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1. Introduction 

 

Let (𝑀𝑛, 𝑔) be an even dimensional space of class 𝐶𝑟+1, with co-ordinate 

neighbourhoods (𝑈, Σℎ), (ℎ = 1,2,3 … 𝑛) and let 𝑔𝑖𝑗 and 𝐹𝑖
ℎ be respectively 

the components of the Hermitian metric tensor and an almost complex 

structure tensor of 𝑀𝑛, such that 

(1.1)                    𝐹𝑗
𝑖𝐹𝑖

ℎ = −𝛿𝑗
ℎ    

and 

(1.2)          𝐹𝑗
𝑡𝐹𝑖

𝑠𝑔𝑡𝑠 = 𝑔𝑖𝑗. 

If 𝐹𝑗𝑖 = 𝐹𝑗
𝑖𝑔𝑡𝑖 then we can observe that 𝐹𝑗𝑖 = −𝐹𝑖𝑗 and 𝐹𝑗

𝑡 𝐹ℎ𝑡 = 𝑔𝑗ℎ. Let 

𝐾𝑘𝑗𝑖ℎ, 𝐾𝑗𝑖 and 𝐾 be respectively the curvature tensor, Ricci tensor and 

curvature scalar of 𝑀𝑛,  we have1 :  
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(1.3)        𝐻𝑘𝑗 = (1
2⁄ )𝐾𝑘𝑗𝑖ℎ𝐹𝑖ℎ,  

(1.4)          𝐻ℎ𝑗 = 𝐾ℎ𝑠𝐹𝑗
𝑠, 𝐾𝑘𝑗 = −𝐻𝑘𝑠𝐹𝑗

𝑠 

and 

(1.5)              𝐾 = −𝐻𝑘𝑗𝐹𝑘𝑗. 

Let ∇ be a linear connection in a Riemannian manifold 𝑀𝑛 of dimension 

𝑛(> 2), then the quarter-symmetric connection is defined and expressed 

locally by Golab2  as follows: 

(1.6)       Γ𝑗𝑖
ℎ = {

ℎ
𝑗𝑖

} + 𝑇𝑗
ℎ𝑝𝑖 − 𝑇𝑗𝑖𝑝ℎ  

where {
ℎ
𝑗𝑖

} are christoffel symbols, 𝑇𝑗𝑖 is a symmetric tensor and 𝑝𝑖 is a 1-form 

such that 𝑝ℎ = 𝑔𝑖𝑗𝑝𝑖. 
Various properties of quarter-symmetric connections have been studied by 

several authors including Dwivedi et al.3, Rastogi4-6, Mishra and Pandey7, 

Yano1, Yano and Imai8, in which they gave the definition of the most general 

form of quarter-symmetric connection as follows: 

(1.7)     Γ𝑗𝑖
ℎ = {

ℎ
𝑗𝑖

} + 𝑈𝑗
ℎ𝑝𝑖 − 𝑝𝑗𝑉𝑖

ℎ − 𝑈𝑗𝑖 𝑝
ℎ,  

where 𝑈𝑗𝑖 and 𝑉𝑗𝑖 are respectively symmetric and skew-symmetric parts of an 

arbitrary tensor 𝑇𝑗𝑖 and 𝑈𝑗
ℎ = 𝑈𝑗𝑡 𝑔

ℎ𝑡, 𝑉𝑗
ℎ = 𝑉𝑗𝑡  𝑔𝑡ℎ. 

The connection Γ𝑗𝑖
ℎ given by equation (1.7) is such that the torsion tensor is 

given by T𝑗
ℎ𝑝𝑖 − T𝑖

ℎ𝑝𝑗 and curvature tensor R𝑘𝑗𝑖
ℎ  is expressible as 

(1.8)    R𝑘𝑗𝑖
ℎ = K𝑘𝑗𝑖

ℎ − 𝜍(𝑗,𝑘)[U𝑘
ℎ𝑝𝑗𝑖 + p𝑘

ℎ𝑈𝑗𝑖 − 𝑝𝑖∇𝑘U𝑗
ℎ + 𝑝ℎ∇𝑘𝑈𝑗𝑖 + V𝑖

ℎ∇𝑘𝑝𝑗 

+𝑝𝑗V𝑖
ℎ∇𝑘 − V𝑡

ℎ𝑝𝑗𝑝𝑖U𝑘
𝑡 + 𝑈𝑗𝑡V𝑖

𝑡𝑝𝑘𝑝ℎ + U𝑘
ℎV𝑖

𝑡𝑝𝑗𝑝𝑡 − 𝑝𝑗𝑝𝑡V𝑡
ℎ𝑈𝑗𝑖] 

where 𝑝𝑗𝑖 = ∇𝑗𝑝𝑖 − 𝑈𝑗𝑡𝑝𝑡p𝑖 + (1
2⁄ )𝑈𝑗𝑖p𝑡 𝑝𝑡, p𝑖

ℎ = 𝑝𝑖𝑡 𝑔
𝑡ℎ and 𝜍(𝑗,𝑘) means 

interchange of indices 𝑗 & 𝑘 and subtraction. 

 

2. First Connection Parameter 𝚪𝒋𝒊
(𝟏)𝒉

 

  

Let us assume that the Christoffel symbol is being transformed to a 

connection Γ𝑗𝑖
(1)ℎ

 given by equation (2.1) in the following form: 

(2.1)       Γ𝑗𝑖
(1)ℎ

= {
ℎ
𝑗𝑖

} − 𝐹𝑗𝑖𝑝ℎ, 

where  𝑝ℎ is a non-zero vector field.  
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Let ∇𝑚
(1)

 be the covariant derivative based on coefficient of connection Γ𝑗𝑖
(1)ℎ

, 

then from equation (2.1), for a tensor T𝑏𝑐
𝑎 , we have  

(2.2)  ∇𝑚
(1)

T𝑏𝑐
𝑎 = ∇𝑚T𝑏𝑐

𝑎 − 𝐹𝑚𝑟T𝑏𝑐
𝑟 𝑝𝑎 + 𝑝𝑟(𝐹𝑚𝑏T𝑟𝑐

𝑎 + 𝐹𝑚𝑐T𝑏𝑟
𝑎 ), 

which easily yields  

(2.3)a      ∇𝑚
(1)

𝑔𝑏𝑐 = 𝐹𝑚𝑏𝑝𝑐 + 𝐹𝑚𝑐𝑝𝑏       

and  

(2.3)b     ∇𝑚
(1)

𝐹𝑏
𝑎 = ∇𝑚F𝑏

𝑎 − 𝑔𝑚𝑏𝑝𝑎 + F𝑚𝑏F𝑟
𝑎𝑝𝑟. 

Hence we have   

Theorem 2.1: The connection Γ𝑗𝑖
(1)ℎ

 is a non- metric connection as well 

as the covariant derivative of the tensor F𝑏
𝑎 satisfies equation (2.3)b. 

If S𝑗𝑖
(1)ℎ

is the torsion tensor of connection Γ𝑗𝑖
(1)ℎ

, from equation (2.1), we 

can obtain 

(2.4)         S𝑗𝑖
(1)ℎ

= Γ𝑗𝑖
(1)ℎ

− Γ𝑖𝑗
(1)ℎ = 2𝐹𝑖𝑗𝑝ℎ. 

Multiplying equation (2.1) by F𝑡
𝑖 , we get after some simple calculation 

(2.5)       𝑝ℎ = F𝑎
𝑡 𝑔𝑟ℎ ({

𝑎
𝑟𝑡

} − Γ𝑟𝑡
(1)𝑎

),    

which leads to  

(2.6)         S𝑗𝑖
(1)ℎ

= F𝑎
𝑡 𝑔𝑟ℎ ({

𝑎
𝑟𝑡

} − Γ𝑟𝑡
(1)𝑎). 

From equation (2.1) and (2.5) we obtain and define following connection 

parameter 

(2.7)   *Γ𝑗𝑖
(1)ℎ

  = Γ𝑗𝑖
(1)ℎ − 𝐹𝑗𝑖F𝑎

𝑡 𝑔𝑟ℎΓ𝑟𝑡
(1)𝑎 = {

ℎ
𝑗𝑖

} − 𝐹𝑗𝑖F𝑎
𝑡 𝑔𝑟ℎ {

𝑎
𝑟𝑡

},    

which gives the following theorem: 

Theorem 2.2: The connection parameter *Γ𝑗𝑖
(1)ℎ

, defined by equation 

(2.7), is an invariant connection parameter obtained by the transformation of 

Christoffel symbol with the help of equation (2.1). 

If *∇𝑚
(1)

 is the covariant derivative based on coefficient of connection 

*Γ𝑗𝑖
(1)ℎ

, we get 

(2.8)a        *∇𝑚
(1)

𝑔𝑏𝑐 = 𝐹𝑎
𝑡(𝐹𝑚𝑐 {

𝑎
𝑏𝑡

} + 𝐹𝑚𝑏 {
𝑎
𝑐𝑡

})     

and  

(2.8)b       *∇𝑚
(1)

𝐹𝑏
𝑎 = ∇𝑚𝐹𝑏

𝑎 − 𝐹𝑠
𝑡 {

𝑠
𝑢𝑡

} (𝑔𝑚𝑏𝑔𝑎𝑢 − 𝐹𝑚𝑏𝐹𝑎𝑢)      

Hence, we have: 
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Theorem 2.3: The covariant derivative *∇𝑚
(1)

, based on coefficient of 

connection *Γ𝑗𝑖
(1)ℎ

 is non-metric and satisfies equation (2.8)b. 

 

3. Curvature Tensor 𝐑𝒌𝒋𝒊
(𝟏)𝒉

 

 

Let R𝑘𝑗𝑖
(1)ℎ

 be the curvature tensor based on coefficient of connection Γ𝑘𝑗𝑖
(1)ℎ

, 

then we obtain 

(3.1)    R𝑘𝑗𝑖
(1)ℎ = K𝑘𝑗𝑖

ℎ − 𝜍(𝑗,𝑘)[𝑝ℎ∇𝑘𝐹𝑗𝑖 + 𝐹𝑗𝑖𝑝ℎ∇𝑘 − 𝑝𝑎𝑝ℎ𝐹𝑘𝑎𝐹𝑗𝑖]  

which leads to  

(3.2)      𝑅𝑗𝑖
(1)

= 𝐾𝑗𝑖 − ∇ℎ(𝐹𝑗𝑖𝑝ℎ) + ∇𝑗(𝐹ℎ𝑖𝑝ℎ) − 𝑝𝑎𝑝ℎ𝐹𝑗𝑎𝐹ℎ𝑖 

and  

(3.3)      𝑅(1) = 𝐾 + 𝑝2 + ∇𝑗(𝐹ℎ
𝑗
𝑝ℎ).   

From equation (3.1) we can obtain following curvature identity 

(3.4)      [R𝑘𝑗𝑖
(1)ℎ + 2∇𝑘(𝑝ℎ𝐹𝑖𝑗) + 2𝑝𝑎𝑝ℎ𝐹𝑘𝑎𝑝ℎ𝐹𝑗𝑖] + 𝐶𝑦𝑐𝑙(𝑖, 𝑗, 𝑘) = 0, 

while equation (3.2) gives 

(3.5)   𝑅𝑗𝑖
(1)

− 𝑅𝑖𝑗
(1)

= ∇𝑗(𝐹ℎ𝑖𝑝
ℎ) − ∇𝑖(𝐹ℎ𝑗𝑝ℎ) − 2∇ℎ(𝐹𝑗𝑖𝑝

ℎ).     

From equations (3.3), (3.4) and (3.5), we have: 

Theorem 3.1: (i) The curvature tensor R𝑘𝑗𝑖
(1)ℎ

, obtained from the 

connection coefficients Γ𝑗𝑖
(1)ℎ

 satisfies curvature identity (3.4). 

(ii) The Ricci curvature 𝑅𝑗𝑖
(1)

 shall be symmetric in  𝑖 & 𝑗 if and only if  

∇𝑗(𝐹ℎ𝑖𝑝
ℎ) − ∇𝑖(𝐹ℎ𝑗𝑝ℎ) = 2∇ℎ𝐹𝑗𝑖𝑝ℎ, 

(iii)    𝑅(1) = 𝐾 + 𝑝2 + ∇𝑗𝐹ℎ
𝑗
𝑝ℎ. 

In case of Kahler space using ∇𝑗(𝐹ℎ𝑖) = 0, we can obtain  

Theorem 3.2: In case of Kahler space, 

(i) The curvature tensor 𝑅𝑘𝑗𝑖
(1)ℎ

, satisfies identity  

[R𝑘𝑗𝑖
(1)ℎ + 2𝐹𝑗𝑖∇𝑘𝑝ℎ + 2𝑝𝑎𝑝ℎ𝐹𝑘𝑎𝐹𝑗𝑖] + 𝐶𝑦𝑐𝑙. (𝑖, 𝑗, 𝑘) = 0, 

(ii) The Ricci tensor 𝑅𝑗𝑖
(1)

 shall be symmetric in 𝑖 & 𝑗 if and only if  

2𝐹𝑗𝑖∇ℎ𝑝ℎ = 𝐹ℎ𝑖∇𝑗 𝑝ℎ − 𝐹ℎ𝑗∇𝑖 𝑝
ℎ, 

(iii)       𝑅(1) = 𝐾 + 𝑝2 + 𝐹ℎ
𝑗
∇𝑗𝑝ℎ. 
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From equation (3.1), we can obtain 

(3.6) ∇𝑚R𝑘𝑗𝑖
(1)

= ∇𝑚𝐾𝑘𝑗𝑖ℎ − 𝜍(𝑗,𝑘)[(∇𝑚𝑝ℎ)(∇𝑘𝐹𝑗𝑖 − 𝑝𝑎𝐹𝑘𝑎𝐹𝑗𝑖) + (∇𝑚𝐹𝑗𝑖)(∇𝑘𝑝ℎ) 

      +𝑝ℎ{(∇𝑚∇𝑘𝐹𝑗𝑖) − 𝑝𝑎(∇𝑚𝐹𝑘𝑎)𝐹𝑗𝑖 − 𝑝𝑎(∇𝑚𝐹𝑗𝑖)𝐹𝑘𝑎} 

      +𝐹𝑗𝑖{(∇𝑚∇𝑘𝑝ℎ) − (∇𝑚𝑝𝑎)𝑝ℎ𝐹𝑘𝑎}] 

which leads to following curvature identity  

(3.7) [∇𝑚R𝑘𝑗𝑖ℎ
(1)

+ [𝑝𝑎(∇𝑚𝑝ℎ)(𝐹𝑗𝑎𝐹𝑘𝑖 − 𝐹𝑘𝑎𝐹𝑗𝑖 − 𝑝𝑎𝑝ℎ{(∇𝑚𝐹𝑘𝑎 − ∇𝑘𝐹𝑚𝑎)𝐹𝑗𝑖 

  +(∇𝑚𝐹𝑗𝑖 − ∇𝑗𝐹𝑚𝑖)𝐹𝑘𝑎} + 𝑝ℎ(∇𝑚∇𝑘 − ∇𝑘∇𝑚)𝐹𝑗𝑖 + 𝐹𝑗𝑖(∇𝑚∇𝑘 − ∇𝑘∇𝑚)𝑝ℎ 

 −𝐹𝑗𝑖𝑝ℎ{(∇𝑚𝑝𝑎)𝐹𝑘𝑎 − (∇𝑘𝑝𝑎)𝐹𝑘𝑎 − (∇𝑘𝑝𝑎)𝐹𝑚𝑎}] + 𝐶𝑦𝑐𝑙. (𝑖, 𝑗, 𝑘) = 0. 

In case of Kahler space equations (3.6) and (3.7) respectively reduce to 

(3.8)       ∇𝑚R𝑘𝑗𝑖ℎ
(1)

= ∇𝑚𝐾𝑘𝑗𝑖ℎ − 𝜍(𝑗,𝑘)[(∇𝑚pℎ)𝑝𝑎𝐹𝑎𝑘𝐹𝑗𝑖 + 𝐹𝑗𝑖{(∇𝑚∇𝑘𝑝ℎ) 

       +(∇𝑚𝑝𝑎)𝑝ℎ𝐹𝑎𝑘}] 
and  

(3.9) [∇𝑚R𝑘𝑗𝑖ℎ
(1)

+ [𝑝𝑎(∇𝑚𝑝ℎ)(𝐹𝑗𝑎𝐹𝑘𝑖 − 𝐹𝑘𝑎𝐹𝑗𝑖) + 𝐹𝑗𝑖(∇𝑚∇𝑘 − ∇𝑘∇𝑚)𝑝ℎ 

     −𝐹𝑗𝑖𝑝ℎ{(∇𝑚𝑝𝑎)𝐹𝑘𝑎 − (∇𝑘𝑝𝑎)𝐹𝑚𝑎}]] + 𝐶𝑦𝑐𝑙. (𝑗, 𝑚, 𝑘) = 0. 

From equation (3.8) and (3.9), we have the following theorem: 

Theorem 3.3: In case of Kahler space, 

(i) Covariant derivative of the curvature tensor R𝑘𝑗𝑖ℎ
(1)

, satisfies equation (3.8), 

(ii) The Ricci tensor 𝑅𝑗𝑖
(1)

 shall be symmetric in 𝑖 & 𝑗 if and only if  

∇𝑚R𝑘𝑗𝑖ℎ
(1)

= ∇𝑚𝐾𝑘𝑗𝑖ℎ, 

(iii) The Bianchi identity based on curvature tensor 𝑅𝑘𝑗𝑖ℎ
(1)

, is given by 

equation (3.9). 

 

4. Curvature Tensor *𝑹𝒌𝒋𝒊
(𝟏)𝒉

 

 

Let *𝑅𝑘𝑗𝑖
(1)ℎ

 be the curvature tensor based on coefficients of connection *Γ𝑗𝑖
(1)ℎ

, 

then we can obtain by virtue of equation (2.7) 

(4.1)    *𝑅𝑘𝑗𝑖
(1)ℎ = 𝐾𝑘𝑗𝑖

ℎ + 𝜍(𝑗,𝑘) [𝑔𝑟ℎ {
𝑢
𝑟𝑡

} 𝐹𝑢
𝑡𝐹𝑗𝑖 + 𝑔𝑟ℎ {

𝑎
𝑟𝑡

} 𝐹𝑘𝑖𝜕𝑗𝐹𝑎
𝑡 +

𝐹𝑎
𝑡 {

𝑎
𝑟𝑡

} 𝐹𝑘𝑖𝜕𝑗𝑔𝑟ℎ +  𝐹𝑎
𝑡𝑔𝑟ℎ𝐹𝑘𝑖𝜕𝑗 {

𝑎
𝑟𝑡

} +

𝐹𝑣
𝑠𝑔𝑝𝑎 {

𝑣
𝑝𝑠} 𝐹𝑘𝑖 {

ℎ
𝑗𝑎

} + 𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠} 𝐹𝑗𝑖𝐹𝑘
𝑝].  
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 From equation (3.1) and (4.1) we obtain a relation between curvature tensor 

*R𝑘𝑗𝑖
(1)ℎ

 and R𝑘𝑗𝑖
(1)ℎ

 in the following form: 

 (4.2) *𝑅𝑘𝑗𝑖
(1)ℎ = R𝑘𝑗𝑖

(1)ℎ + 𝜍(𝑗,𝑘)[(𝑝ℎ + 𝑔𝑟ℎ {
𝑢
𝑟𝑡

} 𝐹𝑢
𝑡) (∇𝑘𝐹𝑗𝑖) + 𝐹𝑗𝑖 (∇𝑘𝑝ℎ −

𝑔𝑟ℎ {
𝑎
𝑟𝑡

} 𝜕𝑘𝐹𝑎
𝑡 − 𝐹𝑎

𝑡 {
𝑎
𝑟𝑡

} 𝜕𝑘𝑔𝑟ℎ − 𝐹𝑎
𝑡𝑔𝑟ℎ𝜕𝑘 {

𝑎
𝑟𝑡

} +

𝐹𝑣
𝑠𝑔𝑝𝑎 {

𝑣
𝑝𝑠} {

ℎ
𝑘𝑎

} + 𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠} 𝐹𝑘
𝑝 − 𝑝𝑎𝑝ℎ𝐹𝑘𝑎)]   . 

From equation (4.1), we can obtain on contraction for 𝑘 & ℎ 

(4.3) *𝑅𝑗𝑖
(1)

= 𝐾𝑗𝑖 + 𝑔𝑟ℎ {
𝑢
𝑟𝑡

} 𝐹𝑢
𝑡(∇ℎ𝐹𝑖𝑗 − ∇𝑗𝐹ℎ𝑖) + 𝑔𝑟ℎ {

𝑢
𝑟𝑡

} 𝐹𝑢
𝑡(𝐹ℎ𝑖𝜕𝑗𝐹𝑢

𝑡 −

𝐹𝑗𝑖𝜕ℎ𝐹𝑢
𝑡) + 𝐹𝑢

𝑡 {
𝑢
𝑟𝑡

} (𝐹ℎ𝑖𝜕𝑗𝑔𝑟ℎ − 𝐹𝑗𝑖𝜕ℎ𝑔𝑟ℎ) +

𝐹𝑢
𝑡𝑔𝑟ℎ(𝐹ℎ𝑖𝜕𝑗 {

𝑢
𝑟𝑡

} − 𝐹𝑗𝑖𝜕ℎ {
𝑢
𝑟𝑡

}) +

𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠} . (𝐹𝑗𝑖𝐹ℎ
𝑝 − 𝐹ℎ𝑖𝐹𝑗

𝑝), 

which shows that 

(4.4)   *𝑅𝑗𝑖
(1)

−*𝑅𝑖𝑗
(1)

= 𝑔𝑟ℎ {
𝑢
𝑟𝑡

} 𝐹𝑢
𝑡(2∇ℎ𝐹𝑗𝑖 − ∇𝑗𝐹ℎ𝑖 − ∇𝑖𝐹ℎ𝑗) 

       +𝑔𝑟ℎ {
𝑢
𝑟𝑡

} (𝐹ℎ𝑖 ∂𝑗𝐹𝑢
𝑡 − 𝐹ℎ𝑗 ∂𝑖𝐹𝑢

𝑡 − 2𝐹𝑗𝑖 ∂ℎ𝐹𝑢
𝑡) 

       +𝐹𝑢
𝑡 {

𝑢
𝑟𝑡

} (𝐹ℎ𝑖 ∂𝑗𝑔𝑟ℎ − 𝐹ℎ𝑗 ∂𝑖𝑔
𝑟ℎ − 2𝐹𝑗𝑖 ∂ℎ𝑔𝑟ℎ) 

       +𝐹𝑣
𝑠 𝑔𝑝𝑎 {

𝑣
𝑝𝑠} (𝐹ℎ𝑖 {

ℎ
𝑗𝑎

} − 𝐹ℎ𝑗 {
ℎ
𝑖𝑎

} − 2𝐹𝑗𝑖 {
ℎ

ℎ𝑎
}) 

       +(𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠}). (2𝐹𝑗𝑖𝐹ℎ
𝑝 − 𝐹ℎ𝑖𝐹𝑗

𝑝 − 𝐹ℎ𝑗𝐹𝑖
𝑝),   

Further from equation (4.3) we can obtain  

(4.5)  𝑅(1) = 𝐾 − 𝑔𝑟ℎ {
𝑢
𝑟𝑡

} (𝐹𝑢
𝑡∇𝑗𝐹ℎ

𝑗
− 𝐹ℎ

𝑗
∂𝑗𝐹𝑢

𝑡) + 𝐹𝑢
𝑡𝐹ℎ

𝑗
{

𝑢
𝑟𝑡

} ∂𝑗𝑔𝑟ℎ 

     +𝑔𝑟ℎ ∂𝑗 {
𝑢
𝑟𝑡

}) + 2𝐹𝑣
𝑠𝑔𝑝𝑎𝐹ℎ

𝑗
{

𝑣
𝑝𝑠} {

ℎ
𝑗𝑎

}. 

In case of Kahler space equation (4.2), (4.4) and (4.5) respectively give 

(4.6)a  *𝑅𝑘𝑗𝑖
(1)ℎ = R𝑘𝑗𝑖

(1)ℎ + 𝜍(𝑗,𝑘)[𝐹𝑗𝑖(∇𝑘𝑝ℎ − 𝑔𝑟ℎ {
𝑎
𝑟𝑡

} ∂𝑘𝐹𝑎
𝑡 − 𝐹𝑎

𝑡 {
𝑎
𝑟𝑡

} ∂𝑘𝑔𝑟ℎ 

−𝐹𝑎
𝑡𝑔𝑟ℎ ∂𝑘 {

𝑎
𝑟𝑡

} + 𝐹𝑣
𝑠𝑔𝑝𝑎 {

𝑣
𝑝𝑠} {

ℎ
𝑘𝑎

} + 𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠} F𝑘 − 𝑝𝑎𝑝ℎ𝐹𝑘𝑎)] 
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(4.6)b  *𝑅𝑗𝑖
(1)

−*𝑅𝑖𝑗
(1)

= 𝑔𝑟ℎ {
𝑢
𝑟𝑡

} (𝐹ℎ𝑖 ∂𝑗𝐹𝑢
𝑡 − Fℎ𝑗 ∂𝑖𝐹𝑢

𝑡 − 2F𝑗𝑖 ∂ℎ𝐹𝑢
𝑡) 

        +𝐹𝑢
𝑡 {

𝑢
𝑟𝑡

} (𝐹ℎ𝑖 ∂𝑗𝑔𝑟ℎ − 𝐹ℎ𝑗 ∂𝑖𝑔
𝑟ℎ − 2𝐹𝑗𝑖 ∂ℎ𝑔𝑟ℎ) 

        +𝐹𝑢
𝑡𝑔𝑟ℎ (𝐹ℎ𝑖 ∂𝑗 {

𝑢
𝑟𝑡

} − 𝐹ℎ𝑗 ∂𝑖 {
𝑢
𝑟𝑡

} − 2𝐹𝑗𝑖 ∂ℎ {
𝑢
𝑟𝑡

}) 

        +𝐹𝑣
𝑠 𝑔𝑝𝑎 {

𝑣
𝑝𝑠} (𝐹ℎ𝑖 {

ℎ
𝑗𝑎

} − 𝐹ℎ𝑗 {
ℎ
𝑖𝑎

} − 2𝐹𝑗𝑖 {
ℎ

ℎ𝑎
}) 

       +(𝐹𝑢
𝑡𝐹𝑣

𝑠𝑔𝑟ℎ {
𝑢
𝑟𝑡

} {
𝑣

𝑝𝑠}). (2𝐹𝑗𝑖𝐹ℎ
𝑝 − 𝐹ℎ𝑖𝐹𝑗

𝑝 − 𝐹ℎ𝑗𝐹𝑖
𝑝), 

and  

(4.6)c    *𝑅(1) = 𝐾 + 𝑔𝑟ℎ𝐹𝑢
𝑡𝐹𝑗

ℎ ∂𝑗 {
𝑢
𝑟𝑡

} + 2𝑔𝑝𝑎𝐹ℎ
𝑗
𝐹𝑠

𝑣 {
𝑣

𝑝𝑠} {
ℎ
𝑗𝑎

}  

 + {
𝑢
𝑟𝑡

} [𝑔𝑟ℎ𝐹ℎ
𝑗
𝐹𝑢

𝑝 {
𝑡

𝑝𝑗} − 𝑔𝑝ℎ {
𝑟
𝑝𝑗} 𝐹𝑢

𝑡𝐹ℎ
𝑗
] 

 +𝑔𝑟𝑝(𝐹𝑝
𝑗 

𝐹ℎ
𝑡 {

ℎ
𝑗𝑢

}  − 𝐹𝑢
𝑡𝐹ℎ

𝑗
{

ℎ
𝑝𝑗

}) 

Hence, we have: 

Theorem 4.1: In case of a Kahler space tensors*𝑅𝑘𝑗𝑖
(1)ℎ, *𝑅𝑗𝑖

(1)
 and *𝑅(1) 

satisfy equations (4.6)a, (4.6)b and (4.6)c. 

 

5. Second Connection Parameter 𝚪𝒋𝒊
(𝟐)𝒉

 

 

Let us assume that the Christoffel symbol is being transformed to a 

connection Γ𝑗𝑖
(2)ℎ

 given by equation (5.1) in the following form: 

(5.1)     Γ𝑗𝑖
(2)ℎ = {

ℎ
𝑗𝑖

} − 𝑔𝑖𝑗𝑞ℎ − 𝑞𝑗𝐹𝑖
ℎ, 

where 𝑞ℎ is a non- zero vector field. Let ∇𝑚
(2)

 be the covariant derivative based 

on coefficient of connection Γ𝑗𝑖
(2)ℎ

, then from equation (5.1), for tensor 𝑇𝑏𝑐
𝑎 , 

we can obtain 

(5.2)   ∇𝑚
(2)

𝑇𝑏𝑐
𝑎 = ∇𝑚𝑇𝑏𝑐

𝑎 − 𝑞𝑎𝑔𝑚𝑟𝑇𝑏𝑐
𝑟 + 𝑞𝑎(𝑔𝑚𝑏𝑇𝑟𝑐

𝑎 + 𝑔𝑚𝑐𝑇𝑏𝑟
𝑎 )      

       −𝑞𝑚(𝐹𝑟
𝑎𝑇𝑏𝑐

𝑟 − 𝐹𝑏
𝑟𝑇𝑟𝑐

𝑎 − 𝐹𝑐
𝑟𝑇𝑏𝑟

𝑎 ), 
which leads to  

(5.3)a      ∇𝑚
(2)

𝑔𝑏𝑐 = 𝑞𝑏𝑔𝑚𝑐 + 𝑞𝑐𝑔𝑚𝑏      

and  

(5.3)b     ∇𝑚
(2)

𝐹𝑏
𝑎 = ∇𝑚𝐹𝑏

𝑎 − 𝑞𝑎𝐹𝑏𝑚 + 𝑞𝑟𝐹𝑟
𝑎𝑔𝑚𝑏. 
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Hence, we have: 

Theorem 5.1: The connection 𝛤𝑗𝑖
(2)ℎ

 is a non- metric connection as well 

as the covariant derivative of the tensor 𝐹𝑏
𝑎 satisfies equation (5.3)b. 

In case of Kahler space, equation (5.3) b reduces to  

(5.4)    ∇𝑚
(2)

𝐹𝑏
𝑎 + 𝑞𝑎𝐹𝑏𝑚 − 𝑞𝑟𝐹𝑟

𝑎𝑔𝑚𝑏 = 0. 

If S𝑗𝑖
(2)ℎ

 is a torsion tensor of connection Γ𝑗𝑖
(2)ℎ

, from equation (5.1), we can 

obtain  

(5.5)     S𝑗𝑖
(2)ℎ = Γ𝑗𝑖

(2)ℎ − Γ𝑖𝑗
(2)ℎ = 𝑞𝑖𝐹𝑗

ℎ − 𝑞𝑗𝐹𝑖
ℎ. 

Contracting equation (5.1) for ℎ  &  𝑖, we have 

(5.6)        𝑞𝑗 = {
ℎ
𝑗ℎ

} − Γ𝑗𝑖
(2)ℎ

. 

Substituting the value of 𝑞𝑖 in equation (5.1), we get 

(5.7)  *Γ𝑗𝑖
(2)ℎ = Γ𝑗𝑖

(2)ℎ − F𝑖
ℎΓ𝑗𝑎

(2)𝑎 − 𝑔𝑗𝑖𝑔
𝑟ℎΓ𝑟𝑎

(2)𝑎 = {
ℎ
𝑗𝑖

} − 𝐹𝑖
ℎ {

𝑎
𝑗𝑎} − 𝑔𝑗𝑖𝑔

𝑟ℎ {
𝑎

𝑟𝑎
}. 

Hence, we have: 

Theorem 5.2: The connection parameter *Γji
(2)h

, defined by equation 

(5.7), is an invariant connection parameter obtained by the transformation of 

Christoffel symbol with the help of equation (5.1). 

If *∇𝑚
(2)

 is the covariant derivative based on coefficient of connection 

*Γ𝑗𝑖
(2)ℎ

, we can obtain  

(5.8)     *∇𝑚
(2)

𝑇𝑏𝑐
𝑎 = ∇𝑚𝑇𝑏𝑐

𝑎 − 𝐹𝑎
𝑚 {

𝑑
𝑟𝑑

} 𝑇𝑏𝑐
𝑟 − 𝑔𝑚𝑟𝑔𝑝𝑎 {

𝑑
𝑝𝑑

} 𝑇𝑏𝑐
𝑟  

 +𝑔𝑝𝑟 {
𝑑

𝑝𝑑
} (g𝑚𝑏𝑇𝑟𝑐

𝑎 + g𝑚𝑐𝑇𝑟𝑏
𝑎 ) + 𝐹𝑚

𝑟 ({
𝑑

𝑏𝑑
} 𝑇𝑟𝑐

𝑎 + {
𝑑

𝑐𝑑
} 𝑇𝑏𝑟

𝑎 ),  

which gives  

(5.9)a        *∇𝑚
(2)

𝑔𝑏𝑐 = {
𝑑

𝑏𝑑
} (𝑔𝑚𝑐 + 𝐹𝑚𝑐) + {

𝑑
𝑐𝑑

} (𝑔𝑚𝑏 + 𝐹𝑚𝑏)      

and  

(5.9)b     *∇𝑚
(2)

 𝐹𝑏
𝑎 = ∇𝑚𝐹𝑏

𝑎 − {
𝑑

𝑝𝑑
} (𝐹𝑏𝑚 + 𝐹𝑚𝑐𝑔𝑝𝑎 − 𝐹𝑝𝑎𝑔𝑚𝑏). 

Hence, we have:  

Theorem 5.3: The covariant derivative *∇𝑚
(2)

, based on coefficient of 

connection *Γ𝑗𝑖
(2)ℎ

 is a non- metric and satisfies equation (5.9) a and (5.9)b. 
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6. Curvature Tensor 𝐑𝒋𝒊
(𝟐)𝒉 and *𝑹𝒌𝒋𝒊

(𝟐)𝒉
 

 

Let R𝑗𝑖
(2)ℎ

 be the curvature tensor based on coefficient of connection R𝑗𝑖
(2)ℎ

, 

then we can obtain from equation (5.1), following expression for curvature 

tensor R𝑗𝑖
(2)ℎ: 

(6.1)    R𝑗𝑖
(2)ℎ = K𝑗𝑖

ℎ − 𝜍(𝑗,𝑘)[𝑔𝑗𝑖∇𝑘𝑞ℎ − q𝑘∇𝑗𝐹𝑖
ℎ − 𝑞ℎ ∂𝑘𝑔𝑗𝑖 

−𝑞ℎq𝑗𝐹𝑖𝑘 − 𝐹ℎ
𝑎𝑞𝑎q𝑘𝑔𝑗𝑖]. 

From equation (6.1), we can obtain on simplification  

(6.2)  R𝑗𝑖
(2)

= 𝐾𝑗𝑖 − [𝑔𝑗𝑖(∇ℎ𝑞ℎ − 𝑞2 − 𝐹ℎ
𝑎𝑞𝑎qℎ) − (∇𝑗𝑞𝑖 − q𝑘𝑞𝑖) + 𝑞2𝐹𝑖𝑗 

−2𝑞ℎq𝑗F𝑖ℎ − 𝑞ℎ∇𝑗𝐹𝑖
ℎ + 𝑞𝑗∇ℎ𝐹𝑖

ℎ]       

and  

(6.3)    𝑅(2) = 𝐾 − [(𝑛 − 1)(∇ℎ𝑞ℎ − 𝑞2) − 𝑛𝐹𝑎
ℎ𝑞𝑎qℎ]. 

From equation (6.1), we can obtain following curvature identity 

(6.4)      R𝑘𝑗𝑖
(2)ℎ + 𝑞𝑖(∇𝑗𝐹𝑘

ℎ − ∇𝑘𝐹𝑗
ℎ) + 2𝑞ℎq𝑗F𝑖𝑗 + 𝐶𝑦𝑐𝑙. (𝑖, 𝑗, 𝑘) = 0,    

while equation (6.2) gives  

(6.5)    𝜍(𝑖,𝑗)[R𝑗𝑖
(2)

+ ∇𝑖𝑞𝑗 + 𝑞2F𝑖𝑗+2𝑞ℎq𝑖F𝑗ℎ + qℎ∇𝑖𝐹𝑗
ℎ + q𝑗∇ℎ𝐹𝑖

ℎ] = 0.  

From Equations (6.3), (6.4) and (6.5), we have the following theorem: 

Theorem 6.1: (i) The curvature tensor R𝑘𝑗𝑖
(2)ℎ

, obtained from the 

connection coefficients Γ𝑗𝑖
(2)ℎ

 satisfies curvature identity (6.4), 

(ii) The Ricci tensor 𝑅𝑗𝑖
(2)

 shall be symmetric in 𝑖 & 𝑗 if and only if  

𝜍(𝑖,𝑗)[∇𝑖𝑞𝑗 + 𝑞2F𝑖𝑗+2𝑞ℎq𝑖F𝑗ℎ + qℎ∇𝑖𝐹𝑗
ℎ + q𝑗∇ℎ𝐹𝑖

ℎ = 0], 

(iii)    𝑅(2) = 𝐾 − [(𝑛 − 1)(∇ℎ𝑞ℎ − 𝑞2) − 𝑛𝐹𝑎
ℎ𝑞𝑎qℎ]. 

In case of Kahler space using ∇𝑗𝐹𝑖
ℎ = 0, we get 

Theorem 6.2: In case of Kahler space 

(i) The curvature tensor 𝑅𝑘𝑗𝑖
(2)ℎ

, satisfies  identity  

[R𝑘𝑗𝑖
(2)ℎ + 2𝑞ℎq𝑗F𝑖𝑗 + 𝐶𝑦𝑐𝑙. (𝑖, 𝑗, 𝑘)] = 0 

(ii) The Ricci tensor 𝑅𝑗𝑖
(2)

 shall be symmetric in 𝑖 & 𝑗 if and only if  

𝜍(𝑖,𝑗)[∇𝑖𝑞𝑗 + 𝑞2F𝑖𝑗+2𝑞ℎq𝑖F𝑗ℎ = 0]. 
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From equation (6.1), we can obtain  

(6.6)   ∇𝑚R𝑘𝑗𝑖ℎ
(2)

= ∇𝑚K𝑘𝑗𝑖ℎ − 𝜍(𝑗,𝑘)[g𝑗𝑖{(∇𝑚∇𝑘𝑞ℎ) − qℎ(∇𝑚q𝑘) − q𝑘(∇𝑚qℎ) 

      −𝑞𝑎q𝑘(∇𝑚F𝑎ℎ) − q𝑘F𝑎ℎ(∇𝑚𝑞𝑎) − F𝑎ℎ𝑞𝑎(∇𝑚q𝑘)} 

      −(∇𝑚q𝑘)(∇𝑗F𝑖ℎ) − q𝑘(∇𝑚∇𝑗F𝑖ℎ) − (∇𝑚∇𝑗F𝑖ℎ) 

      −(∇𝑚qℎ)(q𝑗F𝑖𝑘) − qℎ(∇𝑚q𝑗)F𝑖𝑘 + qℎq𝑘(∇𝑚F𝑖𝑗)], 

In case of Kahler space,  equation (6.6) reduces to  

(6.7) ∇𝑚R𝑘𝑗𝑖ℎ
(2)

= ∇𝑚K𝑘𝑗𝑖ℎ − 𝜍(𝑗,𝑘)[g𝑗𝑖{(∇𝑚∇𝑘𝑞ℎ) − qℎ(∇𝑚q𝑘) − q𝑘(∇𝑚qℎ) 

 −q𝑘F𝑎ℎ(∇𝑚𝑞𝑎) − F𝑎ℎ𝑞𝑎(∇𝑚q𝑘)} − qℎ(∇𝑚q𝑗)F𝑖𝑘], 

which leads to following curvature identity: 

(6.8)   [∇𝑚R𝑘𝑗𝑖ℎ
(2)

+ 𝜍(𝑚,𝑘)g𝑗𝑖{∇𝑚∇𝑘𝑞ℎ − qℎ∇𝑚q𝑘 − q𝑘∇𝑚qℎ − F𝑎ℎq𝑘∇𝑚𝑞𝑎  

 −F𝑎ℎ𝑞𝑎∇𝑚q𝑘} − F𝑗𝑖qℎ∇𝑚q𝑘] + 𝐶𝑦𝑐𝑙. (𝑗, 𝑚, 𝑘) = 0. 

From equations (6.7) and (6.8), we can obtain following theorem: 

Theorem 6.3: (i) Covariant derivative of the curvature tensor 𝑅𝑘𝑗𝑖ℎ
(2)

, 

satisfies equation (6.7), 

(ii) If vector 𝑞ℎ is co-variantly constant, equation (6.7) implies  

∇𝑚R𝑘𝑗𝑖ℎ
(2)

= ∇𝑚K𝑘𝑗𝑖ℎ, 

(iii) The Bianchi-identity based on curvature tensor 𝑅𝑘𝑗𝑖ℎ
(2)

 is given by (6.8). 

Let *𝑅𝑘𝑗𝑖
(2)ℎ

, be the curvature tensor based on coefficient of connection 

*Γ𝑗𝑖
(2)ℎ

, then we can obtain by virtue of equation (5.6) 

(6.9)  *𝑅𝑘𝑗𝑖
(2)ℎ = K𝑘𝑗𝑖

ℎ − 𝜍(𝑗,𝑘)[𝐹𝑖
𝑎 {

𝑝
𝑗𝑝} {

ℎ
𝑘𝑎

} − g𝑘𝑎𝑔𝑟ℎ {
𝑡

𝑟𝑡
} + 𝐹𝑖

ℎ𝜕𝑘 {
𝑎
𝑗𝑎}  

     +𝑔𝑗𝑖 {
𝑡

𝑟𝑡
} (𝑔𝑟𝑎 {

ℎ
𝑘𝑎

} − 𝑔𝑟ℎ {
𝑝

𝑘𝑝} − 𝐹𝑎
ℎ𝑔𝑟𝑎 {

𝑝
𝑘𝑝}) 

     −𝑔𝑟ℎ {
𝑎

𝑟𝑎
} (∂𝑘g𝑖𝑗) + g𝑗𝑖 ({

𝑎
𝑟𝑎

} (∂𝑘𝑔𝑟ℎ) + 𝑔𝑟ℎ ∂𝑘 {
𝑎

𝑟𝑎
})] 

Contracting equation (6.9) for ℎ & 𝑘, on simplification we get 

(6.10)   *𝑅𝑗𝑖
(2)

= 𝐾𝑗𝑖 + 𝐹𝑖
𝑎[∂𝑗 {

ℎ
𝑎ℎ

} − ∂𝑎 {
ℎ
𝑗ℎ

} + {
𝑝

ℎ𝑝} {
ℎ
𝑗𝑎

} − g𝑗𝑎𝑔𝑟ℎ {
𝑡

𝑟𝑡
}] 

     +gℎ𝑖 {
𝑡

𝑟𝑡
} [∂𝑗𝑔𝑟ℎ + 𝑔𝑟𝑎 {

ℎ
𝑗𝑎

} − 𝑔𝑟𝑎𝐹𝑎
ℎ {

𝑝
𝑗𝑝}] + ∂𝑗 {

𝑎
𝑖𝑎

} 

     −g𝑗𝑖[{
𝑡

𝑟𝑡
} (∂ℎ𝑔𝑟ℎ − 𝐹𝑎

ℎ {
𝑝

ℎ𝑝} 𝑔𝑟𝑎) + 𝑔𝑟ℎ ∂ℎ {
𝑡

𝑟𝑡
}] 

     +𝑔𝑟ℎ {
𝑡

𝑟𝑡
} (∂ℎg𝑗𝑖 − ∂𝑗gℎ𝑖) − {

𝑡
𝑖𝑡

} {
𝑝
𝑗𝑝}. 
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From Equation (6.10), we can obtain  

(6.11)   *𝑅𝑗𝑖
(1)

−*𝑅𝑖𝑗
(1)

= 𝜍(𝑖,𝑗)[𝐹𝑖
𝑎(∂𝑗 {

ℎ
𝑎ℎ

} − ∂𝑎 {
ℎ
𝑗ℎ

} + {
𝑝

ℎ𝑝} {
ℎ
𝑗𝑎

} 

           −g𝑗𝑎𝑔𝑟ℎ {
𝑡

𝑟𝑡
})] + gℎ𝑖 {

𝑡
𝑟𝑡

} [∂𝑗𝑔𝑟ℎ + 𝑔𝑟𝑎 {
ℎ
𝑗𝑎

} 

           −𝑔𝑟𝑎𝐹𝑎
ℎ {

𝑝
𝑗𝑝}] + ∂𝑗 {

𝑎
𝑖𝑎

} + 𝑔𝑟ℎ {
𝑡

𝑟𝑡
} (∂𝑖gℎ𝑗)]. 

Remark: From equations (6.9), (6.10) and (6.11) we can obtain results 

similar to section 5. 
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