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Abstract: In this paper, we shall look for the solution of an operator
equation pM;"X-XMzX= AX, for k >1 and A, p € C. Its solutions will
provide a class of operators, which can be considered as generalization
of \-Hankel operator (introduced by Avendano). We also analyze certain
elementary properties of generalized (A, n)- slant Hankel operator on the
Lebesgue space of unit circle T. We also discuss an analogous result to
the famous Kronecker theorem of Hankel matrix for generalized (A, ) -
slant Hankel operator.
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1. Introduction

The study of Toeplitz operators started in the beginning of the twentieth
century due to Toeplitz!3, with the investigation of the relationship of finite
square matrices constant along diagonals, to the corresponding infinite
matrices. More formally, a matrix (am, n) is a Toeplitz matrix if and only if
(@m,n,) = (@m,n,), Whenever mi - n1 = mz — nz. Toeplitz operator can be
considered as compression of multiplication operator to the Hardy space
H?(D) and it can be characterized by U” TU = T, where U is the unilateral
shift operator.

The most important counterpart of Toeplitz operator is the Hankel
operator. In his doctoral dissertation, Hankel introduced the study of finite
Hankel matrices. The Kronecker theorem was the first recent development
towards infinite Hankel matrices. A matrix (am, n) is a Hankel matrix if
(@m,n,) = (@m,n,), Whenever my+ ni = m + na2. Hankel operator®* can be
considered as compression of fliped multiplication operator JMo to the Hardy
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space H?(T), where the operator J : LT) —L?(T) is the flip operator given
by Jf(z) = f(z). Few fundamental theorems namely, Dougles theorem, the
Julia-Halmos theorem, Parrott's theorem address the question: when do a
bounded operator with Hankel matrix represent Hankel operator”. Nehari
theorem gives a condition for this question and states that a Hankel matrix
corresponds to a bounded operator H on the Hardy space if and only if there
exists ¢ in L®(T) such that H = H,= PJM,. One of the milestone theorems in
the study of Hankel operator is the Kronecker's Theorem, which states that
the Hankel operator H, is of finite rank if and only if ¢(z) =).0°a_,z " is a
rational function, whose poles lies in D and ¢ in L®(T). The compactness
problem related to Hankel operator was analyzed by Hartman® in his classical
theorem, which states that a Hankel operator H is compact if and only if there
exists a continuous function ¢ such that H = He." We also know that every
compact Hankel operator is uniform limit of finite-rank Hankel operators.

The area of Toeplitz operators and Hankel operators have been a field of
extensive research. These operators produce two of the most extensive and
interesting classes of operators to the Hardy spaces. Brown and Halmos? work
towards properties of Toeplitz operators, which acts as a foundation stone in
the progress of the study of Toeplitz operators. The theory of Toeplitz
operators and matrices has links with many branches of Mathematics
(specially Operator Theory), namely, C’-algebras, Function Theory,
Prediction Theory (see papers’® and the references therein).

The operator whose matrix with respect to an orthonormal basis can be
obtained by deleting alternating rows of the corresponding Toeplitz or
Multiplication operator is called a slant Toeplitz operator. The class of slant
Toeplitz operators is one of the significant class of operators on the Lebesgue
space L2(T). A systematic study of class of slant Toeplitz operators started in
1995 by M.C. Ho®'2, It is easy to see that there is a close connection among
slant Toeplitz operators, Multiplication or Laurent operators, and composition
operators. As a matter of the fact, each slant Toeplitz operator S, on the
Lebesgue space L%(T), can be written as WM¢, where M, is the Laurent
operator on L%(T) given by the essentially bounded measurable function ¢ on
the unit circle T, and

W(Z") = {25, when n is even

0, whennisodd.
The adjoint of slant Toeplitz operator is a weighted composition operator.
There are several researchers (namely, Arora, Batra, Datt, Agarwal, Ohri,
Pandey and Hazarika etc.) who are actively working and investigating several
properties of slant Toeplitz operators on the Lebesgue space of certain
measure spaces (mainly on the unit circle). It has several applications in
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ergodic theory, dynamical systems and wavelet analysis (see papersé13-19).
S.C. Arora, R. Batra, and M.P. Singh?6 have introduced the notion of slant
Hankel operators and investigated several algebraic and spectral properties.
They proved that spectrum of slant Hankel operator K¢ contains a closed disc
for an invertible symbol .

The study on weighted sequence spaces L2(3) and H%(B), introduced by
Kelley'’, is a notable area of research in Operator theory. For a sequence f =
(B, of positive real numbers, the space L2(S) consists of all formal Laurent
series  f(2)=Y;-_panz", aneC satisfying the condition [|fl|%=

¥ _alan,)? B,% < o, where C is the set of all complex numbers. Obviously,
it is a Hilbert space. Similarly, the space H(8) consists of all formal power
series f(z) =)n—o @, 2™, an€e C with ||f||f3 < oo, Itis a subspace of space L2(f).
The space of all formal Laurent series ¢(z) =Y. _p a,z™, such that ¢ L?(B)
c L?(B) and lofllz <cllfllz for each f € L2(B) and for some ¢ > 0, is
represented by L®(B), whereas the space of all formal power series ¢(z)
=y, a,z", such that ¢ H3(8) € H?(B) is denoted by H®(B). These spaces
reduce to certain famous Hilbert spaces consisting of analytic functions
corresponding to particular choices for sequence 8 = (f,). For instance, if
we choose B, =1 for all n > 0, then the space H%(B) yields the famous

classical Hardy space H2(D). For B, = (n + 1)2 and B, = (n+ 1) z the
space H2(8) corresponds to Dirichlet space and Bergman space respectively.

Therefore, the study of operators on such spaces is more enlightening. A
systematic investigation of weighted shift operators on these spaces was done
by Kelley and these operators have been studied thoroughly and now it
appears as examples and counter examples in literature.

It is easy to observe that the operator equations act as a handy tool to
characterize certain class of operators and to generalize them to the next level.
Barria and Halmos? asked for a solution of operator equation U"XU = AX, for
a complex number A, which is solved by Sun® completely and gave a
generalization of Toeplitz operators (namely, A- Toeplitz operator) on H%(T).
They also considered the operator equation U"XU - X = K for a compact
operator K on the Hardy space H?(T), which characterizes essentially Toeplitz
operators. These studies have led to various generalizations of Toeplitz and
Hankel operators. Avendano*® introduced A-Hankel operators and essentially
Hankel operators. The operators (namely, slant Toeplitz operators, A-Hankel
operators and A- Toeplitz operators) are further uplifted using the Calkin

E 2 and 2 K(HZ) (see papers*®), where B(H) and K(H) denote the

spaces of all bounded linear operators on H, and all compact operators on

algebras
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Hilbert space H respectively. These studies were further enriched with the
notion of another variant of A-slant Hankel operators*® (namely, non-spectral
problem), essentially (A, n)-Hankel operators®®,

The Toeplitz and Hankel operators have also been discussed on different
function spaces. Gu and Zheng?° taken Toeplitz operators into consideration
on the Hardy space of the bidisk. H. Guediri?! has initiated the notion of dual
Toeplitz operators on the sphere and has further uplifted the notion of Toeplitz
and Hankel operators on the Hardy space of unit sphere??23, Operators related
Hankel and Toeplitz operator on model spaces are recently considered?*2°.

2. Generalized (A, p)- Slant Hankel Operator

Here, we introduce (A,u)-kth-order slant Hankel operator which can be
characterize by an operator equation motivated by the work of Barria,
Halmos, Avendano and Arora. Initially, we provide a list of few definitions
and results.

Definition 2.1 (kth-order slant Hankel operator)''® A kth-order slant
Hankel operator on the Lebesgue space is given by S¢ = WxJMo, where ¢ €
L*®(T), J is the flip operator on L*(T), Mg is multiplication operator induced
by ¢ and

Wi(2") = {ZE, when n is a multiple of k
0, otherwise.

We know that these operator on the space L?(T) has been characterized by the
operator equation M, X=XM,.

Definition 2.2 (4- slant Hankel operator)!* A solution of the non-spectral
type operator equation AM; X=XM_z- is given by S, » = D:WiIMe, which is
called as A- slant Hankel operator on L%(T). It is induced by a function ¢ of
L®(T) and Dx(f(z)) = f(4z). The operators Wk, J (flip operator), and Mg
(multiplication operator) are same as defined above.

Next, certain important results are listed, which are useful in our
discussion. It is well known that every Hilbert space can be visualized as a
functional Hilbert space® (that is, as a Hilbert space H containing complex
valued functions on a non-empty set Y such that the evaluation functional
@y H — C is bounded as well as linear for all y € Y). A reproducing kernel
of functional Hilbert space H are given by the following theorem in terms of
an orthonormal basis of the Hilbert space H.

Theorem 2.3.° Let H be a functional Hilbert space over Y then the
reproducing kernel of H is given by
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K(X; y) = Ky(X) =Xn en()en(y),
where (gj) be an orthonormal basis of the space Hand x, y €Y.
It is trivial from the preceding theorem that a function Sw: D — C given by

(2.1) Sw(2) = Znen(Def(w) = Xnz"W'",

defines a reproducing kernel for the Hilbert space L2(T). Next, we are ready
to initiate the analysis of generalized (A, n) - slant Hankel operator. For this,
let us take following operator equation into consideration

(2.2) UM, T -TMX=AT

for complex numbers p, A and k > 2. In this paper, we are looking for bounded
operators T on the Lebesgue space satisfying the operator equation (2.2) for
fixed numbers p, A € C. These operators T € B(L?) are termed as generalized
(A, w) - slant Hankel operator.

Depending on the positions of the constants u, A € C, there could be another
symmetrical form pM, T - A\TM* = T of the given equation (2.2). One can
easily observe that the operator equation, given in (2.2), have more non-trivial
solutions than the operator equation UM, T - A\TM=T.

The following outputs can be drawn by assigning particular values to the
constants kK > 1 and p, A € C in the equation (2.2).

» For the choices k = 2, and p = 1, the equation (2.2) resulted into a
spectral type problem M;T -TM,? = AT. It characterizes A — slant
Hankel operator.

» Fork =2, and p =1, the equation (2.2) again provides a spectral type
problem M;"T -TMZX = AT, whose solutions are known as generalized
A-slant Hankel operator.

> For k=2, A =0, the operator equation (2.2) reduces to i M, T -TMz?
= 0. It gives another form of+ p - slant Hankel operator on L2(T).

> For k > 2, L =0, the operator equation (2.2) reduces to p M, T -TM
= 0, which provides generalized p-slant Hankel operator on the
Lebesgue space L2(T).

> The choices k=2 and (A, p) = (0; 1) in the equation (2.2) yields M; T -
TM_z = 0, which characterizes slant Hankel operator.

Next, we ask for solution of the operator equation pMzX -X M;"= AX for

fixed complex numbers p, A € C.

Theorem 2.4. There is only trivial solution for an operator equation
UMZXX -X M;"= AX for fixed complex numbers u, /. € Cand k > 2.

Proof: Fork > 2 and u, A € C, consider the equation uM*X -X M= AX,
which may be written as (UM~ AD)X = X M_". Let f € ker(uMz*- AI) and f has
the form f(z) = Yo —_ o @, 2™, Where ker(T) denotes the kernel of the operator
T. Then, it implies that
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(UM~ ADf(z) = 0
(UM AD(E=-co @mz™) =0
3 oo W 2™ = 8 Aayz™.
Now, we replace m by m - k on the left-hand side of the above equation. We
have
2%:—00 uam—kzm = Z%:—oo }\amzm-
Comparing the corresponding coefficients in the preceding equation, we
obtain that
(2.3) Ay, = WGy fOr k = 2.
From the above expression, it follows that,
Case I: If A =0 and p # 0, then the relation (2.3) turns out that a,,_,= 0 for
allm € Z and k = 2. On replacing m by m + k, it follows that each coefficient
am Of fis equal to 0, which turns out that f = 0.
Case I1: When A # 0 and p = 0, then the above relation (2.3) trivially yields
that am = 0 for all m € Z, and hence f = 0.
Case I11: If both A and p are non-zero, then using the relation (2.3) repeatedly,
we obtain that axm+«i = c™ aj, forme Zand i € {0,1,2, ...,k — 1}, where c =
%. As we know that for any function f € L%(T), it can be written as f(z) =

e o Ay z™ With the condition Y5 __ . |a,,|*< oo. It gives that for each i €
{0,1,2, ...,k — 13}, the series given by

Z @

is convergent. This is true only if the coefficients akmsi =0 for each m € Z
and 0 < i < k -1. It ultimately reduces to am = 0 for all m € Z, which gives
that f = 0 and hence ker((UMX- AI)) = {0}. Now, by the mean of Theorem
2.14, we conclude that X = 0.
Case IV: For the case when (A, pt) = (0; 0), the equation pMz*X -X M, "= AX
readily gives that XM, = 0, which ensures that X = 0.

Next, we approach to our main aim and revisit the equation
(2.4) UM, T -TMX= AT
in the search of solution. It is well known that the p- slant Hankel operator
for a fixed complex number p is studied by Datt and Aggarwal®4, which is a
particular case of considered operator equation for A = 0 and k = 2. It can be
readily deduced that the operator equation obtained by assigning A = 0 and
p= 0 in the considered operator equation admits only zero solution. The
following result furnishes the solution of operator equation pM;' T -TMX =
AT for p=0.
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Theorem 2.5. Let A be a fixed complex number. Then, the operator
equation -XMZ = AX admits only zero solution.

Proof. The given operator equation -XMz= AX is rephrased as
(2.5) X(MX + AD) = 0.

It is easy to check that the spectrum of M. is unit circle T. Consequently, for
the choice of A such that |A| # 1, the operator (M;* + AI) resulted into non-
singular operator, which enforces that the operator equation (2.5) admits
trivial solution.
For the case, when the complex number A is unimodular, equation (2.5)
reduces to X = cXM «, where ¢ = - A. As a consequence, it yields that X(z")
= cX(z"¥) for each integer n. Employing this relation repeatedly, we produce
certain relations in terms of basis elements {em (z) = z™} of L2(T), that is,
X(zK™) =¢™ X(z) forme Zandi€ {0,1,2,...,k-1}.
Let if possible that there exists at least one i € {0, 1, 2, ..., k - 1} such that
X(z') is non-zero function. It immediately allows us to choose a non-zero
coefficient a; in the Fourier expansion of X(z') for an integer j. Let us choose
a sequence (sn) of elements of jth row of the matrix representation of X. It is
noticed that (sn) does not converge to zero, as it has a subsequence (s, ) where
nk = kt for some integer t, which does not converge to 0. It shows in
contradiction to the fact that the given operator X is bounded. Therefore, it
follows that X(z') = 0, for each i € {0, I, ..., k - 1} and hence X(z") = 0 for
all n. Hence the result follows.

It is easy to observe that for a given generalized (A, p)- slant Hankel
operator T and a multiplication operator Mg on L?(T), we have

UM," (T M) «(T Mg MK = (UM, T =TM/) M = AT Mo
and

UM;" (Mo T) «( MeT MK =M (uM;" T -TM) =1 Mo T
It readily yields that the operators T Mo and Mo T are generalized (A,J)-slant
Hankel operators. Therefore, we conclude that the class (A,p)-SHankk(L?) is
closed under the composition of M¢ for each ¢ € L®(T). Now, we going to
discuss a spectral property of elements in the class (\,u)-SHankk(L?), which
is extremely important.

Theorem 2.6. For a given element T from the class (4, u) - SHank(L?),
both the spectrum o (T) and essential spectrum o¢(T) of T contains 0.

Proof: Suppose that T is an arbitrary element of the class (A,u)-
SHankk(L?). It is well known that the zero operator is not invertible as well as
not essentially invertible. Therefore, T is not invertible as well as not
essentially invertible, whenever T = 0. That is why let us take T to be a non-
zero invertible operator satisfying (UM;" - AI) T = TMX. It follows that the
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operators Mz and (uUM;" - AI) are similar operators. It is a contradiction.
Therefore, T is not invertible operator.

In the similar manner, suppose that X is a non-zero essentially invertible
operator then the relation (UM - AI) X =XM,X provides two essentially
similar operators (namely, MX and (uM;" - AI). But these operators are not
essentially similar operators. Therefore, our assumption was false. This
completes the proof.

Now, we provide a similar result as given by Avandano*®.

Lemma 2.7. Let A be bounded operator on L?(T) with ||A|| < 1. Then the
equation AX = XMg admits only zero solution for ¢ € L®(T) with ||@]|. < 1.

Consequently, we derive following result with the aid of preceding lemma.

Corollary 2.8. For |u| + |A] < 1, the zero operator (X = 0) is the only
operator satisfying the equations UM, X -XMX = 1X and uM;X -XM;* = AX.
Proof. Let X be solution of equation pM; X -XMz*= 21X and pM,X -XMX =
AX. It follows that the operator X satisfies the operator equation (uM; - Al)
X =XMzXand (UM; - AI) X =XMX. It is easy to see that the norms of operators
(UM;" - AI) and (uM; - Al) satisfies the inequality ||(uM; — AD|| < || + |7
<land ||[(uM, — AD|| < |ul + |A| < 1, respectively. With the aid of above
lemma, it is easily obtained that both the operator equations admit only trivial
solution.

The following result provides condition under which a generalized (A, p)-
slant Hankel operator is a generalized (a, ) - slant Hankel operator for
a,B,\u € C.

Theorem 2.9. The zero operator is the only operator, which is
generalized (A, u)- slant Hankel operator as well as generalized (a, 8)- slant
Hankel operator.

Proof: Let X € B(L?(T)) satisfies the operator equations pMz X -XM¥ =
AX as well as M, X -XM*= aX, that is X is generalized (A, p)- slant Hankel
operator as well as generalized (a, B)- slant Hankel operator. Subtracting the
above equation, we have (4 - B)M; X = (A - a)X. Substituting §= (i - B) and
¥y = (A - a), the preceding relation reduces to (M, - gl) X = 0. Now, by

employing the routine observation as done in the article®®, we conclude that
X =0. Thus, the result follows.

Next, we focus our attention on certain properties (namely, linear space
structure and closedness) of the class (A, ) - SHankk(L?) of all generalized
(A, n) - slant Hankel operators on L?(T).

Theorem 2.10. The class (4, u) - SHanky(L?) is a uniformly closed linear
subspace of B(L2(T)), the set of all bounded operators on L2(T).

Proof. Let T and S be any two operators from the class (), p) - SHankk(L?).
Then, uM;'T - TMX = AT and pM;'S - SM,“= AS. For any two arbitrary
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constants «, 8 € C, take the linear combination (aT+SS) of operators T and
S. It follows that from the operator uM;" (@ T+ £ S) - (a T + B S)MX, we
have
UM (@ T+ B S)-(a T+ B S)MK=a (UM;'T - TMX) + B (UM'S - SM¥)
=A(aT+BS):
It clearly shows that (a T+ 8 S) € (A, n) - SHankk(L?) and therefore the class
(A, p) - SHankk(L?) is a subspace of B(L(T)).
Suppose that (Tm)ms1 is a sequence in the class (A, n) - SHankk(L?) having
limiting operator T, that is, ||T,,, — T|| = 0. Next, the expression
(M5 T — TuM k) — (WM T — TM ) ||
= | Mz (T = T) = (T =T) M)
< |lIMZ I (T = T+ (T = T[],
converges to 0 as M; and M« are bounded operators. Thus, it follows that
the operator ((uM;T,, — T,,M k) converges uniformly to (uM;T — TM ,x)
in B(L%(T)). Since Tm is a generalized (A, p)- slant Hankel operator.
Therefore, we get that
ATy, = (WM;T —TM k).
Moreover, we also have that T, converges uniformly to T in B(L2(T)). Thus,
it follows that uM; T — TM x = AT, by the uniqueness of limit, which readily
yields that T is a generalized (A, pn)- slant Hankel operator. Thus the result
follows.

The following result shows the linkage amongst the elements of the class
(A, ) - SHank(L?) for different unimodular complex numbers A and p.

Theorem 2.11. Leta, B, A, and u be complex numbers with unit modulus.
Then, the operator S given by
S=D 1 TD 1
aupr k=
is a generalized (a, B)- slant Hankel operator, for each T € (4, w) -
SHank(L?). Here, the diagonal operator D, is defined by D, (e,,) = a™e,, for
each integer n.
Proof: Utilizing basic properties of diagonal and multiplication operators,
a routine computation gives that D1M; (e,) = aM;D1(e,,) and M xD1(e,) =

1 — k1 — 4k — Ak i i
—enik = A~ elnik = @ Di(em") =a D%Mzk (en). It readily provides

that
DiM; = aM;D1 and M kD1 = a*D1iM k.
a a a a

With the aid of preceding observation, we get



348 Shesh Kumar Pandey, Anand Prakash Mishra

D1 (uM;T —=TM)D 2 =D 1 (UM;T)D 1+ —D_1 (TM)D 1
k= k= k=

anpr 7 appa %) appa @
=aMpM;D_1 (T)D 2 —D_1 (T)D_1 M ,i}.
anfl Kz wmpd | R

We know that uM;T — TM «x = AT. Multiplying preceding relation by the
operators D 1 _and D 1 in the order of pre and post respectively, we have

appa K1
al(BM;S —SM k) = AS,whereS=D 1 TD 1 .

apr K
This immediately gives that (BM;‘S — SMZk) = aS, which implies that S is
a generalized (a, f)- slant Hankel operator.

Now, we are going to investigate invariant subspaces of multiplication
operator having specific inducing function in terms of generalized (A, pt)- slant
Hankel operator.

Theorem 2.12. Let T be an operator from the space (4, x) - SHankk(L?).

Then the operators M« and M; have kernel ker (T) of T and closure Ran (T)
of range of T as invariant subspaces, respectively.

Proof: Assume that T € (A, p) - SHankk(L?). Then, we have pM;T —
TM x = AT, which is written in the form of (UM;" - AI) T =TMZ. Let us
assume that f be a function in the kernel kerT of T, then we have TM* (f) =
(UM, - AI) T (f) = 0.

This allows us to conclude that M (f) is again in the kernel ker T of T. Thus,
we get that the kernel ker T of T is an invariant subspace of M.
For the next part, again assume that T € (A, n) - SHankk(L?). then, we have
HUM;T — TM .« = AT. Consequently, it follows that

AT*M, — M, T* = AT",
on taking adjoint of above relation. After re-arranging term, it has the form as
AT M, = (M ) + ADT*. In the similar way as done in the above part, we

obtain that M(ker T") € ker T". Employing the fact that ker(T*)* = Ran(T),

it immediately gives that M;(Ran(T)) S Ran(T). Thus the result follows.
The next theorem furnishes a result for a generalized (A, p)- slant Hankel
operator, which is quite similar to the much-celebrated classical theorem for
Hankel operator by Kronecker. In the discussion of following result, the
boundedness condition on the operator T is relaxed for sake of convenience.

Theorem 2.13. Let T be an operator from the space (4, 1) - SHank(L?).
Then, the necessary and sufficient condition under which the matrix of T, with
respect to orthonormal basis {en} of L?(T), is of finite rank matrix is that each
of the function T(e;) is rational function for alli € {0,1,2, ...,k — 1}.
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Proof: Let T € (A, n) - SHankk(L?), it satisfies the relation pM;T —
TM,x = AT. Equivalently, we have (uM;—ADT =TM,.. For i€
{0,1,2,...,k — 1}, the repeated application of the preceding relation yields
that

(2.6) T(exm+i) = TM]k(e;)
= (WM; — ADTM (&)
= (uM; — AD*TM* (e;)
=(uM; — AD™T (e;)
It is obvious from the relation (2.6) that the operator T can be devised utilizing

the function T(ei) = ¢i in a unique way for each i € {0, 1, 2, ..., k — 1}. In the
view of the relation (2.6), the inner product (T (ey,+ilen) reduces to

(2.7) (T (exm+i)len) = ((uMz — AD™T (e;)|ey)
_ —\m
= <T(el-)|(yMZ — ) en>
= Zito(i) O™ TR UT (e) IMEey)
eo(0) (CO™ R UT (e lens)
foreachi€ {0,1,2, ...,k — 1}. The outputs obtained in the relations (2.6) and
(2.7) are enough to conclude that each k consecutive columns of the matrix
of T with respect to orthonormal basis are related to the functions
(uMy; — AI)™T (e;) as the corresponding co-ordinate vector in certain order.
Let ng = YK-4 N; be the rank of the matrix of T, which is finite. Then there
exists no + 1 constants (namely, ago, 0 < py < N, and for + 0, a,",i, 0<p <
— 1), not all zero such that

(2 8) Ty ap, (WM; — ADPogy + NI S0 0 ab, (uM; — ADPigp; = 0.
Again, by a routine computation, we have
(2.9) 500 @D, (WM — Ao = Tp0_sad Tho_ (1) (~A)Po—kopkom; 0,

N —ko, ko pp*K
= 2N Tnoy, @B (20) (~)PoFouko M o g,

For i€ {0,1,2,..,k — 1}, applying the similar technique as done in the
relation (2.9), we get that

(2.10) B5'2g ab, (uM; — ADPig; = X170 ab, Thi_ (P{)(_A)m—ki#kiM;ki(pi

ZQ 012 k ;‘)l (pl)( APikiykipFig,
With the help of relations (2.9) and (2.10), the expression appearing on the
left-hand side of the equation (2.8) can be written as
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(2.11) Tp0gah, (uM; — ADPog, + T 3,70 @b (WM — ADPigp,
Z —OZ ko go (po)( /1)1?0 ko,ukoM*kO(Po
D O

Zko—O Cko M*ko(po + Z k 0 k M (pl
The constants ck0 and ¢, for i € {1, 2, ..., k=1}, appearing in the above
relation are given by

0 _ N 0 —ko, k
€8 = Ty, @9, (70) (=2)Pokopko

ch, = TpiTe ab (B) ("

Fori€ {1, 2, ..., k— 1}, the relations (2.8) and (2. 11) aIIows us to conclude
that cp, = c, = 0 for 0 < py < Npand 0 <ki<Ni—1ifand only if ap =
ap, = 0 for 0 <po<Noand 0 < pi<Ni—1. Equivalently, fori € {1, 2, ..., k-1},
we derive that the set
S = {(uMz — ADPogy, (WMz — ADPi;: 0 < pg < Np, 0 < pi < N; — 1}
is a linearly independent set if and only if the set So given by S, =
(M,P° 0o, M,Pip;: 0 <po<No, 0 <pi<Ni— 1} is also linearly independent set.
From the above observations, it is easy to see that the function ¢ = Y% ¢;
acts as a inducing symbol of the Hankel operator, whose matrix
representation have the co-ordinate vectors corresponding to M,?°¢, and
M;Pigp; as its columns, where 0 < po< Noand 0 < pi < Ni— 1. Therefore, the
Hankel operator with symbol ¢ = ¥¥_, ¢; is an operator of finite rank if and
only if the operator T also have finite rank. With the aid of much celebrated
Kronecker theorem related with Hankel operator, we find that all the
functions ¢, for i €{0,1,2,...,.k —1}, are rational functions.

Let us revisit to our main goal of analysis, which consists of investigation
of non-trivial solutions of the operator equation uM;T — TM i« = AT for an
arbitrarily choose complex numbers A and .

Theorem 2.14. The operator equation uM;T — TM x = AT admits non-
zero solution under the condition |u| # 0, and |4| < 1+|u| and trivial solutions
under the following condition:

(1) Jul<2land |i] > 1+ uf;

(2) [u[>1and [2|> 1+ .

Proof: It is well known that uw — 1 € D if and only if |4| < 1 + |y| for
complex numbers p #0, 2 and we€ D, where D is the open unit disk. Therefore,
at the first glance, it is easy to find a number w in open unit disk D such that
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uw —Ais also in D. It also allows us to choose function S, defined by (2.1).
Utilizing the function S, let us define a rank one operator T given by

T= S(T)® S’i/uw——l
Note that R(f ® h)S = (Rf) ® (S*h) for all operators R and S from B(L?(T))
and f, h € L%(T). Now, consider the operator uM;T — TM ,«, which gives that

= H(M;SJ)@SW) - (Sa® M Sivm) -

A routine computation derives the fact that M;Sg = wSg and M xSg =

wkSz for each w in open unit disk D. Employing the above relation, the
equation (2.12) reduces to

WMET = TM e = po(Sa®Skro—7) - (ko = D(Sa®Skm—)

= (/1)(55)@5%) =AT
It clearly provides a non-zero solution T = S5;&® S;m of the equation

UM;T — TM x = AT under the condition |u| # 0, |A| <1 + |u|. Particularly, it
is a nontrivial solution of the considered operator equation for complex
numbers /, u satisfying 0 < |u| < 1, |A| < 2u|.
Now, we analyze the cases under which the equation uM;T — TM x = AT
has only trivial solution.
Case: 1 When |u| < 1 and |A| > 1 + |y]. In this case, define an operator Ry on
B(L?(T)) given by

R,(X) = puM;X — XM .,
for all X € B(L2(T)). From the part first, one may derive that the operator R,
has a complex number A as its eigenvalue if 1 satisfies |1| < 2|y
Consequently, it derives that the set {z € C: || < 2|u|} is subset of the
spectrum o(Ry) € {z € C: || <1 + |u|} of Ru. Equivalently, we obtain that |A]
> 1+ || is not a contained in o(Ry). Therefore equation uM; T — TM i = AT
admits only null operator as its solution.
Case: 2 When |u| > 1 and |4| > 1 + |y|. In this case, again define an operator

R1 B(L?(T)) — B(L?(T)) given by Rl(Z) =MZ — —ZM ,k for all operator

Z in the space B(L?(T)). As we know that for any operator T,0(T)c{zeC
|zl < |IT||}. Therefore, we have
1
}Q {ZG C:|z|< 1+ }

o(m)efre cols | l

As we have assumed that |[1| > 1 + ||, equivalently

R1
u
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1
Il

This provides R1 — %I as an invertible operator. Thus, we can infer that there
u
is only null operator, which is solution of operator equation puM;Z — ZM x =

AZ. This completes the proof.

Employing the Theorem 2.14 and the same technique??, the following
result can be easily obtained.

Corollary 2.15. There is only zero operator, which acts as a solution of
the equation pM;X — XMk = AX for the complex numbers 4, u satisfying
the relation |u| < 1, || > 2. Moreover, the same result is also true under the
condition |u| > 1, || > 2|u|.

From the Theorem 2.14, we devised a result, which also furnishes non-
trivial solution for the equation
(2.13) uM;X — XMk = AX

Corollary 2.16. The operator equation, given in (2.13), admits non-zero
operator as its solution if constants A, u satisfies one of the following
conditions.

(1) ul < land || < 2|p|

(2) M/>1and |1 <2

Proof: For a complex number p satisfying |4| < 1, the relation |1 < 2|y|
yields |4 < 2|y| < 1+|y|. Similarly, for a complex number p with the condition
|u| > 1, the inequality |A| < 2 provides that |A| <2 < 1 + |u|. Now, with the aid
of the Theorem 2.14, the result follows trivially.

|i|>1+
M

3. Conclusion

The problems (namely, to solve U*XU = AX and M;X — XM= = 0),
proposed by Barria, Halmos? and M.C. Ho*® respectively, gave a new insight
to consider different generalizations of Hankel and slant Hankel operators.
It motivate Avendano?, Suné, Datt, Aggarwal® and other mathematician to
consider different forms of Hankel operator (namely, A- Hankel operator?;
(A, u)- Hankel operator, A- Slant Hankel operator'341° (1, u)- slant Hankel
operator?®, i- Slant Hankel operator via spectral problem?’ respectively).
This paper generalizes the notion of slant Hankel operator via operator
equation pM;X —XM_x = AX. Here, we solve the equation pM;X —
XM = AX completely and discuss certain specific properties of its solution,
which is called as generalized (4,u)- slant Hankel operator. Our study
reduces to several well-known results and facts (investigated by
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mathematician of this area of research) for the particular choice to the
constants k, 4, u. For instance, if we take A =0, p =1 and k = 1, then our
study reduces to the study of Hankel operator on L?(T) and if we take k = 2,
A =0and p =1, then our study give results related to slant Hankel operator
done by Arora and Batra®-1°,

10.

11.

12.

References

S. C. Arora and R. Batra; Generalized slant Toeplitz operators on H?, Math.
Nachr., 278(4) (2005), 347-355. https://doi.org/10.1002/mana.200310244

J. Barria and P. R. Halmos; Asymptotic Toeplitz Operators, Trans. Amer.
Math. Soc., 273(2) (1982), 621-630. https://doi.org/10.2307/1999932

V. Peller; Hankel operators and applications, Springer-Verlag, New York,
(2003).

R. A. M. Avendano; Hankel Operators and Generalizations, Ph. D. Thesis,
University of Toronto, Canada, 2000.
https://tspace.library.utoronto.ca/bitstream/1807/13466/1/NQ53781.pdf

R. A. M. Avendano; A Generalization of Hankel Operators, Journal of
Functional Analysis, 190 (2002), 418-446.

https://doi.org/10.1006/jfan.2001.3869

P. Hartman; On completely continuous Hankel Matrices, Proc. Amer. Math.
Soc., 9 (1958), 882-866.
https://doi.org/10.1090/S0002-9939-1958-0108684-8

S. C. Power; C+Algebras Generated by Hankel Operators and Toeplitz
Operators. Journal of Functional Analysis, 31(1) (1979), 52-68.
https://doi.org/10.1016/0022-1236(79)90097-1

S. H. Sun; On the operator equation U~TU = A7, Kexue Tongbao (English
ed.), 29(3) (1984), 298-299. https://doi.org/10.1006/jfan.1997.3110

P. R. Halmos; Hilbert Space Problem Book, Springer-Verlag, New York,
(1979).https://csclub.uwaterloo.ca/~pbarfuss/Paul%20R.%20Halmos%20-
%20A%20Hilbert%20Space%20Problem%20Book%20(1982)%20%5B978
-14684-9330-6%5D.pdf

H. Hankel; Uber eine besondere Classe der Symmetrischen Determinanten,
(Leipziger) Dissertation, Gottingen, (1861).

M. C. Ho; Spectral properties of slant Toeplitz operators, Ph.D. thesis,
Purdue-University, Indiana, (1996).
https://docs.lib.purdue.edu/dissertations/AAI9713523/

M. C. Ho; Spectra of slant Toeplitz operators with continuous symbol.
Michigan Math. J., 44 (1997), 157-166.

https://doi.org/10.1307/mmj/1029005627



https://doi.org/10.1002/mana.200310244
https://doi.org/10.2307/1999932
https://tspace.library.utoronto.ca/bitstream/1807/
https://tspace.library.utoronto.ca/bitstream/1807/
https://doi.org/10.1006/jfan.2001.3869
https://doi.org/10.1090/S0002-9939-1958-0108684-8
https://doi.org/10.1016/0022-1236(79)
https://doi.org/10.1016/0022-1236(79)
https://doi.org/10.1006/jfan.1997.3110
https://csclub.uwaterloo.ca/
https://csclub.uwaterloo.ca/
https://csclub.uwaterloo.ca/~pbarfuss/Paul%20R.%20Halmos%20-%20A%20Hilbert%20Space%20Problem%20Book%20(1982)%20%5B978-1-4684-9330-6%5D.pdf
https://csclub.uwaterloo.ca/~pbarfuss/Paul%20R.%20Halmos%20-%20A%20Hilbert%20Space%20Problem%20Book%20(1982)%20%5B978-1-4684-9330-6%5D.pdf
https://csclub.uwaterloo.ca/~pbarfuss/Paul%20R.%20Halmos%20-%20A%20Hilbert%20Space%20Problem%20Book%20(1982)%20%5B978-1-4684-9330-6%5D.pdf
https://csclub.uwaterloo.ca/~pbarfuss/Paul%20R.%20Halmos%20-%20A%20Hilbert%20Space%20Problem%20Book%20(1982)%20%5B978-1-4684-9330-6%5D.pdf
https://docs.lib.purdue.edu/dissertations/AAI9713523/
https://doi.org/10.1307/mmj/1029005627

354

13

14

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Shesh Kumar Pandey, Anand Prakash Mishra

. G. Datt and G. Aggarwal, On a Generalization of Hankel Operators via
Operator Equations, Extracta Mathematicae, 28(2) (2013), 197-211.

https://matematicas.unex.es/~extracta/\Vol-28-2/28J2Datt.pdf

. G. Datt and R. Aggarwal; A Note on the Operator Equation Generalizing the
Notion of Slant Hankel Operators, Anal. Theory Appl., 32(4) (2016), 387-
395. https://doi.org/ 10.4208/ata.2016.v32.n4.6

G. Datt, and D. K. Porwal; On Weighted Slant Hankel operators, Filomat,
27(2) (2013), 227-243. https://doi.org/10.2298/FIL1302227D

S. C. Arora, R. Batra and M. P. Singh; Slant Hankel Operators, Archivum
Mathematicum (BRNO) Tomus, 42 (2006), 125-133.

https://www.emis.de/journals/AM/06-2/ am1279.pdf

R. L. Kelley; Weighted shifts on Hilbert space, Dissertation. University of
Michigan, Ann Arbor, Mich. (1966). https://dx.doi.org/10.7302/10132

G. Datt and A. Mittal; Essentially Generalized /A-Slant Hankel Operators,
Gulf Journal of Mathematics, 5(3) (2017), 70-78.

https://doi.org/10.56947/gjom.v5i3.110

G. Datt and R. Aggarwal; Essentially (4,u)- Hankel Operator, Functional
Analysis, Approximation and Computation, 6(1) (2014), 35-40.

C. Gu and D. Zheng; The semi-commutator of Toeplitz operators on the
bidisc, J. Operator Theory, 38 (1997), 173-193.

https://www.jstor.org/stable/24718835

H. Guediri; Dual Toeplitz operators on the sphere, Acta Math. Sin. (Engl.
Ser.), 29(9) (2013), 1791-1808. https://doi.org/10.1007/s10114-013-1717-z
H. Guediri; Product of Toeplitz and Hankel operators on the Hardy space of
the unit sphere, Oper. Theory Adv. Appl., 236 (2014), 243-256.

D. Zheng; Toeplitz operators and Hankel operators on the Hardy space of the
unit sphere, Journal of Functional Analysis, 149 (1997), 1-24.
https://doi.org/10.1006/jfan.1997. 3110

C. Gu, B. Lanucha and M. Michalska; Characterizations of Asymmetric
Truncated Toeplitz and Hankel Operators, Complex Analysis and Operator
Theory, 13 (2019), 673-684. https://doi.org/10.1007/s11785-018-0783-8

B. Lanucha and M. Michalska; Compressions of k™- order slant Toeplitz
operators to the model spaces, Luthinian Mathematical Journal, 44 (2022),
157-166. https://doi.org/10. 1007/s10986-021-09548-3

S. K. Pandey and A. P. Mishra; A Note on (4, u)- Slant Hankel Operators on
L?(T), Gulf Journal of Mathematics, 17(1) (2024), 58-71.
https://doi.org/10.56947/gjom.v17i1.1503

S. K. Pandey and A. P. Mishra; Spectral Problem deriving - Slant Hankel
Operators, (Communicated).



https://matematicas.unex.es/
https://matematicas.unex.es/
https://matematicas.unex.es/~extracta/Vol-28-2/28J2Datt.pdf
https://doi.org/10.4208/ata.2016.v32.n4.6
https://doi.org/10.4208/ata.2016.v32.n4.6
https://doi.org/10.2298/FIL1302227D
https://www.emis.de/journals/AM/06-2/am1279.pdf
https://www.emis.de/journals/AM/06-2/am1279.pdf
https://dx.doi.org/10.7302/10132
https://doi.org/10.56947/gjom.v5i3.110
https://www.jstor.org/stable/24718835
https://doi.org/10.1007/s10114-013-1717-z
https://doi.org/10.1006/jfan.1997.
https://doi.org/10.1006/jfan.1997.
https://doi.org/10.1007/s11785-018-0783-8
https://doi.org/10.1007/s11785-018-0783-8
https://doi.org/10.1007/s10986-021-09548-3
https://doi.org/10.1007/s10986-021-09548-3
https://doi.org/10.56947/gjom.v17i1.1503

