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Abstract: The main aim of this paper is to introduce a new extension of
the generalized Hurwitz-Lerch Zeta functions of two variables
[abbreviated as H-L-Z-F-2V] and three variables [abbreviated as H-L-Z-
F-3V] involving the extended Beta function. We then systematically
investigate its several interesting properties and related formulas as (for
example) various integral representations, which provide certain new
and known extensions of earlier corresponding results, a derivative
formula, and Mellin-transform. We also consider some important special
cases.
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1. Introduction

Special functions of mathematical physics are considered as the solutions
of Laplace equations, partial differential equations, diffusion equations and
many other differential equations. Such Special functions are widely and
usefully applied by scientists and engineers in various scientific and
engineering problems. Recently much work has been done on the
generalizations and extensions of previously established Special functions. A
sufficient amount of work has also been done by various researchers like!-1*
on generalized H-L-Z-F. motivated by the recent works on H-L-Z-F, we in
the present paper have further studied these functions using extended Beta
functions. A lot of research work has recently come up on the study and
development of functions, that are more general than the Beta type function,
properly known as generalized Beta type functions.
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These functions as a part of the theory of confluent hypergeometric functions,
are important Special functions an they are widely used in physics and
engineering. Moreover, generalized Beta functions®?, have played a pivotal
role in the advancement of further research

The generalized Hurwitz-Lerch Zeta function of two variables is defined by*?

. _ v @iy 2kt
(1.1) Pun(z,t,s,a) = Xici=o (k+1+a)s kit

(u,,neC; aeC\Zy; seCwhen|z|<1land]|t| <1;
R(s—u—mn)>0when |z| =1and |t] = 1).

Recently Choi and Parmar* introduced and studied the Hurwitz-Lerch Zeta
function of two variables is defined as:

(1.2) q)u,n.n’:v.(z' t,s,a) = Y=o
(u,,mn'eC;, a,veC\Zy; s,z,te Cwhen|z| <land|t| <1;
andR(s+v—u—n—n'")>0when |z| =1and [t| = 1).

Very recently, the extended Hurwitz-Lerch Zeta function of two variables is
defined by Nisar'® as:

W), ('), z*e!
W g1k +14+a)s KL

Wi+t Mi(n'),(8)(8"),  zkel
M1 (ENi(k+1+a)s KT
(u,,mn',6,6'eC; a,v,§ &€ C\Zy; s,z,te Cwhen|z| <1and |t| < 1;
andiR(s+v+E+Ef_u_n_,7/_5—5')>0When|z| =1land|t] = 1).

Hurwitz-Lerch Zeta function of two variables in (1.2) is generalized in three
variables as:

(14) CDMJI'U,J?”JV: (Z, t,1,s, a) = Zlc:l,m=0

(13) cDﬂ,n,U’;&(S'inf’ (Z; tl Sl a) = Z;:,)l=0

Wir1mi(n'),(n'"),, zktlrm
WM 41(k+1+a)s k!lir!

(w,mn',n"eC; a,ve C\Zy;s,z t,re Cwhen|z| < 1,|t| < 1land |r| < 1;
andR(s+v—u—n—n"—n") >0when |z| =1,|t]| =1 and |r| = 1).
Hurwitz-Lerch Zeta function of two variables in equation (1.3) is generalized
in three variables as:

(15) (I)H'U’TI,’U”’&(S"&” ;V‘E‘fl‘fll (Z, t,r,s, a)
M), (n"),,®k(8"),(8"),,,  zkelym
ErENiE"Nmk+1+m+a)s kllr!

(wnn',n",6,68,8"eCa,v,EE,&E"eC\Zy;s,z t,re Cwhen |z| < 1,]t] <1
and|[r] < L;andR(s+v+E+E+E" —u—n—n'-n"-6-6-6")>0
when |z| =1, |t| = 1 and |z| = 1).

= Z?l,m=0
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2. Preliminaries

Generalization of extended Beta and extended Hypergeometric functions are
given by Choi'#:

1 — —
2.1) Bpq(81,6,) = [} t971(1 — % texp (-2 - L dt
o Bpgb+r,c—b) r
(2.2) F,q(ab;c;§;) = Zr:O%(a)m%

R@) 20,R(q) =0,[¢ <1f; R(c) > 0,R(b) > 0).
and
. By g(a+r+s,d—a)
(23)  Fypq(ab,c;dix,y;p,q) = Eemg 2L (0), () 5
(max{|x|,|yl} < 1; R(p) = 0,R(q) = 0;)

. By q(a+r+s+t,e—a)
(2.4) Fyo(a,b,¢,d; €%, 2:p, q) = 555 o 2LETEED () () (d) SLZ

B(a,e—a) r! s! t'
(max{|x],yl,1z]} < 1; R(p) = 0, min{R(a), R(B),R(m) > 0).)
The product of two Gaussian series?®:

(28) 2F; (a,b;c;x) o Fy (@b ¢';y) = X n=o

Main Definition

In this section, we have obtained a new extension of the generalized Hurwitz-
Lerch Zeta function of two variables (1.3) and three variables (1.5) involving
extended Beta function.

r! s'

(@m(a’),®m(b"), xm yn

(©mcn m! n!

Extension of the Hurwitz-Lerch Zeta function of two variables defined
in (1.3) is defined as:

e @), (®)k(8") Bpq(utk+ly—p) zk¢l
28) Pt sotmig! (265 D) = Lict=0™ 5 (@ pGuv-trirar kil

(p=0,q=20;u,n7n",8,8€C; v,é,&,a+{0,—-1,-2,..};s e Cwhen|zt| < 1);

Rs+v+E+E —u—n—n"—86—-35")>1when|zt| =1).
Extension of the Hurwitz-Lerch Zeta function of three variables given in
(1.5) is defined as:

(27) q)unn'n" 58" 5//,,1/{{/ {II, (Z, t,7,s, a)

M), ("), ®i(8"),(8"),, Bpq(u+k+l+my—p) zktlym
OrENE NmB(uv—p) (k+l+m+a)’ kilim!

= Zk,l,m=0
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(p=0,q=0;unn,1n",668,8"€Cv§¢.¢"a
#{0,—1,—-2,..};s e Cwhen |z, t, 7| < 1);
RGs+v+E+E+E" —u—n—m'—n"—6-6"-6") > 1when|z,t,r| =1).
Special cases:

i. In equation (2.6) substituting 6 = &,8" = &', we obtain the extended
form of the Generalized Hurwitz-Lerch Zeta function found by Choi
and Parmar®#:

(2.8) Dy (&, 5,0) = =g

(n)k(n’)prq(ﬂ+k+l,V_#) ke
B(u,v—u)(k+l+a)s k!

(p=0,q=0;u,nn €C;v,a+{0,—-1,-2,..};s e Cwhen |zt| < 1);
Rs+v—u—n—n')>1when|zt| =1).
ii. In equation (1.7) substituting 6§ = &,6' =¢&',6" =¢&", we obtain a
new extended form of the Generalized Hurwitz-Lerch Zeta function
equation (1.4):

(2'9)CDI»4,77:77’:77”;V (Z, t,r,s, a) = Z)?z,m=o

Mi(n'),(n""),,Bpq(u+k+1+my—p) zkelym
B(u,v—w)(k+l+m+a)s k!l'm!

=0,q=0;unn,n"€Cv,a+{0-1,-2,..};se Cwhen|zt,r| <1);
Rs+v—u—n—n"-n")>1when|zt,r|=1).

3. Main Results

3.1 Integral Representation

Here, we have obtained some integral representation of the extension of the
Generalized Hurwitz-Lerch zeta function of two variables involving the
extended beta function (2.6) as:

Theorem 3.1: For R(p) =20, R(q) 2 0; p = 0,R(a) > 0; R(s) > 0,
when |z, t] = 1;R(s) > 1,z=1,t = 1, then

(3.1) CDM,T],UI.(S,S’;V:E;EI (Z; tp Sp a; p; Q)

1 00 -1 - ’ ’ l -

= @fo x5 e E, (u,n,n',6,6v,§,&;2,t,e" ) dx
Proof: We know that the Eulerian integral of the Gamma function obeys

the following identity!’:

1 _ 1 o™ o1 —(k+l+a)x
(32) (k+l+a)s  T(s) fo X e dx

(min{R(s),R(a)} > 0;me N,)
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Employing the above result in equation (2.6) and then interchanging the
order of summation and integration, we obtain:

(Du,n,n’,&zs’;v,f,f’ [k, s, a;p,q]

1 f s-1gmax yio k(1)) (8"),Bpq(utk+Ly—p) k¢!
G kI=0 () (€ B(uy-w) (k+l+a)s k!

In view of the definition (2.1) and (2.3), we obtain the required result (3.1),
Theorem 3.2: For R(p) >0, R(g)>0; p=0,9g=0,Ru) >0,
R(v) > 0 min{s,a} > 0, then
e P74dr(v)

(B3)  Puynssivee (@S ap.q) = ros—o

xH

>I<J'000(1+x)1’exp( ax = )(Dnn ",6,8":8.8 (1Z:Cx'1t-|-_xx's'a)dx

Proof: On putting §; = u+k+1 and 6, = v — u in the underlying
integral representation of the extended beta function'?:

1-1 »
(3-4) pq( 61: 62) =e P71 fO .3, XD (—qx - —) dx

(1+x)51+52 x

we obtain:

oo yMtk+l-1
(35) Bpq(u+ke+ Ly =10 = e [ i eap (—ax = 7) dx
Using (3.5) in (2.6), we obtain:

L cw WO,
CDM,TI,TI’,(S,SI:V.&g, (Z, t: S, a, p’ CI) - Zk,l=0 (f)k(f’)l(k*'l"‘a)s e *

o xhtkHl-1 o xHtkH-1 Kyl

p r(v)
J‘0 (14x)vtk+l exp ( qx = ) r(wWTriv—pw) J.0 (A+x)vtk+l g dx
e PTar(y)
CDM'n'n,rsral;v'g's, (Z’ t’ S’ a) - F(H)F(V_li)

o xt zx  tx
*Jo (1+x)VexP( = 2) @y s (g g 5 )
which proves Theorem 3.2.

Theorem 3.3: For R(p)>0,R(q)>0;p=0,qg=0RWw >0;
R(v) > 0, min{s,a} > 0, then

e—p—ql—-(v) f fooys 1 —ay y1— 1
r(wr(s)r(v—pu) Jo (1+x)v—1

P\ voo Mr@®k zxe™ ("),(8"), txe ™\~
* exp (_qx_})2k=° (k! (1_ 1+x) Zl 0T &N k! ( 1+x) dxdy

(3.6) cbﬂ'n,nljs'(sl;vlglgl (Z; tp Sp a; p} q) —_—
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Proof: Using (3.5) in (2.6), we obtain:

k(") (&r(8"),
Or@E )kt lra)y ©

0 x,u+k+l—1 p r(wv) Zktl
* fO (1+x)v+k+l €XP (_q B ;) T(WT(v—p) kIl

Pynntsswee (@ 6S 4D, Q) = Xii=o

e P- qF(V) f fooys 1 —ayu— 1
~ T(WI(s)rv-um Jo (1+x)v~1

k() (1 3 zxe-y)"‘

14 )
wexp (—ax =) w2 (1 -5

0 (n’)l(6’)l txe™ L
* 2o (EN)k! (1_ 1+x) dxdy
{using(3.2)}
which proves Theorem 3.3.

Theorem 3.4: For R(p) >0, R(q)>0; p=0, q =0, R > 0;
R(v) > 0, min{s,a} > 0, then

) _2MVrv) 1 =101 _ \V—p—1
BN, v s6wes @S, @GP, Q) = T Jo, @+ 1 -x)
2(p+q)+2(q—p) z(1+x) t(1+x)
* exp (_ (1-x2) ) q)n,n’,&a’;&f' ( ;s T2 S a) dx

Proof: On putting 6; =u+k+1, 6, =v—pu in the underlying
integral representation of the extended Beta function'?:

(3.8) B, 4(8;,8,) = 217417 % f_ll(l +x)%171(1 — x)%2Texp (_ 2(p+q)+2(q—p)) do

1-x2

Using (3.8) in (2.6), we obtain:

(n)k(n,)l(6)k(6,)l 2 1-v—k-I

o X (z,t,s,a;p,q) = ¥55_ :
wnn' o8 wig!( P.q) = i O ©i(¢) (ertrary

1 _ oy 2(p+q)+2(q-p)\ z*t!
*f_1(1+x)”+k+l 11 —x)v+ 1exp( SprareaTe) (ql xz)q P ) de

21T ()
Frv—w

2(p+q)+2(q—p) () z(1+x) t(1+x)
*exp( (1—x2) )Cbnn 58" ff( 2 ' 2

which proves the results (3.7).

1 _ —y—
cbu,yl,yl’,é‘,é";v,f,fl(zi t; Sl a; p’ CI) = f_l(l + x)# 1(1 - x)v H 1

,S, a) dx
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Theorem 3.5: For R(p) >0, R(g)>0; p=0, g =0, R(u) > 0;
R(v) > 0, min{s,a} > 0, then

217r(w)
T ()T (v—p)
f . ys e ™ (14 01 (1—x)VH!

—2(p+0)+2(G-P)\ w0 MO z(1+x)e Y\ 7K
*exp( (1-x2) )Zk 0 (O)k! (1_ 2 )

’) (& )l t(1+x)e Y\
* 120 G (&N k! (1_ 2 ) dx

Proof: It can be easy to prove the assertions of Theorem 3.5 and of
Theorem 3.4.

Theorem 3.6: For R(p) >0, R({q)>0; p=0, g=0, R >0;
R(v) > 0, min{s, a}, then

B9 P, issives (LS AGD,Q =

) __ (c—=hr
(3.10) Y E’(Z' t,s,a;p,q) = TGOT 1)
« Jy G = b)Y (e = ) exp (- = {(q — P)x + (pe — qb)})

x—=b x—b
ey ssner (2(50) £ () 5.0) dx
Proof: On putting 6; =u+k+1, 6,=v—pu in the underlying
integral representation of the extended Beta function'?:
(311)  Byq(81,6,) = (c — b)Y %% [“(x — b)*171(c — x)% 1

-b)
v exp (- =5 (g — P)x + (pc — gb)}) dx

Using (3.11) in (2.6), we obtain:

Pt 8.8 (265 4P, q)
_ye Mi(n"),;(O)k(8") Bpq(utk+Lv—p) zkl
S ekEC @)@ B Y- (k+l+a)S k!

mr(n"),(®r(8"),

(€ ) ENik+1+a)s

— Zkl 0 (C _ b)l—k—l—v

* [ G = bR (¢ — x)v_“_lexp( G b)(c 5@ =p)x+ (pc— qb)})ﬁdx
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(c=b)'"’r(v)
Frv—pw
(c—b)
(x—=b)(c—x)

x—>b x—b )
* q)ﬂ,n',&t?'if'f' (z (c — b) ,t (c — b) ,S, a) dx, {using (2.6)}

which is the desired results (3.10), i.e. Theorem 3.6.

Theorem 3.7: For R(p) >0, R(g)>0; p=0, g =0, R(u) > 0;
R(v) >0, min{s,a} > 0, then

) (z,t,s,a) =

wnn' 88 v,EE

* f (x — D) 1(c —x)V " H lexp <— {(@ —p)x + (pc - qb)}>
0

) _ (c—a)r@)
(312) q)l.t,n,n’,(s.(sl.'vlflf, (Z, t; s, a;p, Q) - T (v—u)

« Jy (e = )P (e = ) lexp (- =52 {(g — P)x + (e — qa)3)

DA (1 (22)e) 3 D 1 (22) )

Proof: It is easy to prove the assertions of Theorem 3.7 and of Theorem 3.6.

3.2 Derivative formula:
Theorem 3.8: The Following differential formula for

cDu,n,n’,&S’;v,E,E’:p,q (z,t,5,a;p, q) holds:

g+ Wir+1Mk(n'), ) (8"),
(B13) P sawigina® bs B P | = LRI

* cI)u+k+l,,8+k,5’+l;v+k+l,§+k,§’+l;p,q(Z' ts,a+k+1; b, q) (m € N)

Proof: Consider the derivative of (2.6) with respect to z, t, we obtain:

Mi(n"),(O)x(8") Bpq(u+k+Lyv—p)

dk+l
azrart \Punn’ 65 wgs (B 653 P} = Xtz ©OrEN BV (k++a)

Zk_ltl_l
* —
(k-D!(1-1)!
which upon replacing k by k+1 and | by I+1 in the above equation and
employing the identity
%
B(”JV_.“):;B(#-I_LV_#)' 1/m+1:v(v+1)m'

Leads to the derivative formula

p k(') Oi(8"),
dzkdtl {q)u,n,n',&fi':v.i,i':p q(z LS, a;p, q)} ©rEn
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* O (z,t,s,a+ 1;p,q)

p+in+1n'+1,6+1,8 +1;v+1,5+1,8 +1;p,q
Recursive application of this procedure provides the required results (3.13).
3.3. Mellin transform of the Hurwitz-Lerch Zeta Function:

Theorem 3.9: For R(p) >0,R(q) >0, R(p) >0,RW) >0,
Ru+k+1+¢9) >0,RW+k+1+¢) > 0,thenthe Mellin transform of

the function q)u.n,n’,S.S';V.E,E’;p.q(Z’ t,s,a; p,q) is given by
(3.14) M {q)#’n‘nl,é"gl;v’f’f’ (Z) tl S, Q,; p: q): p - (p’ q - l/)}

_T@Qr@)Bp+o,v—u+y) o
- B(u,v—p) urenn' 88" v+e+pEé

(z,t,8,a).

Proof: The Mellin transform of a suitable integrable function f (k) with
index ¢ is defined, generally, by

(315)  M{f(k):k @} = k¢ f()dk (0 <k < o).
Using (2.6) in (3.15), we obtain:

M {cbu,n,n’,a,s’;v,f,g' (z,ts,a;0,9):p > ¢, 9 > w}

= fooo fooo p(P—lql[)—l {¢ﬂ’n’n’;6;5liv.f.f’ (Zl t,s,a; p, Q) p, CI} dp dq

® (00 g Mr(M"),(Ok(8") Bp,qutk+iv—p) Zk¢l
— o—-1_Y—-1\y o 1 1°p4q z7t
Jo Jo P T g iy 4P 4

_ye Mr(n"), (8", zktl
T ARL=0 (6, (€ B(uv—-w) (k+1+a)S kIl

* fooo fooo p?1q¥ ' Bpg(u+ k +1L,v—wdp dq

Employing the underlying well-known integral representations!?:

f f p?1q¥ ' B, (u+k+1Lv—p)dpdgq
0 0

=T(@TW)Bu+k+1l+ov—pu+P)(R(p) > 0,REY) > 0)
we obtain:

M {(I)u.n,n’,S.S’;v,f,f’(Z’ t,s,a;p,q):p = @,q - ¢}

_ l"((p)l"(t/))zoo ("), (Ok(8") Bpqu+k+l+@v—pt+h) kil
k,1=0

"~ B(uv-p) ()N (k+1+a)s k!l!

dp dq
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_ MM W)BGtov—it)) 5rcn Mi(0"),O(8"), @it ghel
B(u,v—p) k1=0 (£). (e 1(@+v+P)k (@ +v+) (k+1+a)S k!l
T'(@)T(WY)B(u+@,v—u+1h)
B(H'V_H)

M{q)ﬂ:nrﬂ,r&‘slivrgrf, (Z, t,s,a; D, Q)p - @, q— 1/]} =

* @ (z,t,s,a)

u+onn', 8,8 v+o+Eg
which proves Theorem 3.9.

3.4 Integral representations:

The section deals with the integral representation of the new extension of the
generalized Hurwitz-Lerch zeta function of three variables involving the
extended beta function (2.7) as follows:

Theorem 3.10. For R(p) = 0,R(q) = 0;p = 0,R(a) > 0;R(s) >0,
when |z, t,r| = 1;R(s) > 1,whenz=1,t =1,r = 1then

(316) CDILW'YI,'77”'615’:5”3%5;51»5”1(k' l, m,s,a;p, CI)
1 [ee}

=15 do XTI R 0", 8,6, 8,6, 8" z,t,r, e”) dx

Proof: We know that Eulerian integral of the Gamma function obeys the
following identity?;

1 1 r® s-1,-(k+tl+m+a)x
(3.17) (k+l+m+a)s  T(s)~0 X e dx

(min{R(s),R(a)} > 0;me N,)

Employing the above result in equation (2.7) and then interchanging the
order of summation and integration, we obtain:
1 r® 1 —ax

(318) q)uln'n/'n11,6,51,511;%5,5/,511,(k, l, m,s,a;p, q) = ) Jo X e

Mi(n"),(n""),,r(8"),(8"),,Bpq(u+k+l+my—p) zkelym
OrEMNE"ImBUy—w (k+l+m+a)s kilim!

In view of the definition (2.1) and (2.4), we obtain the required result (3.16).

Theorem 3.11: For R(p) >0,R(q) >0;p=0,qg=0Ru >0;
R(v) >0, min{s,a} > 0, then

* Zl?l,m:O

. __ e P7ar(y)
(319) CD#'U’TI””I”’5'6"6”;%5,5,:5” (Z, t,r,s,a; P, Q) = —F(u)r‘(v—u)

o _xF p zx  tx rx
* fO (1+x)Y exp (—CIx - ;) CDTIJ)’rU”y(S,a’,(S”:f,f’f” (m,m,m,s, a) dx
Proof: Onputting 6, = u+k+1+m and 8, = v — u in (3.4), we
obtain:
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o0 xu+k+l+m 1

(3.20) Bpg(u + k +1+m,v —p) = e™?79 [ —qx—g)dx

(1+x)v+k+l+m exp ( x

using (3.20) in (2.7), we obtain:

(321) CDWIH' "8,8 8" v EE EII(Z t,r,s,a,p, CI)

mMrm"),(n"),, 6k (6’)1(6”)m
O rENE N mk+1+m+a)s

u+k+l+m-1
-p-q (C X —qy —P
*xe fo (1+x)v+k+l+m exp ( qx x)

o xMtk+l+m-1  Skilm

rewv) f ttr
F(WIr(v—p) Y0 (14+x)Vrk+tl+m  piim)
e P=ar(v)
r(rv—uw)

= Zk,l,m:O

dx

Cunnn 566" weg g (LTS AP q) =
o xH zx tx rx
* fO (1+x)Vv exp ( ax = ) CI)n n'n".88'8"88§" (1+x 1+x 1+x'S' a) dx
which proves Theorem 3.11.

Theorem 3.12: For R(p) >0,R(q)>0;p=0,q9=0,R(u) > 0;
R() > 0, min{s,a} > 0,then

(322) Cbunn/ n'".8,8 8" vEE EII(Z, t,r,s, a; D, CI)

_ e -p- QF(V) f fooy ayxﬂ 1
T T(WI(s)F(v—p) o (1+x)v-t
M@ ( _ zxe !\ Koo )8, (1 txer\7
*exp( )Zk 0 (&)rk! (1 1+x) Zizo ENql! (1 1+x)
(") n(8") mxe ¥\
Zm 0 E")pm! (1 Tt ) dx dy
Proof: Using (3.21) in (2.7), we obtain:
q)#nnrnu 5688w EE & (Z, t,r,s,a;p, Q)
3 ("), (1) Or(8),(6"), g oo xkHeHHm1 )
= 2KLm=0" (), G 1@ o 0 (xyrrkrtim EXP (‘qx - ;)

r(v) zkelym
Fr(wrv-—w) kW'm!

CDI“7 nl nII 661'5”:1}'5'{/’5”(2, t,r,s,a; D, CI)

e P~4r(v) f fooys lp—ay,u—1
C I(rEr-wJo (Q+x)v-t
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vexp (—ax ) T B (1-227)

1+x
[e%) (n’)l(al)l txe™Y -
* 2iZo (&N k! (1 N 1+x)

. (U”)m(5”)m mxe™Y
* Zm:O (&E'Npmm! ( T 1tx
which proves Theorem 3.12.

Theorem 3.13: For R(p) >0,R(q)>0;p=0,9 =0,R(u) > 0;
R(v) >0, min{s,a} > 0,then

)_m dxdy, {using (3.17)}

(3.23) ¢#:n:n,:n”:6J6,J6”;V:§:€,:§” (Z) tp rl Sl a; p’ q)

217Vr(v)

: - —u- 2(p+q)+2(q—p)
= T [ (4 )R = ) ep (- M)

(1-x2)

z(1+x) t(1+x) r(1+x)
* (bn‘nI‘nll‘é-’5l’5ll;f‘€l'§'ll ( S T 5 T4 S, a) dx

Proof: On putting 6, = u+k+1+m, 6, =v — pin(3.8), we obtain:
B24)B,,(utk+1l+mv—pu)

1
= 21-k-l-m-v f (1 + x)u+k+l+m—1(1 — x)v—u—l
-1

2(p+q)+2(q—p)

exp (- dx
Using (3.24) in (2.7), we obtain:

CI)#J?,TI’,TI”.5,51,6”;%{,5,:{” (Z, t,r,s,a; P, CI)

mi("),(n""),,E0w(8"),(8"),,
O rENCE"Nmk+1+m+a)s

« D1-v—k-1 f11(1 f x)HHRHEM=1 (] yyv-p-1

2(p+q)+2(q—-p)\ zFtlr™
*exp(— (1-x2) ) Kkilim!

= Z?l,m:O

CD#JLTI”TI”'5'6"6”;%5,5,:5” (Z, t,r,s,a; P, Q)
_27rv) (1 p=1(q _ yv—p—1
= TS f—1(1 +x)* 11 —x)

2(p+q)+2(q—-p) z(14x) t(1+x) r(1+x)
* exp (— —(1_x2) ) CDTI»T),»77,,;&5"5”;5'5’;6” ( S T, T 5 S, a) dx

which proves the results (3.23).
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Theorem 3.14: For R(p) >0,R(q)>0;p=0,q9 =0,R(u) > 0;
R(v) >0, min{s,a} > 0,then

(325) (D”n 77/ nll 58 8" v g (Z, t,r,s, a; D, Q)

_ 217Vr(y) —vy U101 _ oyv—pi—1
= T@rera- u)f vy e 1+ 0 (1 - %)

—20+@)+2(q-P)\ yoo MOk [ _ z(+x)e ¥\ K
*exp( (1—x2) )Zk 0 (E) ! ( 2 )
(n"),(8"), t(1+x)e™Y (n"),.(8"),, r(1+x)e Y\~ ™
* LiZo (k! (1_ 2 ) Zm" E"mm! (1_ 2 ) dx

Proof: It can be easy to prove the assertions of Theorem 3.14 and of
Theorem 3.13.

Theorem 3.15: For R(p) >0,R(q) >0;p=0,qg=0RWu >0;
R(v) >0, min{s,a} > 0, then

(c=b)T(v)
(3-26) @y 6505 veg e (Z6T,S,;0,q) = poors
_ oy (c-b)
 Jy G = bYH e — 1)V texp (— 2 (g — p)x + (pe — gb)})

* Qo' 5,8'8"6.8 8" (2(52) 1 () () sa) ax
Proof: On putting §; = u+k+1+m, §, =v —puin(3.11), we obtain:
(3.27) Byqutk+1l+myv—pu)
— (C _ b)l—k—l—m -v fac(x _ b),u+k+l+m—1(c _ x)v—u—l

(c=b)
« exp (— = {(q — p)x + (pc — qb)}) dx

Using (3.27) in (2.7), we obtain:

CD#J?"’ "85 8", EE fII(Z t,7,s,a; p,CI)
("), (@), ®u(8"),(6"),,
k& Dmkt+l+m+a)

«(c— b)l—k—l—m -v fc(x _ b),u+k+l+m—1(c _ x)v—u—l

= Zk,l,m=0

mdx

* exp (—&{(q p)x + (pc — qb)}) PRI

(x=b)(c—x)
(c—-b)1~’r(v)

Py’ 6,55 e g (2 67,8,8:0,q) = T s
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(c—b)
m{(q —p)x + (pc — qb)})

x—Db x—b x—>b
* (Dn'nI'nll'é*'(sl’all;f’fl’fll (Z (C — b) , t (C — b) , T (C — b) , S, a) dx

{using (2.7)}

* foc(x —b)* 1(c—x)V"H lexp (—

which is the desired results (3.26), i.e. Theorem 3.15.

Theorem 3.16: For R(p) >0,R(q)>0;p=0,q =0,Ru) >0;
R(v) > 0, min{s,a} > 0,then

(c—a)T(v)

(328) cbu‘n‘nI‘nll’6,évljévll;v‘f’fl‘fll (Z, t,r,s, a; P, Q) = —F(ﬂ)r(v—ﬂ)
(c—a)

« Jy (= )P e =0V lexp (- =52 (g — p)x + (pe - qa)))

B (20)e) 5 S () )

(©kk! c—a c—a
o (nn)m(su)m x—a —y -m
T (1))

Proof: It is easy to prove the assertions of Theorem 3.16 and of Theorem
3.15.
3.5 Derivative formula:

Theorem 3.17: The Following differential formula  for

¢M'n'nl,n11'6,81'811;%5,5/,5//;p,q (Z, t,r,s,a;p, Q) holds:

dk+l+m
(3.29) dzkdtldrm {q)u.n,n’,n”,&&’.&”;v,é’,é”,é’”.p.q (k,Lm, s, a;p, q)}
_ Wiertsmi(n"),,,®i(8"),(6"),,
- @e+1E) (€1 Nm

* (z,t,r,s,a+k+1+m;p,q)
(meN)

Proof: Consider the derivative of (2.7) with respect to z, t, r, we obtain:

u+k+1+m,8+k,8'+1,8" +m ;v+k+1+m,E+k,E +1L,E +m;p,q

dk+l+m
—dzkdtldrm {(D#,T],TI’,TI”,S,(SI,S”:V,f,f,,f”;p,q (k, l, m,s,a;p, CI)}

mr("),(n"),,®k(8"),(8"),,Bpqu+k+l+my—p)
O (ENEB(uv—p)(k+l+m+a)s

Zk_ltl_lrm_l
* (k—=D)!(1-D!(m-1)"
which upon replacing k by k+1 and | by I+1 in above equation and

= Zlc:l,mzo
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employing the identity

(330)  Buv-mw=iBu+1Lv-p),  Vma=v@+Dn
leads to the derivative formula

d
dz dt dr{q)u,n,n’,n”,&é’.é”;v,é’,é”,é’”.p.q(k’ Lms,a;p, q)}

_ Mr"),(n"),,®x(8"),(8"),,
- k€N NDm

* @ (ztr,s,a+1;p,q)

p+In+1n’ +1,0" +1,6+1,8"+1,8" +1,v+ 1.+, +1,8 +1;p,q
Recursive application of this procedure provides the required results (3.29).
3.6 Mellin transform of the Hurwitz-Lerch Zeta Function:

Theorem 3.18: For R(p) >0,R(q) >0, R(p) >0,RW) >0,
Ru+k+l+m+¢o) >0Rv+k+1+m+¢) >0, then the Mellin

tr-anSform of the function q)u.n,n',17",5.5'.5";1/,5,5',5":p,q (k, l,m, s,a;p, Q) is
given by
(331) M {q)#,n.n’.n”,6,5’,6”:%5,5’,5”(Z’ t,r,s,a;p,q):p = @, q > 1/)}

_ T(@T@)B (u+pyv—u+ih)
= Bav—p) CDLH(PJ?,U',U”,5,5',5”:V+<P+¢.f.f'.f” (Z, t,1,Ss, a)

Proof: Using (2.7) in (3.15), we obtain:

M {cbu,n.n’.n”.6,8’,5”:1/,5,5’,5”(Z’ t,r,s,a;p,q):p = @, q > 1/)}

- fooo fooo po-lq¥-1 {q’u.n.n’ﬂ?"'5:5',5":1/,5:5',5" (z,t,1,s,a4;0,9):p,q}dp dq

[ (2 peiqhty Mik(n'),(n"),,(8)(8"),(8"),,Bp,q(u+k+1+my—p)
0o Jo k,Lm=0 OrENE"NmBy-w (k+l+m+a)s
zktlym

* k!lllm! dp dq

o Mi(n"),(n"),,, ®k(8"), (8"),, k!
= ZigLm=0 OrENE D mBuv—p) (k+l+m+a)s kil

* fooo fooo p? gt Bpq(u+k+1+m,v—p)dpdq
Employing the underlying well-known integral representations!?:
[ [ po g By g(u + k + L+ mv — p)dp dg
=T(@IWBu+k+1l+m+o,v—pu+P)(R(p) > 0,RE) > 0)
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we obtain:

zkelym

M {CIJWI‘”,‘n,,‘6’5,’8,,‘,%5,5,,5,,(z, t,r,s,a;p,q):p - @, q— 1/)} pT. dp dq

_ N@T®Y) oo (7))k(TI’)l(TI”)m(5)k(5’)l(5”)me,q(u+k+l+<p,v—u+1p)
= B Zkim=0 OrENE I mk+l+m+a)s
_ No)Ir@)Butoy—p+p)
B(uv—u)
(n)k(n’)l(n”)m(S)k(S’)l (5”)m U+ P k+1+m  Zkilym
OrENE N mle+v+ P (@+v+)(k+l+m+a)S kllm!

* Zlc:?l,m=0 (

M {cbuln'n/'n11'6,811511;%5,51,511 (Z, t,r,s,a; D, CI) pP—¢,q9— l/)}

_ @)T@)B (ut+pyv—u+yh)
h B(uyv—u) utronn'n'" 8,68 v+o+pEg g’ (ztr,s, a)

which proves Theorem 3.18.
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