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Abstract: In this paper, our aim is to investigate para-Sasakian manifold
admitting Ricci solitons satisfying the conditions R(& X).R =
0,R(£X).P=0,P(EX).R =0 and S(& X). P = 0and also find some
interesting results.
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1. Introduction

T. Takahashi! introduced almost contact manifolds equipped with an
associated pseudo-Riemannian metric. In particular, he studied Sasakian
manifolds equipped with an associated pseudo-Riemannian metric. T. Adati
and K. Matsumoto? defined para-Sasakian and special para-Sasakian
manifolds. These manifolds are special cases of an almost paracontact
manifold introduced by I. Sato and K. Matsumoto®. In the same paper, the
authors studied conformally symmetric para-Sasakian manifolds and they
proved that an n-dimensional conformally symmetric para-Sasakian manifold
is conformally flat and special para-Sasakian. Later on, Ricci solitons in
contact metric manifolds have been studied by several authors like Bagewadi
et al.*% Bejan and Crasmareanu’, Blaga®!, Chandra et al.}l, Chen and
Deshmukh'?, Chenxu and Meng®3, Nagaraja and Premalathal4. n-Ricci
soliton have been studied by various authors®>1°.

The Ricci flow is an evolution equation for metrics on a Riemannian
manifold defined as follows
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A Ricci soliton (g,V, A) on a Riemannian manifold (M, g) is generalization
of an Einstein metric such that it satisfies the following condition?®

(1.1) Lyg(X,Y) +2S(X,Y) + 249(X,Y) = 0,

where S is the Ricci tensor, Ly is the Lie derivative operator along the vector
field V. on (M,g) and Ais a real number. The Ricci soliton is said to be
shrinking, steady, or expanding according as A is negative, zero or positive.

The present work is organized as follows: After introduction, in section 2, we
recall basic formulas and results of para-Sasakian manifold. Section 3, deals
with Ricci soliton in para-Sasakian manifolds satisfying R(& X).R = 0.
Section 4 concerned with the study of Ricci soliton in para-Sasakian
manifolds satisfying R(& X). P = 0. In section 5, we study Ricci soliton in
para-Sasakian manifolds satisfying P(& X). R = 0. Section 6 is devoted to the
study of Ricci soliton in para-Sasakian manifolds satisfying S(& X).P = 0.

2. Preliminaries

An n-dimensional differentiable manifold M is called almost paracontact
manifold with almost paracontact structure (¢, & r7) consisting of a (1,1)-
tensor field ¢, a vector field & 7 is 1-form and semi-Riemannian metric g
such that

(2.1) 9*(X) = X —n(X)¢,

(2.2) n) =1,

(2.3) ¢ () =0,

(2.4) n(eX) =0,

(2.9) g(@X,9Y) = gX,Y) —n(X)n(Y),
(2.6) 9(eX,Y) = g(X, ¢Y),

(2.7) 9(X, &) =n(X),

(2.8) 9.8 =n) =1,

(2.9) (Vx@)Y = —g(X, pY)§ —n(Y)p?X,
(2.10) (Vx$) = o (X),

where V is the Levi-Civita connection. A manifold endowed with para-
Sasakian structure (M, ¢, &, n, g) is called a para-Sasakian manifold.

(2.11) dn(X,Y) = QX,Y) = (Vxkn)Y = g(eX,Y),
forall X,Y,Z in M, where 2 is the fundamental 2-form.
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In a para-Sasakian manifold M, the following relations hold

(2.12) R XY = —g(X,Y)§ +n(Y)X,

(2.13) RX,Y)§ = —n(V)X + n(X)Y,

(2.14) nR&X,Y)Z) =g, Z)nX) — gX, Z2)n¥)],
(2.15) S(eY,9Z) =S¥, Z) + (n — Dn(Y)n(2),
(2.16) S(pY,Z) =S(Y,9Z),

(2.17) S¥,8) =—(mn—Dn).

Let (g,V, A) be a Ricci soliton in a para-Sasakian manifold, then
(2.18) (Leg)(X,Y) = 2g(X, oY),

Using (2.18) in (1.1), we have

(2.19) SX,Y) =—-[gX,9Y) + Ag(X, V)],

(2.20) SX,8) = —AnX),

(2.21) Q(X) = X — AX,

where Q is the Ricci operator.

(2.22) r =nlpX — AX].

The Projective curvature tensor P is defined as

(2.23) P(X,Y)Z =R(X,Y)Z - ﬁ [S(Y,2)X — S(X, 2)Y].

By the virtue of (2.14), (2.20) and (2.22), we have

(2.24) P(§,Y)Z = —g(Y, 2)§ +n(D)Y + —=[(D)§ — g(Y, 2)§] — ——g(pY, 2)&.
Replacing Y by ¢ in (2.23) and using (2.2), (2.14), (2.20) and (2.21), we have
(225)  P(,OZ =1+ M2)X - gX 2] + —g(pX D)E.

Again replacing Z by ¢ in (2.23) and using (2.2), (2.3), (2.14), (2.18) and
(2.21), we have

2
(n-1)

(2.26) P(X, 1§ = |1 - | ()Y —n(nx],

@27) P2 = | -1 8L D) - gX DY)

(n

1
———7 [8(eX, Dn(X) — g(pX, Zn(¥)]
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3. Ricci soliton in para-Sasakian manifolds Satisfying R(£ X).R = 0
In this section, we study Ricci soliton in para-Sasakian manifolds
satisfying R(§ X).R = 0. i.e. (R(&X).R)(Y,Z)W = 0, it implies that
(3.1) R(EX)R(Y,Z)U — R(R(&X)Y,Z)U —R(Y,R(&EX)Z)U
—R(Y,Z)(,X)U = 0.
Using (2.14) in (3.1), we have
3.2) n(RY,2H)U)X — g(X,R(Y,Z2)U),—n(Y)R(X,Z2)U + g(X,Y)R(EZ)U
—n(Z)R(Y,X)U + g(X, Z)R(Y, U — n(U)R(Y,Z)X + g(X,U)R(Y,Z){ = 0.
Taking inner product of (3.2) with £ and using (2.2) and (2.3), we have
(3.3)  gX R(Y,2)U) = n(X)nR(Y,Z2)UV)X —n(¥)n(R(X,Z)U) .
+9 (X, Y)n(R(& 2)U) —n(Z)n(R(Y,X)U)
+8(X, 2)n(R(Y, HU) — n(U)n(R(Y, 2)X) + gX, U)n(R(Y, Z)<.
In view of (2.14), equation (3.3) turns to
(3.4) X, R(Y, Z)W) = =2g(Z, Un(X)n(Y) + g(X,Z)g (Y, U)g(X,Y)g(Z, U).

Taking X = U = e; in above equation and taking summation over i, i €[1, n],
we get

(3.5 S(Y,Z) = —2np(Y)n(2).
Now taking Y =¢ in (3.5), we have

(3.6) S(¢&,Z) = —2nn(2).
Using (2.19) in (3.6), we have

(3.7) A=2n.

Hence we have the following theorem:

Theorem 3.1. Ricci soliton in para-Sasakian manifolds satisfying the
condition R(& X). R = 0 is always expanding.

4. Ricci soliton in para-Sasakian manifolds Satisfying R(£ X).P = 0

Let us take R(& X).P = 0, then we have
(4.1) R(EX).P(Y,Z)U — P(R(EX)Y,Z)U — P(Y,R(EX)Z)U
—P(Y,2)R(EX)U = 0.
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By virtue of (2.12) in (4.1), we have

4.2 nPY,2) X —-gX,P(Y,2)U)E—n(Y)P(X,Z)U
+9(X,Y)P(&Z)U —n(Z)P(Y,X)U + g(X,Z)P(Y,HU

—n(U)PY,Z2)X + gX,U)P(Y,Z){= 0.
Taking the inner product with & in (4.2) and using (2.7) (2.8) we have
(4.3) nXn(P(Y,2)U) — gX,P(Y,Z)U) —n(Y)n(P(X,Z)U)
+9(X,Y)n(P(&2)U) —n(Zn(PY,X)U) + g(X, Z)n(P(Y, HU)

—n(Un(PY,2)X) + g(X,Un(P(Y,2)$) = 0.

Using (2.27) in (4.3), we get

Y

(44) g P, DV) = |25 - 1] [8(X, W) — g(¥, VN OI@)
(9, Vg(ez,V)

—9(X,2)g(oY,0)) + (g(X, 9Y)n(2) — g(9Z,X))n(U)] = 0.
In view of (2.23), (4.4) reduces to

A —
(n-1)

(45) g R(Y,2)U) = [ 2= — 1] [gX, Ln(¥) — g(¥, NX)In(2)

+g(X,)g(Z W) — g(¥,U)g(X,Z)] - (nil) [(g(X, Un(Y)n(eZ)
—gX, Un(eYIn(2)] + [g(X,Y)g(eZ,U) — g(X,Z)g(eY,U)
+9(X, pYIn(Z2) — g(9Z, X)n(U)]

L_[S(Z,)g(X,Y) = S(Y,U)g(X,Z)] = 0.

+

(n-1)
Taking X = U = £ in (4.5) and using (2.4), (2.7), (2.8) and (2.17), we get
(4.6) S(Y,Z) =0.
By using (2.19), (4.6) becomes
4.7 —g(oY,Z)+ Ag(Y,Z) = 0.
Taking Y =Z = ¢ in(4.7) and using (2.3) and (2.8), we get
(4.8) A=0.

Hence we can leads to the following theorem:

Theorem 4.1. Ricci soliton in para-Sasakian manifolds satisfying the
condition R(& X). P = 0 is always steady.
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5. Ricci soliton in para-Sasakian manifolds Satisfying P(£X).R =0

In this section, we take P(& X).R = 0, then we have
(5.1) P(EX)R(Y,Z)W — R(P(EX)Y,Z)W — R(Y, P(EX)Z)W
—P(Y,2)R(EX)W = 0.
By virtue of (2.24), equation (5.1) becomes
(5.2) [M(R(Y,Z)U)X — g(X, R(Y,2)U)E+ g(X, Y)R(S Z)U
—n(Y)RX, 2)U + g(X, DR(Y, HU — n(Z)R(Y,X)U]
S MR, DU)E - g RY, DU)E — n(VIRE DU
+g(X, Y)R(EZ)U + g(X, Z)R(Y, HU — n(Z)R(Y,X)U
+8X VR, D)~ nU) RY,2)E — =25 [8(9X RV, Z)V)E
—8(¢X, Y)R(& Z2)U — g(@X, 2)R(Y, HU — g(eX, U)R(Y, Z)¢] = 0.
Taking the inner product with £in (5.2) and using (2.7) (2.8) we have
(5.3) [nCOnRY,2)U) — g(X,R(Y, 2U) + g(X, Y)n(R(S Z)U)
—n()nRE V) + gX, Z)nRY, HU) — n(Z)n(R(Y, X)U)]

- [1(R(Y, 2)U) — g4, R(Y, )U) — n(")n(R(E Z)U)

+g(X, Y)n(R(& Z2)U) + g(X, Z)n(R(Y, HU) — n(Z)n(R(Y,X)U)
[g(@X, R(Y,Z)U) — g(@X,Y)n(R(& Z)U)

—8(X, Z)n(R(Y, HU) — g(eX, U)n(R(Y,2)§] = 0.
By using (2.7) and (2.14) in (5.3), we have

+

+

(n-1)

(5.4) |55 - 1] lor. v) =] = 0.
Since g(Y, U)=n(U)n(Y) therefore we have
(5.5) A=n-1).

Hence we have the following theorem:

Theorem 5.1. Ricci soliton in para-Sasakian manifolds satisfying the
condition P(& X).R = 0 is always expanding.
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6. Ricci soliton in para-Sasakian manifolds Satisfying S(& X).P =0

In this section, we take S(& X). P = 0, then we have
(6.1) (S(X,8).P)(Y,2)U = (X As OP)(Y,2)U
= X As OPY,2)U + P((X Ns E(Y,Z)U)
+P(Y, (X Ag O)U + P(Y,Z)(X As U,
where the endomorphism X Ag Y is defined by
(6.2) XA YVZ =S, 2)X -SX,2)Y.
From (6.1) and (6.2), we have
(6.3) SX,6.PYY,2)U=SEPY,2) U)X —SX,P(Y,2)U)¢
+S(&Y)P(X,2)U — S(X,Y)P(§,2)U + S(&,Z)P(Y,X)U
—S(X,Z)P(Y, &)U + S(&,U)P(Y,Z)X — S(X, U)P(Y, Z)¢.
Putting (S(X,§).P)(Y,Z)U = 0in (6.3), we have
(6.4) S, P(Y,2)U)X — S(X,P(Y,Z)U)é + S(§,Y)P(X,Z)U
—S(X,Y)P(&,2)U +S(&,2)P(Y,X)U - S(X,2)P(Y, &)U
+S(E, P, 2)X — S(X,U)P(Y,Z)E = 0.
Taking the inner product with & in (6.4) and using (2.7), (2.8) we have
(6.5) S PY,2UnX)—=S&,PY,Z)U) +SE, Y)n(PX,Z)U)
=SX,Y)n(P(, 2)U) + S, Z)n(P(Y, X)U) — S(X, Z)n(P(Y,§)U)
+S(& Un(P(Y,Z)X) — S(X, U)n(P(Y,2)§) = 0.
By Using (2.20) and (2.27) in (6.5), we have

—] [-24(gZ, UM - g (¥, V()

(n—
+(S& YIN2) = S EHMW))nU) = 29(Z, E)n(YInU)
+5(£,2)g(Y, U) — S(&,Y)g(Z, U)]

— oo [~ 28(0Z, Un(Y) + 22g(0Y, Win(2) + S, 2)g(eY, U)].
Replacing Y by ¢ in (6.6) and using (2.7), (2.8), we have

(6.6) S(&,P(Y,2)U) = [/1 -

1

6.1) =n(PE,2)V) = |12 | [-24(9(Z, V) = (W) n(@)) + An(2)]
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—(nfn[—Zﬂg(¢Z,U)4-Ag(¢Z,U)-An(wZ)n(U)l

By using (2.25) in (6.7), we have

(6.8)

1
(n-1)

1 - 5| (=292, 0) + AnW) n(2) + An@)] = 0.

Taking Z = U = ¢ in (6.8) and (2.7), (2.8), we have

(6.9)

1-—=|1=0.

(n-1)

Hence we can leads to the following theorem:

Theorem 6.1. Ricci soliton in para-Sasakian manifolds satisfying the
condition S(& X). P = 0 is either steady or expanding.
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