; 8Xn;)
Finally, we show that d(gx*, F(x*,y*)) = d(A,B) and d(gy*, F(y*,x%)) =
d(A, B).
Let F be G-continuous. Then, we have
d(g(gxn,,) F&",y")) = d(F(gxn, 8yn, ), FK',¥")
< % [d(gxn, ,x*) + (gyn, ,¥*)] + (1 — @)d(A, B)
Taking i — oo we get d(gx*, F(x*,y*)) =d (4, B).
and

d(g(8Yny,, ) FO" x)) = d(F(gyn;,8%n, ) FO,x))

<2 [d(gyn ) + (920, ,x)] + (1= @)d(4,B)

Taking i — oo we get d(gy*, F(y*,x*)) =d(4, B).

Thus, (x*,y") is coupled coincidence best proximity point of the mapping F
and g, i.e., CCoinBP(Fg) + ¢.

Next, we assume that property (A) holds.

From (3.3) and (3.4), we have gx, — x%,as i > o and (gxnl., gyni) €
E(G) and gy,, » y*,asi > oo and (gy,, gx,,) € E(G™)

Therefore using property (A)

(gxn, x*) € E(G) and (gyn, y*) € E(G™).

So,

d(gx", F(x,y") <d(gx", g(9xn,,,)) + d(9(g%n,,) F(x",y™))
= d(gx", 9(9%n;,,) ) + AF (g%, G¥,). F(","))
<d(gx" 9(9n,,,)) +5[d(g(gxn, 9x") +
d(g9(gyn, 9v") |+ @ — )d(4,B).
Now taking the limit as n — oo,
d(gx*,F(x*,y*)) =d(4,B).
In a similar way we can obtain d(gy*, F(y*,x*)) = d(4, B). Hence complete
the proof.
m
Theorem 12: Suppose that the hypotheses of Theorem (11) hold. Besides,

let for every (x,y),(x*,y*) € AX Aand there (y,x),(y*,x*) € BXB
there exist (u,v) € X X X such that
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(F(x,y),F(u,v)) € E(G), (F(v,x),F(v,u)) € E(G™Y) and
(F(x x,y *),F(u, v)) € E(G),),(F(v*,x"),F(v,u)) € E(G™Y).
Then F and g have coupled coincidence best proximity point.
Proof. Let (x,y) and (x*,y*) be coupled best proximity points, i.e.,

(3.7) d(gx, F(x,y)) = d(gy, F(y,x)) = d(A,B)

and

(3.8) d(gx", F(x*,y")) = d(gy",F(y",x") = d(A,B)

By hypothesis, we have

(3.9 (F(x,y),F(u,v)) € E(G), and (F(y,x),F(v,u)) € E(G™Y)

(3.10) (F(x*,y),F(u,v)) € E(G),and (F(y*,x*),F(v,u)) € E(G™)

Set F(u,, v,;,) = gupy1, U= uy, and F(v,, u,) = gupi1, Vv = vy.
Then, using (3.7) and (3.8) ; (3.9) and (3.10) can be written as

(gx,gu1) € E(G), (gy,gv1) € E(G™) and
(gx »,gu1) € E(G), (gy * gv1) € E(G™).
But F is g-edge preserving, so
(F(X' Y)l F(ull 171)) €EE (G)' (F(y' X)' F(vlr ul)) € E(G_l) and
(F(x",y"), F(uy, v1)) € E(G), (F(y",x"), F(vy,uy) € E(G™)
= (gx, gu,) € E(G), (gy,gv,) € E(G™1) and
(gx % 8u;) €E(G),  (gy*8v2) EE(G™)
Using the g-edge preserving property of F repeatedly, Vn > 1, we obtain
(g%, gun) € E(G), (gy,gva) € E(G™")and
(8x",gun) € E(G),(gy",8v) EE(G™)
Therefore,
d(gx,gx") < d(gX, 8un+1) + d(gUn+1,8X7)
= d(F(x,y), F(up, vn)) + d(F(uy, vn), F(x%, y7)
< - [d(gx gun) + d(gy, gva) + d(guy, gx") + d(gvy, gy")] +
(1—-a)d(A,B)
a
= E [d(F(Xl Y)’ F(un—ll Vn—l)) + d(F(Yl X)I F(Vn—lv un—l))
+ d(F(un—lf V1), F(x7, y*))
+ d( F(Vn—li un—l)' F(y*'X*))] + (1 - O()d(A, B)

2
< = [d(gx gun—2) + d(gy, gvn—2) + d(gup o, 8x") +
d(gvn-2,8y")] + (1 — a)d(A, B)

69
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< =-[d(gx, guo) + d(gy, gvo) + d(guo, gx") + d(gve, gy")] +

(1 - a)d(A,B)
= d(gx, gx*) = d(A,B) as n-—o oo
Similarly d(gy,gy*) = d(A,B)

Letgx = gx*=mandgy = gy* = n.
Then, using commutativity of F and g, (3.7) gives
d(g(gx), g(F(x,y))) = d(gm, F(gx, gy) = d(m, F(m,n)) = d(A,B) and
d(g(gy), g(F(y,x))) = d(gn, F(gy, gx) = d(n,F(n,m)) = d(A, B)
Thus, (m,n) is a coupled coincidence best proximity point.
So, repeating the earlier argument for (x, y) and (m, n),
gx = gm and gy = gn > m = gmandn = gn.
Thus,
d(m, F(m, n)) = g(gm, (m,n) = d(A, B) and
d(n,F(n,m)) = g(gn, F(n,m) = d(A, B).
So, (m, n) is coupled coincidence best proximity point of F and g.
This complete the proof.
m
Example 13: Let X = R endowed with the usual metric d(x,y) = | x —
y| . Consider a graph G consisting of V(G) =X. A be the diagonal of the
Cartesian product X X X and A ¢ E(G); where E(G) is the set of edges of the
graph G. Also let A =[1, 5] and B =[-5, -1]. Clearly, d(A,B) = 2. Define F :
AXA—->B, FiBXB—->Aandg:AUB - AUB by

F(x,y,z) = —x—Ty—Z’ F(u,v,w) = U2 and gx = —x
Fixed = % , for arbitrary (x,y) € A X A and (u,v) € B X B, we get
_ |zx=y-2  —u-v+2
d(F(x, y), F(u, v)) = ” ” |
lx=ul | |y-v

<TE 4+ 2741
4 4

= % [d(gx, gu) + d(gy, gv)] + (1 — a)d(4, B).

This implies that F is a g-cyclic contraction pair with =% . Therefore, all

hypothesis of our main result hold. So F and g have a coupled coincidence
best proximity point. We note that points (5,5) € AX A and (—5,-5) €
B X B are coupled coincidence best proximity point of F and g.

m
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4. Coupled Fixed Point Theorem

If we take A =B in the above results i.e., for self-mapping then all results
are become corollary! and we get unique coupled common fixed point
theorem.

Theorem 14: Suppose that (X,d) is a complete metric space endowed
with a directed graph G. Let F:AX A —> A be a G—g-contraction with

contraction constant a € [O,%) and F(AXA) S g(A). Let g be G-

continuous and commutes with F. Also, we assume either
(a) : Fis G-continuous, or
(b) : the triple (X, d, G) has the property (A).

Then coupled coincidence point of Fg is not empty i.e., CCoin(Fg) # 0.

Proof. If we putd(A,B) = 0, in Theorem (11). Then we can easily prove
that F and g have coupled coincidence fixed point.

O

Theorem 15: Suppose that the hypotheses of Theorem (14) hold.
Besides, let for every (x,y),(x*,y*) € AXA there exist (u,v) €
A X A such that
(F(x,y),F(u,v)) € E(G),(F(y,x),F(v,u)) € E(G™1) and

(F(x"y"),F(w,v)) € E(G),(F("x"),F(v,u)) € E(G™).
Then F and g have a unique coupled common fixed point.

Proof: By the use of Theorem (12) we can easily prove the unique
coupled common fixed point (x*, y*) € ANB X AN BofFandg.

O

Example 16. Let X = R endowed with the usual metric d(x,y) = | x —
y| . Consider a graph G consisting of V(G) = X. A be the diagonal of the
Cartesian product X X Xand Ac E(G); where E(G ) is the set of edges of the
graph G. Also let A =[—1,0]and B=[0, 1]. Define F:AXA - Band g: A
— A by

gx=-—x and F(x,y) = @ and F(y,x) = #.

Then d(A,B) = 0 and F is a g-cyclic contraction with a = ; Indeed , for
(x,y) € A X A we have

d(Fx,y), F, %) = |=5 3
< [x—y| n ly—x|
4 4

[x-y| ly—x|
2( 4 + 4 )

—(x+y)  —(y+x)

1
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== [d(gx, gy) + d(gy, g0)] + (1 — @)d(4, B)

Therefore, all hypothesis of above Theorem holds. So F and g have a unique
coupled common fixed point and this pointis (0,0) € A NB XA NnB.
O

5. Conclusion

In this article, we have proved the existence of a coupled coincidence best
proximity point for a contraction mapping in a partially ordered complete
metric space endowed with a directed graph. Our results bring about a more
unified approach to the presentation of coupled coincidence best proximity
point theorems because of the use of graph theoretical concepts instead of a
partial order.
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