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Abstract: In this paper, we use Lipchitz mapping of the fixed point
theorem in Banach algebra to demonstrate the existence of solutions to a
few nonlinear functional integral equations. Our results improve and
generalize the result of B.C. Dhage!. An example is also presented.
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1. Introduction

The first time Dhage used fixed point theorems to Banach algebras was in
1988. In several articles, Dhage uses fixed point theorems in Banach algebras
to investigate non-linear integral equations. Vijayaraju? proved the validity of
the fixed points asymptotic 1-set contraction mapping in real Banach spaces
and the sum of two mappings in reflexive Banach spaces. Dhage?® started the
research of nonlinear integral equations in Banach algebras using fixed point
theorems. This work contains the second significant hybrid fixed point
theorem in Banach algebras. Many researchers*!® have shown some
interesting conclusions about the existence of solutions for various nonlinear
functional integral equations in Banach algebra.
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The purpose of this paper is to prove some existence findings under
Lipschitz conditions for a particular set of nonlinear functional integral
equations. It is also necessary to prove an application of nonlinear functional-
integral equations.

2. Preliminaries

Definition 2.1:3 Let S be a closed, convex and bounded subset of a Banach
algebra X and let P, Q: S — S be two operators such that
(1) P is Lipschitzian with a Lipschitz constant p,

(ii) (;—3) (a)! exist on Q(S), where 7 is an identity operator and the
operator %: X — X is defined by (%) (a)= ?iﬂ,
(ii1) @ is completely continuous, and
(iv) Pa.QbeS,Va,beS.
Then the operator equation
(1) Pa.Qa=a
has a solution, whenever pJt < 1, where It = || Q(S)|| = sup {|| Qa||: a € S}.

Definition 2.2:* Let S be a closed, convex and bounded subset of a Banach
algebra X and let P, Q: S — X be two operators such that

(1) P is Lipschitzian with a Lipschitz constant p,

(i) @ is completely continuous, and

(i1) Pa.QaeS, forallaes.
Then the operator equation Pa.Qa = a has a solution, whenever pM < 1,
where M = || Q(9)||.
Remark 2.3: A mapping U : X — X is said to be D-Lipschitzian, if there exist
a continuous and non-decreasing function w : R"— R" such that
2) || Ua — Wb || < o (|a - &])), for all, & € X, where w(0) =0
Sometimes we call the function @ a D-function of U on X. Obviously every
Lipschitzian mapping is D-Lipschitzian, but the converse may not be true. If
o 1s not necessarily non-decreasing and satisfies w(7) < 7, for » > 0, the
mapping U is said to be a nonlinear contraction® with a contraction function
o.

Definition 2.4:®* Let S be a closed, convex and bounded subset of a

Banach algebra X and let : X — X, @: S — X be two operators such that

(1) P is D-Lipschitzian with a D-function w,

(i1) (%) (a)! exist on Q(S), where 7 is an identity operator and the operator

J . J _a
> X — X is defined by (;) (a)= P
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(ii1) Q is completely continuous,

(iv)a=Pa.Qb= acS,V HeS.
Then the operator equation a = Pa.Qa has a solution, whenever Mw (#) <
1,7 >0, where M = || Q(S)||.

3. Main Results

Theorem 3.1: Let S be a closed, convex and bounded subset of a Banach
algebraX andlet P: X > X, Q: S — X, R: X — X, be three operators such
that

(i) P is D-Lipschitzian with a D-function o,
(ii) Q is completely continuous,
(iii) R is D-Lipschitzian with a D-function w and completely continuous,
(iv) a=Pa.Qb +R(c)= acS,V &S, ceS.
Then the operator equation a = Pa.Qa + Ra has a solution, whenever Mw
() <1, 7 >0, where M = ||Q(S)]|.

Proof: Let &,ceS and define a mapping Psc : X — X by Psc(a) =
Pa.Qb + Rc, aeX. Here Pscis a nonlinear contraction on X with a
contraction function ¢ given by @(#) = Mw (), e R".

We have that
| Pea, -Poa.||<||Pa -Pal.| Q|

<Mo (J|a.— a,|)), forall a,, a. e X.
Now an application of a fixed point theorem of Boyd and Wong’ yields that
there is a unique point a” € ¥ such that

Poa)=a’

or, equivalently,

a’=Pa" Qb + Re.
Since hypothesis (iv) holds, we have that a” € S. Define a mapping H: S —
X by
3) Hé =g,
where g € X is a unique solution of the equation

g=Pg.Qb +Rc;b,ceS.

We show that H is continuous. Let {£,} be a sequence in S converging to a
point &. Since S is closed, & €.

Now

|HEn-HE|| = |(PHE,Qbn+ Rc) — (PHLQH + Re))|
=||PHEbnQbn— PHLQE
= PHE, Qb 1w —PHEQY, + PHHEQE, — PHEQE
SN PHEwQbw —PHEQE || + | PHEQb, — PHEQE
S| PHEb —PHLE|.| Qb || + [|PH ||| 60— ||
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<Moo (|Hb,—HE|) + ||PHE|.|b6,— &
|Hb - Hb| < Mo (|Hbn—HE|) + | PHE|.|| 60— |
and hence
lim sup [|H 6, —H | < Mw(limsup || b,—FHb&|)H|PHE&||(Limsup ||&, —&|)).

This shows that lim, ||H & —H 4| = 0 and consequently H is continuous on
S. Now we show that H is compact operator on S.
For any g € S, we have
1Pg | =1 Pg - Px + P
<[ Pg —Px| + [P
< [[Px| + || Pg — Px|
< [P+ pll g — |
<k
S Pgl Sk
where k = ||Px|| + diam(S) for some fixed xS.
Let € > 0 be given. Since Q is completely continuous, Q(S) is totally bounded.
Then there is a set B = {& 1,42, ...... &,} in S such that

o) = [JB,).

where vi = Q(b)), 6 = (1 - lfMj e and Bg(v,)1s an open ball in X in centered

at v; of radius o. Therefore for any & €S we have a &€ B such that
1- pM
||Qz¢—g1&l||<( /f )g.

Also we have
| HE -Hbi| < || (Pg.Qb +Rc)— (Pgi.Qb:1+ Rce) ||
| (Pg.Qb6 + Rc) — (Pg.Qb& + Rc) + (Pgr. Qb
+ Rc)— (Pgi1.Qb1+ Re) ||
<[ Pg—Pgulll| Q€ + || Pgull.|| Q61— Q4]
< (pM) . g —gull + | Pgull.l| Q61— Q4]

C
< (1 : pMjn 061- 06|

IAIA

<e
ie. || Hb-Hb | < e
This is true for every & €S and hence
H(S) = JB. (g, where gi=H(b:).

i=1
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As a result H(S) is totally bounded. Since H is continuous, it is a compact
operator on S.
Now an application of Schauder’s fixed point yields that H has a fixed point
in S. Then by the definition of H,
a=Ha=P(Ha)Qa+Ra=Pa.Qa + Ra,

and so the operator equation a = Pa.Qa + Ra has a solution in S.
Remark 3.2: Let S be a closed, convex and bounded subset of a Banach
algebra X andlet P: X —> X, 9: S — X, R: X — X, be three operators such
that

(1) P is Lipschitzian with a Lipschitzian u,

(i) Q@ is completely continuous,

(i) R is Lipschitzian with a Lipschitzian y and completely continuous

(iv) a=Pa.Qb +R(c)= acS,V beS,ceS.
Then the operator equation a = Pa.Qa + Ra has a solution, whenever uM <
1, where M = ||Q(S)]].
Remark 3.3: Let S be a closed, convex and bounded subset of a Banach
algebra X such that S = {# X : || &|| < »} for some real number 7~ > 0. Let
P:X—>X-{0}, 9:S — X, R: X — X be three operators satisfying

(1) P i1s D-Lipschitzian with a D-function w,

(i) Q@ is completely continuous,

(i11) R 1s D-Lipschitzian with a D-function @ and completely continuous,

(iv) a=Pa.Qb +R(c)= acS,V &cS,ceS.
Then the operator equation a = Pa.Qa + Ra has a solution, whenever Mw

() <1, >0, where M = ||Q(S)]|.
GALE
P P
then a, &, ceS.

Further, if for all a,&,ce X,
1
— la
P
Example 3.4: Given a closed and bounded interval J = [0, 1] in R, the set of
all real numbers, consider the nonlinear functional integral equation (FIE)

(5) al)= {m} [p( ye [ )))dx) {m}

forallt € J, where a,A:J — J,p: J — Rand h: J x R— R are continuous.

(4) lall < < el <

By a solution of the FIE (5) we mean a continuous function a: J — R that
satisfies FIE (5) on .

Let X= G(J, R) be a Banach algebra of all continuous real-valued
function on J with the norm
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©) llall= Su}Dla«(t)l, 161/ = sup (0, [ cll = SuyIC(f)l-

We shall obtain the solution of FIE (5) under some suitable conditions on the
functions involved in (5).
Suppose that the function 7 and 4 satisfy the condition

(7 t@ <tk a <1-|pllpl<1,forallze]J and acR.
Define a subset S of X by

8) S={becX:|b| <1}

Consider the three mappings P, Q, R: X — X defined by

1 0]
) ?a(t)zm,te{], Qa(t) = p(t) + L h(x,s(A(x))x, ted,

1
and Ra(f)=—————, te.
O plat)
Then the FIE (4) is equivalent to the operator equation
(10) Pa(t).Qa(t) + Ra(t)=a(t) , ted.

We shall show that the operators P, Q and R satisfy all the conditions of
remark 2.1. Clearly P define a mapping P: X — X — {0}. First we show that
P is Lipschitzian on X. Let a, &, ce X. Then we have

| Pa(t) = P& = [ 1/(1+Hala@)]) - V(A+E(@@)]) |

= |__la@®|-]4@®)] |
(IHa(a@®)) (A+&(a()])
<lla— 4.

Taking the supremum over #, we obtain
| Pa—-Pbt| < |la—4,
which shows that P is a Lipschitizian with a Lipschitz constant p = 1.

To prove Q is completely continuous on S, for that we show Q: § — S.
Let a €S, then by (7) and (9)

10a(0) < |p)]+ [ h(x.s(Ax)Jex

< [p@]+ [ (gl
Since Qa € €(J, R), there is a point ¢ € J such that
| Qall = Qa(e)| = max [Qa() |
Therefore, we have

| 0all=Qa)] < |p@)|+[ (-Jallx <1ipll+ ][ A-[qllix = 1.



On Result of Some Nonlinear Functional Integral Equations 53

re. || Qal| <1. As aresult 9: S — S. Similarly we can show that R is D-
Lipschitzian with a D-function @ and completely continuous. Finally we
show that conditions of remark 2.3 holds.

Now for any ae X,

(e

Similarly,

= sup | 20| = sup {| a()I[ 1+[ale(t))] 2 | al

%}(o)

and so by remark 2.3, condition (iv) of Theorem 2.1 is satisfied. Thus operator
P, Q, R satisfy all the conditions of Theorem 2.1 and hence an application of
it yields that the operator equation (10) and consequently the FIE (5) has a
solution on (J.

2 [fcfl,

= b, (

!
7)o
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