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Abstract: In this paper we have defined several new connections and
obtained curvature properties based on curvature tensors related with
those coefficients of connections. Some interesting results related with
those connection and curvature tensors in almost complex manifold have
been obtained.
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1. Introduction

Let (M", g) be an even dimensional space of class C"*1, with co-ordinate
neighbourhoods (U,%"), (h = 1,2,3...n) and let g;; and F]* be respectively
the components of the Hermitian metric tensor and an almost complex
structure tensor of M™, such that

irh _ h
(1.2) FiFl = =§;
and
(1.2) FFfges = gij-

If F; = Fjign- then we can observe that F;; = —F;; and th Fpe = gjn- Let
Kyjin, Kj; and K be respectively the curvature tensor, Ricci tensor and
curvature scalar of M™, we have! :
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(1.3) Hi; = (/) KijinF™,
(1.4) Hpj = KhsP}'S' Ky = —HksP}'s
and _

(1.5) K = —Hy;F".

Let V be a linear connection in a Riemannian manifold M™ of dimension
n(> 2), then the quarter-symmetric connection is defined and expressed
locally by Golab? as follows:

h
(1.6) I} = {,l} +T/'p; — Tjsp"
where h are christoffel symbols, T;; is a symmetric tensor and p; is a 1-form
i ]

such that p" = g¥p;.

Various properties of quarter-symmetric connections have been studied by
several authors including Dwivedi et al.?, Rastogi*®, Mishra and Pandey’,
Yano?, Yano and Imai®, in which they gave the definition of the most general
form of quarter-symmetric connection as follows:

h
. o = {3} + Uppi— ol — U
where Uj;; and Vj; are respectively symmetric and skew-symmetric parts of an

arbitrary tensor T;; and U* = Uy, g™, V" = Vj, g™

The connection l“j’} given by equation (1.7) is such that the torsion tensor is

given by T/'p; — T/'p; and curvature tensor R} ;; is expressible as

(1.8) RRji = Kiji — s(iiolUrpji + PrUji — piVi U} + 0"V Uy + VIV,p;
+; ViV, = VIppiUf + Ui Vipkp™ + UgVipjpe — pip*VitU;]

where pj; = V;p; — Upep®p; + (1/,)Ujipe p°, PP = pic g™ and ;1) means

interchange of indices j & k and subtraction.

2. First Connection Parameter I‘].(il)h
Let us assume that the Christoffel symbol is being transformed to a
oo (DR : - : :
connection ;" given by equation (2.1) in the following form:
nh _ (h
@ R R
where p" is a non-zero vector field.
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Let V) be the covariant derivative based on coefficient of connection I‘j(l.l)h,
then from equation (2.1), for a tensor Tj., we have

(2.2) Vg)Tgc = Vi Tpe = Fr ToeP® + 0" (Frp Tre + Fine Ty,

which easily yields

(2.3)8. vg)gbc = FmpDc + chpb
and
(2.3)b VO FE = Vi FE = gmpp® + Frp FEDT.

Hence we have
Theorem 2.1: The connection l“j(l.l)h is @ non- metric connection as well
as the covariant derivative of the tensor Fj satisfies equation (2.3)b.

If S§;”"is the torsion tensor of connection TV, from equation (2.1), we
can obtain

Mhr _ (DA (Wh _
(2.4) Sii _'Fji —ri" = 2F,p".
Multiplying equation (2.1) by Fi, we get after some simple calculation
a

e = s (5] 1)
which leads to

h a
e o= (2)-157)

From equation (2.1) and (2.5) we obtain and define following connection
parameter
h a
@n TP == Ergtn P = (- RiFig {7
which gives the following theorem:
Theorem 2.2: The connection parameter * , defined by equation

(2.7), is an invariant connection parameter obtained by the transformation of
Christoffel symbol with the help of equation (2.1).

(Dh
I

If *Vg,? is the covariant derivative based on coefficient of connection
D", we get

a a
(2-8)3- *Vgrll)gbc = Fcf(ch {bt} + Fp {Ct})
and
28 VYRS =V, FE—FL° a_ [, F
() m'hb mtb S \ut (gmbg mb )

Hence, we have:
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Theorem 2.3: The covariant derivative *Vg), based on coefficient of
connection *Fj(l.l)h is non-metric and satisfies equation (2.8)b.

R(l)h

3. Curvature Tensor Ry ;

Let Rg}ih be the curvature tensor based on coefficient of connection F,E]ll)h

then we obtain
(3.1) R = Kiji = S [P Vi + Fiip"Vi — pOp"Fieo Fi |

kji

which leads to

(3.2) R = Kji — Vi (Fip") + Vi (Fuip™) — pp" Fio F
and

(3.3) RW =K +p% +V,(F/p").

From equation (3.1) we can obtain following curvature identity

34)  [RU! +2Vi(p"Fy) + 209" Fiap"Fyil + Cycl(i,j, k) = 0,
while equation (3.2) gives

35  RY =R =V;(Fup™) - Vi(Fyjp") — 2Vi(Fp").

From equations (3.3), (3.4) and (3.5), we have:

(Dh
Riji

satisfies curvature identity (3.4).

Theorem 3.1: (i) The curvature tensor obtained from the

connection coefficients Fj(il)h
(i) The Ricci curvature Rj(l.l) shall be symmetric in i & j if and only if
V;(Frip™ — Vi(Fnjp") = 2V, F;ip",

(iii) RM =K +p? + V;F/p".

In case of Kahler space using V;(Fy;) = 0, we can obtain

Theorem 3.2: In case of Kahler space,
(i) The curvature tensor R,S)ih, satisfies identity

[RO® + 2, 9,p" + 2pp" Fea Fye| + Cyel. (i, j, k) = 0,
(1) The Ricci tensor R].(l.l) shall be symmetric in i & j if and only if
2F;Vyp" = F,V; p" — Fy;V; p",

(iii) R® =K + p? + F/V,p".
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From equation (3.1), we can obtain
(3.6) ViR, = VinKicjin = 50110 [(VinD™ (VicFji — D%FieaFji) + (Vi) (Vicor)
+Ph{(vkaFji) — (Vi Fra) Fji — Pa(VmF}'i)Fka}
+Fi{(VinVipn) — (Vi p*)DnFrall
which leads to following curvature identity
(3.7) [VaR$y + [0 VmPn) (FiaFii — FieaFii = *Pr{ (TmFica — VicFna) Fi
+(VmFii — ViFi)Fia} + Pn (Y Vi — ViV Fii + Fii (Vi Vi — ViV)ps
—Fippn{ (Vinp*) Fra — (Vi) Fro — (Vikp®) Fna 3l + Cycl. (i, j, k) = 0.
In case of Kahler space equations (3.6) and (3.7) respectively reduce to
(38 Vv R%)lh = VonKxjin = S [(VinPr) P FaFji + Fii{ (Vi Vieon)

+(Vmpa)phFak}]
and

(3.9) VR G + [0 (Vo) (FiaFiei — FiaFii) + Fji (TnVie — ViV
—F;ippn{ (Vinp®) Fra — (Vi) Eng3ll + Cycl. (j,m, k) = 0.
From equation (3.8) and (3.9), we have the following theorem:
Theorem 3.3: In case of Kahler space,
(i) Covariant derivative of the curvature tensor R%)ih, satisfies equation (3.8),
(i) The Ricci tensor Rj(l.l) shall be symmetric in i & j if and only if
ViR = VinKijin,
(iii) The Bianchi identity based on curvature tensor R,Szh, is given by
equation (3.9).

*R(l)h

4. Curvature Tensor *R,;;

Let *R,Szh be the curvature tensor based on coefficients of connection *I‘].(l.l)h,

then we can obtain by virtue of equatlon (2.7)
a
@1) *R&" = Kl + ¢ [g SECFy 4+ g7 FadiFE +
a
F; {rt} Fii0;g™ + Fatgthkiaj {rt} +

s () )+ o () ) o]
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From equation (3.1) and (4.1) we obtain a relation between curvature tensor
*RODM and R in the following form:

i i
(4.2 *RG" = R +cguol(p" + g™ {u}Ft) (Vicje) + By (Vip" -
g™ {SYourt - EH{ Y ong™ — Figma {0 ) +
o )+ e (42 - o)
From equation (4.1), we can obtain on contraction for k & h
(43) *RY = Kji + g™ { “VEE(VFy — Vi) + g™ {1 B (Fuady B -
FonFl) + B {1y} (Fuidsg™ — Fidng™) +
Fig™ (Fudy {ye} = Fudn {ye ) +
Firsg™ (i} (s} (Fafi? = Fuf?),
which shows that
(44) *RP —*R( = g™ { "V FH(29,Fy; = V;Fy; — ViFy;)
+g" { "} (Fui 0;FS — Fuj 0:Ff — 2F; 0, Ff)
+F {2} (Fui 0,9™ = Fij 0197 — 2Fj; 0, g™)
g™ {ps} (F’” Lh} Fnj {z};} 2Hji {hha}>
+(EFs g™ {1} {ps}). (2FFY — FugFP — FojFP),
Further from equation (4.3) we can obtain
(45) RW =K — g™ {“V(EEv;E] - F o;RE) + FEF{ D} 0,97

+g™ 9, { D + 2R g7°F] {ps}{,h}

In case of Kahler space equation (4.2), (4.4) and (4.5) respectively give
(4.6)a *R,Eﬁh R%)lh + ¢ [Fii (V™ — g™ { }akFt { }akg

—FE g™ 0 { )+ Fo a7 () {k"a} + B {0 e — 0" Fi)]
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(4.6)b *R —*R( = g {rut} (Fpi 0,FL — Fy; 0;Ff — 2F;; 0, FY)
+F; {:ft} (Fpi0,9™ — Fnj 0,9™ — 2F;; 0,9™)
u u u
+REg™ (Fus 9y} = Py 0y} = 21 0n {1 })
h h h
+ES gPa {ps} (Fm La} — Fyj {ia} — 2F;; {ha}>

u
HEESG™ ([} {po- @EAEY = Fuf = FuyfD).
and

~ N " u i Uy(h
(46)c *R® =K + g™ EF o, { ") + 2gP9F)EY {ps}ba}

+o IR {97 ) e

el -l )
Hence, we have:

Theorem 4.1: In case of a Kahler space tensors*R,Szh, *R(l) and *R™W
satisfy equations (4.6)a, (4.6)b and (4.6)c.

5. Second Connection Parameter I‘j(l.z)h

Let us assume that the Christoffel symbol is being transformed to a
connection Fj(l.z)h given by equation (5.1) in the following form:

2n _ (h
(5.1) " = Ll} - 9" — a;F",
where g™ is a non- zero vector field. Let Vf,f) be the covariant derivative based

on coefficient of connection l“j(iz)h, then from equation (5.1), for tensor Ty,
we can obtain

2

(5.2) VOTE = VouTE — 0°Grmr The + 4% Grp T% + Gmc T
_Qm(F;‘aTlrc - FI:Trac - Fchlglr):
which leads to
2
(5-3)3- vgn)gbc = qp9mc T QcGmp
and
2

(5.3)b VOFE = VynF2 — q%Fpm + 4" FGmp-
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Hence, we have:

Theorem 5.1: The connection IS @ non- metric connection as well
as the covariant derivative of the tensor F¢' satisfies equation (5.3)b.

In case of Kahler space, equation (5.3) b reduces to

2)h
I

2
(5.4) Vi B + 4*Fym = 4" gy = 0.
If S{7™ is a torsion tensor of connection [Y™", from equation (5.1), we can
obtain
(2)h (2)h (2)h
(5.5) Sﬁ = l'}-l- - Fij = CIiF}'h - CIjFih-

Contracting equation (5.1) for h & i, we have

h
(5.6) q; = {,h} —r@n,

Substituting the value of g; in equation (5.1), we get
h a a
67 TP = TP~ P - gugr2 = L= R {0} = ane™ o)
Hence, we have:
Theorem 5.2: The connection parameter *I};*", defined by equation

(5.7), is an invariant connection parameter obtained by the transformation of
Christoffel symbol with the help of equation (5.1).

(2)h
i

If *V,(ﬁ) is the covariant derivative based on coefficient of connection
*T 2", we can obtain

2 d d
68) VTE = VT = B { 3T = gmrg? [ Tic

(d o (d d
+g7 L @ + gmeT) + ER 2 1o +{ ) 10,

which gives

* d d
(5.9)8. Vg)gbc = {bd} (gmc + ch) + {Cd} (gmb + Fmb)
and

(59)b *Vg) Fl()l = VmFl()1 - {pdd} (Fbm + chgpa - Fpagmb)-

Hence, we have:
Theorem 5.3: The covariant derivative *Vﬁ), based on coefficient of
connection *Fj(iz)h is a non- metric and satisfies equation (5.9) a and (5.9)b.
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6. Curvature Tensor R}f)h and *Rg.gh

Let R](.l.z)h be the curvature tensor based on coefficient of connection R](.iz)h

then we can obtain from equation (5.1), following expression for curvature
tensor R§?™:
(6.1) R,(-iz)h = thi —¢i0lgiVeq" — Vi F — q" 0rg;i
—q"q;Fy — F{q%aig;i)-
From equation (6.1), we can obtain on simplification
(6.2) R,(-iz) = Kj; — [9;i(Vaq" — ¢* — F2q%ap) — (V;q; — qq:) + 4°F;;
—2q"q,Fin — qnV;F* + q;VnF]]

and
(6.3) R® =K —[(n — D)(Vaq" - ¢*) — nF'q%qy].
From equation (6.1), we can obtain following curvature identity
64) RO+ qi(VEE — ViEM) + 2q"q;F; + Cycel.(i,j, k) = 0,
while equation (6.2) gives
From Equations (6.3), (6.4) and (6.5), we have the following theorem:
Theorem 6.1: (i) The curvature tensor Rgfj)ih, obtained from the
connection coefficients Fj(f)h satisfies curvature identity (6.4),
.. .. (2) .. L. .
(ii) The Ricci tensor R;; shall be symmetric in i & j if and only if
saplVia; + a*Fij+2q"qiF i + quViF + q;VpF = 0],
(iii) R® =K —[(n — 1)(Vaq" - ¢*) — nF'q%qy].
In case of Kahler space using VjFih = 0, we get
Theorem 6.2: In case of Kahler space
. (2)h . - . .
(i) The curvature tensor Ry , satisfies identity
[RZ + 2q"q;F;; + Cycl. (i,j,k)] = 0
.. .. ) .. L. .
(i1) The Ricci tensor R;; shall be symmetric in i & j if and only if

5@ [Viq; + ¢°Fij+24"q;Fj, = 0],
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From equation (6.1), we can obtain

(6.6) ViR = VaKijin — G0 [8/i{ (VmVi@n) — 4n (Vi) — 9 (Vm@n)
_qaqk(vaah) - quah(qua) - Fahqa(vmqk)}
— (V@) (ViFin) — Qe (Vi ViFin) — (Vi V,Fin)
—(Vmar)(a;Fix) — 9n(Vinq;)Fik + anqi(VimFij)],

In case of Kahler space, equation (6.6) reduces to

(6.7) Vngczj)ih = VinKyjin = $G,0[8ji{ (Vi Viarn) — an(Vinqi) — 4k (Vinqn)
—qkFan(Vmq®) — Fanq®(Vimai)} — qn(Vma;)Fixl,

which leads to following curvature identity:

(68) [VaRCh + S0mi8ilVmVin — AnVmxk — AVmn — FaniVmq®

—Fanq*Vnar} — F;i0nVinqy] + Cycl. (j,m, k) = 0.
From equations (6.7) and (6.8), we can obtain following theorem:

R(Z)

Theorem 6.3: (i) Covariant derivative of the curvature tensor R,

satisfies equation (6.7),
(ii) If vector gy, is co-variantly constant, equation (6.7) implies

VR = ViKigjin,
(iii) The Bianchi-identity based on curvature tensor R,(j.)ih is given by (6.8).
Let *R®™ be the curvature tensor based on coefficient of connection

kji !
*Fj(f)h then we can obtain by virtue of equation (5.6)

(6-9) *ngjgh = Kk]l §(} k) [F {]I;} {kha} - gkagr { } + Fhak {]a}
+oi e} (97 (i}~ lip) = Fea (i)

-g™" {ra} (Orgij) + 8ji ({ra} (0rg™) + g™ 0 {ra})]
Contracting equation (6.9) for h & k,on S|mpI|f|cat|on we get

(6.10) *R;Y = Kj + F[0 Lh} L } gjad "{:t}]
+ght{ }[ Jgrh +9 L } g {]I;}] +9; {la}
“8illy) (9ng™ = B i} o) + g™ on )

+gr {:t} (ahg]l - jghl) {tt} {]l;}
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From Equation (6.10), we can obtain

(6.11)

(¢)) €Y}
*Rji _*Rij —C(lj)[Fa(a Lh} {I }

—8jag" { })]+gm{ }[69”‘+g h}

—gem {1+ o, i) + 9 {f} @i

Remark: From equations (6.9), (6.10) and (6.11) we can obtain results
similar to section 5.
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