
DOI: 10.61294/jiaps2024.2825   ISSN 0974 - 9373 
 

Vol. 28 No. 2 (2024)           J. Int. Acad. Phys. Sci.             pp. 129-145  

 

 

 

A Study of Generalized Hurwitz-Lerch Zeta  

Function of Two-variables and Three-variables  

and its terms of Extended Beta Function 

 
 

Priyanka Srivastava and S. K. Raizada 
Department of Mathematics and Statistics,  

Dr. Rammanohar Lohia Avadh University Ayodhya, (U.P.), India 
Email: priyanka9794840993@gmail.com ; skr.65@rediffmail.com    

 
(Received February 19, 2024, Accepted March 25, 2024) 

 
Abstract: The main aim of this paper is to introduce a new extension of 

the generalized Hurwitz-Lerch Zeta functions  of two variables 

[abbreviated as H-L-Z-F-2V] and three variables [abbreviated as H-L-Z-

F-3V] involving the extended Beta function. We then systematically 

investigate its several interesting properties and related formulas as (for 

example) various integral representations, which provide certain new 

and known extensions of earlier corresponding results, a derivative 

formula, and Mellin-transform. We also consider some important special 

cases. 
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1. Introduction 

Special functions of mathematical physics are considered as the solutions 

of Laplace equations, partial differential equations, diffusion equations and 

many other differential equations. Such Special functions are widely and 

usefully applied by scientists and engineers in various scientific and 

engineering problems. Recently much work has been done on the 

generalizations and extensions of previously established Special functions. A 

sufficient amount of work has also been done by various researchers like1-11. 

on generalized H-L-Z-F. motivated by the recent works on H-L-Z-F, we in 

the present paper have further studied these functions using extended Beta 

functions. A lot of research work has recently come up on the study and 

development of functions, that are more general than the Beta type function, 

properly known as generalized Beta type functions. 
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These functions as a part of the theory of confluent hypergeometric functions, 

are important Special functions an they are widely used in physics and 

engineering. Moreover, generalized Beta functions12, have played a pivotal 

role in the advancement of further research 

The generalized Hurwitz-Lerch Zeta function of two variables is defined by13 

(1.1)     Φ𝜇,𝜂
∗ (𝑧, 𝑡, 𝑠, 𝑎) = ∑

(𝜇)𝑘(𝜂)𝑙

(𝑘+𝑙+𝑎)𝑠

𝑧𝑘𝑡𝑙

𝑘!𝑙!

∞
𝑘,𝑙=0   

 (𝜇, , 𝜂 𝜖 ℂ;    𝑎 𝜖 ℂ\ℤ0
−;   𝑠 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧| < 1 𝑎𝑛𝑑 |𝑡| < 1; 

 ℜ(𝑠 − 𝜇 − 𝜂) > 0 𝑤ℎ𝑒𝑛  |𝑧| = 1 𝑎𝑛𝑑 |𝑡| = 1). 

Recently Choi and Parmar14 introduced and studied the Hurwitz-Lerch Zeta 

function of two variables is defined as: 

(1.2)  Φ𝜇,𝜂,𝜂′;𝜈,
(𝑧, 𝑡, 𝑠, 𝑎) = ∑

(𝜇)𝑘+𝑙(𝜂′)
𝑘

(𝜂′′)
𝑙

(𝜈)𝑘+𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0

𝑧𝑘𝑡𝑙

𝑘!𝑙!
           

 (𝜇, , 𝜂, 𝜂′𝜖 ℂ;    𝑎, 𝜈 𝜖 ℂ\ℤ0
−;   𝑠, 𝑧, 𝑡 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧| < 1 𝑎𝑛𝑑 |𝑡| < 1; 

and ℜ(𝑠 + 𝜈 − 𝜇 − 𝜂 − 𝜂′) > 0 𝑤ℎ𝑒𝑛  |𝑧| = 1 𝑎𝑛𝑑 |𝑡| = 1). 

Very recently, the extended Hurwitz-Lerch Zeta function of two variables is 

defined by Nisar15 as: 

(1.3)  Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎) = ∑
(𝜇)𝑘+𝑙(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜈)𝑘+𝑙(𝜉)𝑘(𝜉′)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0

𝑧𝑘𝑡𝑙

𝑘!𝑙!
  

(𝜇, , 𝜂, 𝜂′, 𝛿, 𝛿′𝜖 ℂ;  𝑎, 𝜈 , 𝜉, 𝜉′𝜖 ℂ\ℤ0
−;   𝑠, 𝑧, 𝑡 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧| < 1 𝑎𝑛𝑑 |𝑡| < 1; 

and ℜ(𝑠 + 𝜈 + 𝜉 + 𝜉′ − 𝜇 − 𝜂 − 𝜂′ − 𝛿 − 𝛿′) > 0 𝑤ℎ𝑒𝑛 |𝑧| = 1 𝑎𝑛𝑑 |𝑡| = 1). 

Hurwitz-Lerch Zeta function of two variables in (1.2) is generalized in three 

variables as: 

(1.4)   Φ𝜇,𝜂,𝜂′,𝜂′′;𝜈,
(𝑧, 𝑡, 𝑟, 𝑠, 𝑎)  = ∑

(𝜇)𝑘+𝑙(𝜂)𝑘(𝜂′)
𝑙
(𝜂′′)

𝑚

(𝜈)𝑘+𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑟!
   

(𝜇, , 𝜂, 𝜂′, 𝜂′′𝜖 ℂ;  𝑎, 𝜈 𝜖 ℂ\ℤ0
−; 𝑠, 𝑧, 𝑡, 𝑟 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧| < 1, |𝑡| < 1 𝑎𝑛𝑑 |𝑟| < 1; 

and ℜ(𝑠 + 𝜈 − 𝜇 − 𝜂 − 𝜂′ − 𝜂′′) > 0 𝑤ℎ𝑒𝑛  |𝑧| = 1, |𝑡| = 1 𝑎𝑛𝑑 |𝑟| = 1).  

Hurwitz-Lerch Zeta function of two variables in equation (1.3) is generalized 

in three variables as: 

(1.5) Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′ ;𝜈,𝜉,𝜉′,𝜉′′  
(𝑧, 𝑡, 𝑟, 𝑠, 𝑎) 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0    

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑟!
 

(𝜇, 𝜂, 𝜂′, 𝜂′′, 𝛿, 𝛿′, 𝛿′′𝜖 ℂ; 𝑎, 𝜈, 𝜉, 𝜉′, 𝜉′′𝜖 ℂ\ℤ0
−; 𝑠, 𝑧, 𝑡, 𝑟𝜖 ℂ when |𝑧| < 1, |𝑡| < 1 

and |𝑟| < 1; and ℜ(𝑠 + 𝜈 + 𝜉 + 𝜉′ + 𝜉′′ − 𝜇 − 𝜂 − 𝜂′−𝜂′′ − 𝛿 − 𝛿′ − 𝛿′′) > 0 

when |𝑧| = 1, |𝑡| = 1 and |𝑧| = 1). 
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2. Preliminaries 

  

Generalization of extended Beta and extended Hypergeometric functions are 

given by Choi14: 

(2.1)             𝐵𝑝,𝑞(𝛿1, 𝛿2) = ∫ 𝑡𝛿1−1(1 − 𝑡)𝛿2−1𝑒𝑥𝑝 (−
𝑝

𝑡
−

𝑞

(1−𝑡)
)

1

0
𝑑𝑡 

(ℜ(𝑝) > 0, ℜ(𝑞) > 0, ℜ(𝛿1) > 0, ℜ(𝛿2) > 0), 

(2.2)     𝐹𝑝,𝑞(𝑎, 𝑏; 𝑐; 𝜉; ) = ∑
𝐵𝑝,𝑞(𝑏+𝑟,𝑐−𝑏)

𝐵(𝑏,𝑐−𝑏)
(𝑎)𝑚

𝜉𝑟

𝑟!
∞
𝑟=0          

(ℜ(𝑝) ≧ 0, ℜ(𝑞) ≧ 0, |𝜉 < 1|;  ℜ(𝑐) > 0, ℜ(𝑏) > 0). 

and 

(2.3)   𝐹𝑝,𝑞(𝑎, 𝑏, 𝑐; 𝑑; 𝑥, 𝑦; 𝑝, 𝑞) = ∑
𝐵𝑝,𝑞(𝑎+𝑟+𝑠,𝑑−𝑎)

𝐵(𝑎,𝑑−𝑎)
(𝑏)𝑟(𝑐)𝑠

𝑥𝑟

𝑟!

𝑦𝑠

𝑠!
∞
𝑟,𝑠=0   

(𝑚𝑎𝑥{|𝑥|, |𝑦|} < 1;  ℜ(𝑝) ≥ 0, ℜ(𝑞) ≥ 0; ) 

(2.4) 𝐹𝑝,𝑞(𝑎, 𝑏, 𝑐, 𝑑; 𝑒; 𝑥, 𝑦, 𝑧; 𝑝, 𝑞) = ∑
𝐵𝑝,𝑞(𝑎+𝑟+𝑠+𝑡,𝑒−𝑎)

𝐵(𝑎,𝑒−𝑎)
(𝑏)𝑟(𝑐)𝑠(𝑑)𝑡

𝑥𝑟

𝑟!

𝑦𝑠

𝑠!
∞
𝑟,𝑠,𝑡=0

𝑧𝑡

𝑡!
 

(𝑚𝑎𝑥{|𝑥|, |𝑦|, |𝑧|} < 1;  ℜ(𝑝) ≥ 0, min{ℜ(𝛼), ℜ(𝛽), ℜ(𝑚) > 0) . ) 

The product of two Gaussian series16: 

(2.5)   𝐹1 (𝑎, 𝑏; 𝑐; 𝑥) 𝐹122 (𝑎′, 𝑏′; 𝑐′; 𝑦) = ∑
(𝑎)𝑚(𝑎′)

𝑛
(𝑏)𝑚(𝑏′)

𝑛

(𝑐)𝑚(𝑐′)𝑛

𝑥𝑚

𝑚!

𝑦𝑛

𝑛!
∞
𝑚,𝑛=0    

Main Definition  

In this section, we have obtained a new extension of the generalized Hurwitz-

Lerch Zeta function of two variables (1.3) and three variables (1.5) involving 

extended Beta function. 

Extension of the Hurwitz-Lerch Zeta function of two variables defined 

in (1.3) is defined as: 

(2.6)  Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎) = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 

(𝑝 ≥ 0, 𝑞 ≥ 0; 𝜇, 𝜂, 𝜂′, 𝛿, 𝛿′ 𝜖 ℂ;  𝜈, 𝜉, 𝜉′, 𝑎 ≠ {0, −1, −2, … }; 𝑠 𝜖 ℂ when|𝑧, 𝑡| < 1); 

ℜ(𝑠 + 𝜈 + 𝜉 + 𝜉′ − 𝜇 − 𝜂 − 𝜂′ − 𝛿 − 𝛿′) > 1 𝑤ℎ𝑒𝑛 |𝑧, 𝑡| = 1). 

Extension of the Hurwitz-Lerch Zeta function of three variables given in 

(1.5) is defined as: 

(2.7)  Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′ 𝛿′′,;𝜈,𝜉,𝜉′,𝜉′′, 
(𝑧, 𝑡, 𝑟, 𝑠, 𝑎) 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
𝐵𝑝𝑞(𝜇+𝑘+𝑙+𝑚,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
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(𝑝 ≥ 0, 𝑞 ≥ 0; 𝜇, 𝜂, 𝜂′, 𝜂′′, 𝛿, 𝛿′ , 𝛿′′ 𝜖 ℂ;  𝜈, 𝜉, 𝜉′, 𝜉′′, 𝑎

≠ {0, −1, −2, … }; 𝑠 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧, 𝑡, 𝑟| < 1); 

ℜ(𝑠 + 𝜈 + 𝜉 + 𝜉′ + 𝜉′′ − 𝜇 − 𝜂 − 𝜂′ − 𝜂′′ − 𝛿 − 𝛿′ − 𝛿′′) > 1 when|𝑧, 𝑡, 𝑟| = 1). 

Special cases: 

i. In equation (2.6) substituting 𝛿 = 𝜉, 𝛿′ = 𝜉′, we obtain the extended 

form of the Generalized Hurwitz-Lerch Zeta function found by Choi 

and Parmar14: 

(2.8)              Φ𝜇,𝜂,𝜂′;𝜈
(𝑧, 𝑡, 𝑠, 𝑎) = ∑

(𝜂)𝑘(𝜂′)
𝑙
𝐵𝑝𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 

(𝑝 ≥ 0, 𝑞 ≥ 0; 𝜇, 𝜂, 𝜂′ 𝜖 ℂ;  𝜈, 𝑎 ≠ {0, −1, −2, … }; 𝑠 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧, 𝑡| < 1); 

ℜ(𝑠 + 𝜈 − 𝜇 − 𝜂 − 𝜂′) > 1 𝑤ℎ𝑒𝑛 |𝑧, 𝑡| = 1). 

ii. In equation (1.7) substituting 𝛿 = 𝜉, 𝛿′ = 𝜉′, 𝛿′′ = 𝜉′′,  we obtain a 

new extended form of the Generalized Hurwitz-Lerch Zeta function 

equation (1.4): 

(2.9)Φ𝜇,𝜂,𝜂′,𝜂′′;𝜈
(𝑧, 𝑡, 𝑟, 𝑠, 𝑎) = ∑

(𝜂)𝑘(𝜂′)
𝑙
(𝜂′′)

𝑚
𝐵𝑝𝑞(𝜇+𝑘+𝑙+𝑚,𝜈−𝜇)

𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
 

(𝑝 ≥ 0, 𝑞 ≥ 0; 𝜇, 𝜂, 𝜂′, 𝜂′′ 𝜖 ℂ;  𝜈, 𝑎 ≠ {0, −1, −2, … }; 𝑠 𝜖 ℂ 𝑤ℎ𝑒𝑛 |𝑧, 𝑡, 𝑟| < 1); 

ℜ(𝑠 + 𝜈 − 𝜇 − 𝜂 − 𝜂′ − 𝜂′′) > 1 𝑤ℎ𝑒𝑛 |𝑧, 𝑡, 𝑟| = 1). 

 
3. Main Results  

 

3.1 Integral Representation     

Here, we have obtained some integral representation of the extension of the 

Generalized Hurwitz-Lerch zeta function of two variables involving the 

extended beta function (2.6) as: 

Theorem 3.1: For ℜ(𝑝) ≧ 0, ℜ(𝑞) ≧ 0;  𝑝 = 0, ℜ(𝑎) > 0;  ℜ(𝑠) > 0, 

when |𝑧, 𝑡| ≦ 1; ℜ(𝑠) > 1, 𝑧 = 1, 𝑡 = 1, then 

(3.1) Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) 

=  
1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−𝑎𝑥𝐹𝑝𝑞(𝜇, 𝜂, 𝜂′, 𝛿, 𝛿′; 𝜈, 𝜉, 𝜉′; 𝑧, 𝑡, 𝑒−𝑎𝑥)

∞

0
𝑑𝑥  

Proof: We know that the Eulerian integral of the Gamma function obeys 

the following identity17: 

(3.2)                         
1

(𝑘+𝑙+𝑎)𝑠 =
1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−(𝑘+𝑙+𝑎)𝑥∞

0
𝑑𝑥     

(𝑚𝑖𝑛{ℜ(𝑠), ℜ(𝑎)} > 0; 𝑚 𝜖 ℕ0) 
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Employing the above result in equation (2.6) and then interchanging the 

order of summation and integration, we obtain: 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′[𝑘, 𝑙, 𝑠, 𝑎; 𝑝, 𝑞] 

 =
1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−𝑎𝑥 ∑

(𝜂)𝑘(𝜂′)
𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0

∞

0

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 

In view of the definition (2.1) and (2.3), we obtain the required result (3.1), 

Theorem 3.2:  For ℜ(𝑝) > 0, ℜ(𝑞) > 0;  𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0, 

ℜ(𝜈) > 0 𝑚𝑖𝑛{𝑠, 𝑎} > 0, then 

(3.3)  Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

                            ∗ ∫
𝑥𝜇

(1+𝑥)𝜈
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
) Φ𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′ (

𝑧𝑥

1+𝑥
,

𝑡𝑥

1+𝑥
, 𝑠, 𝑎)

∞

0
𝑑𝑥  

Proof: On putting 𝛿1 =  𝜇 + 𝑘 + 𝑙 and 𝛿2 =  𝜈 − 𝜇  in the underlying 

integral representation of the extended beta function12: 

(3.4)               𝐵𝑝𝑞( 𝛿1, 𝛿2) = 𝑒−𝑝−𝑞 ∫
𝑥𝛿1−1

(1+𝑥)𝛿1+𝛿2
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
)

∞

0
𝑑𝑥          

we obtain: 

(3.5)    𝐵𝑝𝑞(𝜇 + 𝑘 + 𝑙, 𝜈 − 𝜇) = 𝑒−𝑝−𝑞 ∫
𝑥𝜇+𝑘+𝑙−1

(1+𝑥)𝜈+𝑘+𝑙 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
)

∞

0
𝑑𝑥  

Using (3.5) in (2.6), we obtain: 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜉)𝑘(𝜉′)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0 𝑒−𝑝−𝑞 ∗

                           ∫
𝑥𝜇+𝑘+𝑙−1

(1+𝑥)𝜈+𝑘+𝑙 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
)

∞

0

Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫

𝑥𝜇+𝑘+𝑙−1

(1+𝑥)𝜈+𝑘+𝑙

∞

0
 
𝑧𝑘𝑡𝑙

𝑘!𝑙!
 𝑑𝑥   

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎) =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
  

                            ∗ ∫
𝑥𝜇

(1+𝑥)𝜈 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
) Φ𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′ (

𝑧𝑥

1+𝑥
,

𝑡𝑥

1+𝑥
, 𝑠, 𝑎)

∞

0
𝑑𝑥  

which proves Theorem 3.2. 

Theorem 3.3: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 

ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, then 

(3.6)  Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
∫ ∫

𝑦𝑠−1𝑒−𝑎𝑦𝑥𝜇−1

(1+𝑥)𝜈−1

∞

0

∞

𝑜
 

    ∗ 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧𝑥𝑒−𝑦

1+𝑥
)

−𝑘
∞
𝑘=0 ∑

(𝜂′)
𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 −

𝑡𝑥𝑒−𝑦

1+𝑥
)

−𝑙
∞
𝑙=0 𝑑𝑥𝑑𝑦  
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Proof: Using (3.5) in (2.6), we obtain: 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜉)𝑘(𝜉′)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0 𝑒−𝑝−𝑞  

                                      ∗ ∫
𝑥𝜇+𝑘+𝑙−1

(1+𝑥)𝜈+𝑘+𝑙
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
)

∞

𝟎

Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 
𝑧𝑘𝑡𝑙

𝑘!𝑙!
 𝑑𝑥  

        =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
∫ ∫

𝑦𝑠−1𝑒−𝑎𝑦𝑥𝜇−1

(1+𝑥)𝜈−1

∞

0

∞

𝑜
 

                                                ∗ 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧𝑥𝑒−𝑦

1+𝑥
)

−𝑘
∞
𝑘=0  

∗ ∑
(𝜂′)

𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 −

𝑡𝑥𝑒−𝑦

1+𝑥
)

−𝑙
∞
𝑙=0 𝑑𝑥𝑑𝑦       

                    {𝑢𝑠𝑖𝑛𝑔(3.2)} 

which proves Theorem 3.3. 

Theorem 3.4: For ℜ(𝑝) > 0,   ℜ(𝑞) > 0;   𝑝 = 0,   𝑞 = 0,   ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, then 

(3.7)Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫ (1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
 

                          ∗ 𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) Φ𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′ (

𝑧(1+𝑥)

2
,

𝑡(1+𝑥)

2
, 𝑠, 𝑎) 𝑑𝑥   

Proof: On putting 𝛿1 = 𝜇 + 𝑘 + 𝑙,   𝛿2 = 𝜈 − 𝜇 in the underlying 

integral representation of the extended Beta function12: 

(3.8) 𝐵𝑝,𝑞(𝛿1, 𝛿2) = 21− 𝛿1− 𝛿2 ∫ (1 + 𝑥)𝛿1−1(1 − 𝑥)𝛿2−1𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

1−𝑥2 )
1

−1
𝑑𝑥 

Using (3.8) in (2.6), we obtain: 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′

)
𝑙

(𝜉)𝑘(𝜉′
)

𝑙
(𝑘+𝑙+𝑎)𝑠

∞
𝑘,𝑙=0 21−𝜈−𝑘−𝑙

  

                       ∗ ∫ (1 + 𝑥)𝜇+𝑘+𝑙−1(1 − 𝑥)𝜈−𝜇−11

−1
𝑒𝑥𝑝 (−

2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) 

𝑧𝑘𝑡𝑙

𝑘!𝑙!
𝑑𝑥 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫ (1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
  

                           ∗ 𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) Φ

𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′
( )

(
𝑧(1+𝑥)

2
,

𝑡(1+𝑥)

2
, 𝑠, 𝑎) 𝑑𝑥 

which proves the results (3.7). 
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Theorem 3.5: For ℜ(𝑝) > 0,   ℜ(𝑞) > 0;   𝑝 = 0,   𝑞 = 0,   ℜ(𝜇) > 0; 

ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, then 

(3.9)          Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
 

                                  ∗ ∫ ∫ 𝑦𝑠−1𝑒−𝜈𝑦∞

0
(1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
              

                                  ∗ 𝑒𝑥𝑝 (
−2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧(1+𝑥)𝑒−𝑦

2
)

−𝑘
∞
𝑘=0   

                                  ∗ ∑
(𝜂′)

𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 −

𝑡(1+𝑥)𝑒−𝑦

2
)

−𝑙
∞
𝑙=0 𝑑𝑥  

Proof: It can be easy to prove the assertions of Theorem 3.5 and of 

Theorem 3.4. 

Theorem 3.6: For  ℜ(𝑝) > 0,   ℜ(𝑞) > 0;   𝑝 = 0,   𝑞 = 0,   ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎}, then 

(3.10)        Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
(𝑐−𝑏)Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

               ∗ ∫ (𝑥 − 𝑏)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})

𝑐

0
  

              
 

∗ Φ𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′ (𝑧 (
𝑥−𝑏

𝑐−𝑎
) , 𝑡 (

𝑥−𝑏

𝑐−𝑎
) , 𝑠, 𝑎)  𝑑𝑥  

Proof: On putting 𝛿1 = 𝜇 + 𝑘 + 𝑙,   𝛿2 = 𝜈 − 𝜇 in the underlying 

integral representation of the extended Beta function12: 

(3.11)      𝐵𝑝,𝑞(𝛿1, 𝛿2) = (𝑐 − 𝑏)1− 𝛿1− 𝛿2 ∫ (𝑥 − 𝑏)𝛿1−1(𝑐 − 𝑥)𝛿2−1 
𝑐

𝑎
 

                                          ∗ 𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)}) 𝑑𝑥  

Using (3.11) in (2.6), we obtain: 

Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) 

   = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 

= ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜉 )
𝑘

(𝜉′)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0 (𝑐 − 𝑏)1−𝑘−𝑙 −𝜈   

∗ ∫ (𝑥 − 𝑏)𝜇+𝑘+𝑙−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})

𝑐

𝑎

𝑧𝑘𝑡𝑙

𝑘!𝑙!
𝑑𝑥  
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Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎) =
(𝑐 − 𝑏)1−𝑣Γ(𝜈)

Γ(𝜇)Γ(𝜈 − 𝜇)
 

∗ ∫ (𝑥 − 𝑏)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐 − 𝑏)

(𝑥 − 𝑏)(𝑐 − 𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})  

𝑐

0

∗ Φ𝜂,𝜂′,𝛿,𝛿′;𝜉,𝜉′ (𝑧 (
𝑥 − 𝑏

𝑐 − 𝑏
) , 𝑡 (

𝑥 − 𝑏

𝑐 − 𝑏
) , 𝑠, 𝑎) 𝑑𝑥,   {𝑢𝑠𝑖𝑛𝑔 (2.6)} 

which is the desired results (3.10), i.e. Theorem 3.6. 

Theorem 3.7: For ℜ(𝑝) > 0,   ℜ(𝑞) > 0;   𝑝 = 0,   𝑞 = 0,   ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.12)   Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞) =
(𝑐−𝑎)Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

          ∗ ∫ (𝑥 − 𝑎)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑎)

(𝑥−𝑎)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑎)})

𝑐

0
  

       ∗ ∑
(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 − 𝑧 (

𝑥−𝑎

𝑐−𝑎
) 𝑒−𝑦)

−𝑘
∞
𝑘=0 ∑

(𝜂′)
𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 − 𝑡 (

𝑥−𝑎

𝑐−𝑎
) 𝑒−𝑦)

−𝑙
∞
𝑙=0 𝑑𝑥     

Proof: It is easy to prove the assertions of Theorem 3.7 and of Theorem 3.6.  

3.2 Derivative formula: 

Theorem 3.8: The Following differential formula for 

Φμ,η,η′,δ,δ′;ν,ξ,ξ′;p,q
(z, t, s, a; p, q) holds: 

(3.13)    
𝑑𝑘+𝑙

𝑑𝑧𝑘𝑑𝑡𝑙 {Φμ,η,η′,δ,δ′;ν,ξ,ξ′;p,q
(z, t, s, a; p, q)} =

(𝜇)𝑘+𝑙(𝜂)𝑘(𝜂′)
𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝑣)𝑘+𝑙(𝜉)𝑘(𝜉′)𝑙
 

              ∗ Φμ+k+l,,δ+𝑘,δ′+l;ν+k+l,ξ+𝑘,ξ′+l;p,q
(z, t, s, a + k + l; p, q)(𝑚 𝜖 ℕ) 

Proof: Consider the derivative of (2.6) with respect to z, t, we obtain: 

𝑑𝑘+𝑙

𝑑𝑧𝑘𝑑𝑡𝑙 {Φμ,η,η′,δ,δ′;ν,ξ,ξ′;p,q(z, t, s, a; p, q)} = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0   

                                                                         ∗  
𝑧𝑘−1𝑡𝑙−1

(𝑘−1)!(𝑙−1)!
,      

which upon replacing k by k+1 and l by l+1 in the above equation and 

employing the identity  

𝐵(𝜇, 𝜈 − 𝜇) =
𝜈

𝜇
𝐵(𝜇 + 1, 𝜈 − 𝜇),          𝜈𝑚+1 = 𝜈(𝜈 + 1)𝑚, 

Leads to the derivative formula 

𝑑

𝑑𝑧𝑘𝑑𝑡𝑙 {Φ
μ,η,η′,δ,δ′;ν,ξ,ξ′;p,q

(z, t, s, a; p, q)} =
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜉)𝑘(𝜉′)𝑙
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∗ Φμ+1,η+1,η′+1,δ+1,δ′+1;ν+1,ξ+1,ξ′+1;p,q
(z, t, s, a + 1; p, q) 

Recursive application of this procedure provides the required results (3.13). 

3.3. Mellin transform of the Hurwitz-Lerch Zeta Function:  

Theorem 3.9: For ℜ(𝑝)  > 0, ℜ(𝑞)  > 0, ℜ(𝜑)  > 0, ℜ(𝜓)  > 0,  
ℜ(𝜇 + 𝑘 + 𝑙 + 𝜑)  > 0, ℜ(𝜈 + 𝑘 + 𝑙 + 𝜑)  > 0, then the Mellin transform of 

the function Φμ,η,η′,δ,δ′;ν,ξ,ξ′;p,q
(z, t, s, a; p, q) is given by 

(3.14)   𝑀 {Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓}  

=
Γ(𝜑)Γ(𝜓)𝐵(𝜇 + 𝜑, 𝜈 − 𝜇 + 𝜓)

𝐵(𝜇, 𝜈 − 𝜇)
Φ𝜇+𝜑,𝜂,𝜂′,𝛿,𝛿′;𝜈+𝜑+𝜓,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎). 

Proof: The Mellin transform of a suitable integrable function 𝑓(𝑘) with 

index 𝜑 is defined, generally, by 

(3.15)              𝑀{𝑓(𝑘): 𝑘 → 𝜑} = ∫ 𝑘𝜑−1𝑓(𝑘)𝑑𝑘         (0 < 𝑘 < ∞)
∞

0
.  

Using (2.6) in (3.15), we obtain: 

𝑀 {Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} 

    = ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
{Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝, 𝑞} 𝑑𝑝 𝑑𝑞  

          = ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
∑

(𝜂)𝑘(𝜂′)
𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝,𝑞(𝜇+𝑘+𝑙,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 𝑑𝑝 𝑑𝑞  

     = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝛿)𝑘(𝛿′)

𝑙

(𝜉)𝑘(𝜉′)𝑙𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
  

                                    ∗ ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙, 𝜈 − 𝜇)𝑑𝑝 𝑑𝑞  

Employing the underlying well-known integral representations12: 

∫ ∫ 𝑝𝜑−1𝑞𝜓−1
∞

0

∞

0

𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙, 𝜈 − 𝜇)𝑑𝑝 𝑑𝑞 

= Γ(𝜑)Γ(𝜓)𝐵(𝜇 + 𝑘 + 𝑙 + 𝜑, 𝜈 − 𝜇 + 𝜓)(ℜ(𝜑) > 0, ℜ(𝜓) > 0) 
we obtain: 

𝑀 {Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} 

      =
Γ(𝜑)Γ(𝜓)

𝐵(𝜇,𝜈−𝜇)
∑

(𝜂)𝑘(𝜂′)
𝑙
(𝛿)𝑘(𝛿′)

𝑙
𝐵𝑝,𝑞(𝜇+𝑘+𝑙+𝜑,𝜈−𝜇+𝜓)

(𝜉)𝑘(𝜉′)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 𝑑𝑝 𝑑𝑞 
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=
Γ(𝜑)Γ(𝜓)𝐵(𝜇+𝜑,𝜈−𝜇+𝜓)

𝐵(𝜇,𝜈−𝜇)
∑

(𝜂)𝑘(𝜂′)
𝑙
(𝛿)𝑘(𝛿′)

𝑙
 (𝜇+𝜑)𝑘+𝑙

(𝜉)𝑘(𝜉′)𝑙(𝜑+𝜈+𝜓)𝑘(𝜑+𝜈+𝜓)𝑙(𝑘+𝑙+𝑎)𝑠
∞
𝑘,𝑙=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
  

𝑀 {Φ𝜇,𝜂,𝜂′,𝛿,𝛿′;𝜈,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} =
Γ(𝜑)Γ(𝜓)𝐵(𝜇+𝜑,𝜈−𝜇+𝜓)

𝐵(𝜇,𝜈−𝜇)
  

                                                ∗ Φ𝜇+𝜑,𝜂,𝜂′,𝛿,𝛿′;𝜈+𝜑+𝜓,𝜉,𝜉′(𝑧, 𝑡, 𝑠, 𝑎) 

which proves Theorem 3.9. 

3.4 Integral representations:  

The section deals with the integral representation of the new extension of the 

generalized Hurwitz-Lerch zeta function of three variables involving the 

extended beta function (2.7) as follows: 

Theorem 3.10. For ℜ(𝑝)  ≧ 0, ℜ(𝑞) ≧ 0; 𝑝 = 0, ℜ(𝑎)  > 0; ℜ(𝑠)  > 0, 

𝑤ℎ𝑒𝑛 |𝑧, 𝑡, 𝑟| ≦ 1; ℜ(𝑠)  > 1, 𝑤ℎ𝑒𝑛 𝑧 = 1, 𝑡 = 1, 𝑟 = 1 𝑡ℎ𝑒𝑛 

(3.16)  Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′,
(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞) 

    =
1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−𝑎𝑥𝐹𝑝𝑞(𝜇, 𝜂, 𝜂′, 𝜂′′, 𝛿, 𝛿′, 𝛿′′; 𝜈, 𝜉, 𝜉′, 𝜉′′; 𝑧, 𝑡, 𝑟, 𝑒−𝑎𝑥)

∞

0
𝑑𝑥  

Proof: We know that Eulerian integral of the Gamma function obeys the 

following identity18; 

(3.17)                        
1

(𝑘+𝑙+𝑚+𝑎)𝑠 =
1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−(𝑘+𝑙+𝑚+𝑎)𝑥∞

0
𝑑𝑥               

(𝑚𝑖𝑛{ℜ(𝑠), ℜ(𝑎)} > 0; 𝑚 𝜖 ℕ0) 

Employing the above result in equation (2.7) and then interchanging the 

order of summation and integration, we obtain: 

(3.18)    Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′,
(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞) =

1

Γ(𝑠)
∫ 𝑥𝑠−1𝑒−𝑎𝑥∞

0
  

                    ∗ ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
𝐵𝑝𝑞(𝜇+𝑘+𝑙+𝑚,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
  

In view of the definition (2.1) and (2.4), we obtain the required result (3.16). 

Theorem 3.11: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.19) Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

       ∗ ∫
𝑥𝜇

(1+𝑥)𝜈 
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
) Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (

𝑧𝑥

1+𝑥
,

𝑡𝑥

1+𝑥
,

𝑟𝑥

1+𝑥
, 𝑠, 𝑎)

∞

0
𝑑𝑥   

Proof: On putting 𝛿1 =  𝜇 + 𝑘 + 𝑙 + 𝑚   𝑎𝑛𝑑 𝛿2 =  𝜈 − 𝜇  in (3.4), we 

obtain: 
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(3.20) 𝐵𝑝𝑞(𝜇 + 𝑘 + 𝑙 + 𝑚, 𝜈 − 𝜇) = 𝑒−𝑝−𝑞 ∫
𝑥𝜇+𝑘+𝑙+𝑚−1

(1+𝑥)𝜈+𝑘+𝑙+𝑚
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
)

∞

0
𝑑𝑥 

using (3.20) in (2.7), we obtain: 

(3.21)    Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

             = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘 (𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

           ∗ 𝑒−𝑝−𝑞 ∫
𝑥𝜇+𝑘+𝑙+𝑚−1

(1+𝑥)𝜈+𝑘+𝑙+𝑚
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
)

∞

0
   

                          ∗
Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫

𝑥𝜇+𝑘+𝑙+𝑚−1

(1+𝑥)𝜈+𝑘+𝑙+𝑚

∞

0
 
𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
   𝑑𝑥  

Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
  

       ∗ ∫
𝑥𝜇

(1+𝑥)𝜈
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
) Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (

𝑧𝑥

1+𝑥
,

𝑡𝑥

1+𝑥
,

𝑟𝑥

1+𝑥
, 𝑠, 𝑎)

∞

0
𝑑𝑥  

which proves Theorem 3.11. 

Theorem 3.12: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.22) Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

   =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
∫ ∫

𝑦𝑠−1𝑒−𝑎𝑦𝑥𝜇−1

(1+𝑥)𝜈−1

∞

0

∞

𝑜
 

           ∗ 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧𝑥𝑒−𝑦

1+𝑥
)

−𝑘
∞
𝑘=0 ∑

(𝜂′)
𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑙!
(1 −

𝑡𝑥𝑒−𝑦

1+𝑥
)

−𝑙
∞
𝑙=0  

     ∗ ∑
(𝜂′′)

𝑚
(𝛿′′)

𝑚

(𝜉′′)𝑚𝑚!
(1 −

𝑚𝑥𝑒−𝑦

1+𝑥
)

−𝑚
∞
𝑚=0 𝑑𝑥 𝑑𝑦  

Proof: Using (3.21) in (2.7), we obtain: 

Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0 𝑒−𝑝−𝑞 ∫

𝑥𝜇+𝑘+𝑙+𝑚−1

(1+𝑥)𝜈+𝑘+𝑙+𝑚
𝑒𝑥𝑝 (−𝑞𝑥 −

𝑝

𝑥
)

∞

0
 

           ∗
Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 
𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
 𝑑𝑥 

Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

 =
𝑒−𝑝−𝑞Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
∫ ∫

𝑦𝑠−1𝑒−𝑎𝑦𝑥𝜇−1

(1+𝑥)𝜈−1

∞

0

∞

𝑜
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    ∗ 𝑒𝑥𝑝 (−𝑞𝑥 −
𝑝

𝑥
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧𝑥𝑒−𝑦

1+𝑥
)

−𝑘
∞
𝑘=0  

    ∗ ∑
(𝜂′)

𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 −

𝑡𝑥𝑒−𝑦

1+𝑥
)

−𝑙
∞
𝑙=0  

    ∗ ∑
(𝜂′′)

𝑚
(𝛿′′)

𝑚

(𝜉′′)𝑚𝑚!
(1 −

𝑚𝑥𝑒−𝑦

1+𝑥
)

−𝑚
∞
𝑚=0 𝑑𝑥𝑑𝑦,         {𝑢𝑠𝑖𝑛𝑔 (3.17)} 

which proves Theorem 3.12. 

Theorem 3.13: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.23)   Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

    =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫ (1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
𝑒𝑥𝑝 (−

2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) 

           ∗ Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (
𝑧(1+𝑥)

2
,

𝑡(1+𝑥)

2
,

𝑟(1+𝑥)

2
, 𝑠, 𝑎) 𝑑𝑥 

Proof: On putting 𝛿1 = 𝜇 + 𝑘 + 𝑙 + 𝑚, 𝛿2 = 𝜈 − 𝜇 in (3.8), we obtain: 

(3.24) 𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙 + 𝑚, 𝜈 − 𝜇 )    

= 21− 𝑘−𝑙−𝑚−𝜈 ∫ (1 + 𝑥)𝜇+𝑘+𝑙+𝑚−1(1 − 𝑥)𝜈−𝜇−1
1

−1

 

    ∗ 𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

1−𝑥2 ) 𝑑𝑥 

Using (3.24) in (2.7), we obtain: 

    Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

 ∗ 21−𝜈−𝑘−𝑙 ∫ (1 + 𝑥)𝜇+𝑘+𝑙+𝑚−1(1 − 𝑥)𝜈−𝜇−11

−1
 

 ∗ 𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
)  

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
  𝑑𝑥 

  Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

     =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
∫ (1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
 

 ∗ 𝑒𝑥𝑝 (−
2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (

𝑧(1+𝑥)

2
,

𝑡(1+𝑥)

2
,

𝑟(1+𝑥)

2
, 𝑠, 𝑎) 𝑑𝑥 

which proves the results (3.23). 
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Theorem 3.14: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 

ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.25)  Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

 =
21−𝜈Γ(𝜈)

Γ(𝜇)Γ(𝑠)Γ(𝜈−𝜇)
∫ ∫ 𝑦𝑠−1𝑒−𝜈𝑦∞

0
(1 + 𝑥)𝜇−1(1 − 𝑥)𝜈−𝜇−11

−1
 

 ∗ 𝑒𝑥𝑝 (
−2(𝑝+𝑞)+2(𝑞−𝑝)

(1−𝑥2)
) ∑

(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 −

𝑧(1+𝑥)𝑒−𝑦

2
)

−𝑘
∞
𝑘=0  

 ∗ ∑
(𝜂′)

𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑘!
(1 −

𝑡(1+𝑥)𝑒−𝑦

2
)

−𝑙
∞
𝑙=0 ∑

(𝜂′′)
𝑚

(𝛿′′)
𝑚

(𝜉′′)𝑚𝑚!
(1 −

𝑟(1+𝑥)𝑒−𝑦

2
)

−𝑚
∞
𝑚=0 𝑑𝑥 

Proof: It can be easy to prove the assertions of Theorem 3.14 and of 

Theorem 3.13. 

Theorem 3.15: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.26)  Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) =
(𝑐−𝑏)Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

    ∗ ∫ (𝑥 − 𝑏)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})

𝑐

0
 

    
 

∗ Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (𝑧 (
𝑥−𝑏

𝑐−𝑎
) , 𝑡 (

𝑥−𝑏

𝑐−𝑎
) , 𝑟 (

𝑥−𝑏

𝑐−𝑎
) , 𝑠, 𝑎)  𝑑𝑥 

Proof: On putting 𝛿1 = 𝜇 + 𝑘 + 𝑙 + 𝑚,   𝛿2 = 𝜈 − 𝜇 in (3.11), we obtain: 

(3.27)  𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙 + 𝑚, 𝜈 − 𝜇 ) 

    = (𝑐 − 𝑏)1−𝑘−𝑙−𝑚 −𝜈 ∫ (𝑥 − 𝑏)𝜇+𝑘+𝑙+𝑚−1(𝑐 − 𝑥)𝜈−𝜇−1𝑐

𝑎
 

     ∗ 𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)}) 𝑑𝑥 

Using (3.27) in (2.7), we obtain:     

Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

 ∗ (𝑐 − 𝑏)1−𝑘−𝑙−𝑚 −𝜈 ∫ (𝑥 − 𝑏)𝜇+𝑘+𝑙+𝑚−1(𝑐 − 𝑥)𝜈−𝜇−1𝑐

𝑎
  

 ∗ 𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
 𝑑𝑥 

 Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) =
(𝑐−𝑏)1−𝑣Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
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  ∗ ∫ (𝑥 − 𝑏)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑏)

(𝑥−𝑏)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑏)})

𝑐

0
 

∗ Φ𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜉,𝜉′,𝜉′′ (𝑧 (
𝑥 − 𝑏

𝑐 − 𝑏
) , 𝑡 (

𝑥 − 𝑏

𝑐 − 𝑏
) , 𝑟 (

𝑥 − 𝑏

𝑐 − 𝑏
) , 𝑠, 𝑎) 𝑑𝑥 

{𝑢𝑠𝑖𝑛𝑔 (2.7)} 

which is the desired results (3.26), i.e. Theorem 3.15. 

Theorem 3.16: For ℜ(𝑝) > 0, ℜ(𝑞) > 0; 𝑝 = 0, 𝑞 = 0, ℜ(𝜇) > 0; 
ℜ(𝜈) > 0, 𝑚𝑖𝑛{𝑠, 𝑎} > 0, 𝑡ℎ𝑒𝑛 

(3.28)    Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) =
(𝑐−𝑎)Γ(𝜈)

Γ(𝜇)Γ(𝜈−𝜇)
 

 ∗ ∫ (𝑥 − 𝑎)𝜇−1(𝑐 − 𝑥)𝜈−𝜇−1𝑒𝑥𝑝 (−
(𝑐−𝑎)

(𝑥−𝑎)(𝑐−𝑥)
{(𝑞 − 𝑝)𝑥 + (𝑝𝑐 − 𝑞𝑎)})

𝑐

0
 

  ∗ ∑
(𝜂)𝑘(𝛿)𝑘

(𝜉)𝑘𝑘!
(1 − 𝑧 (

𝑥−𝑎

𝑐−𝑎
) 𝑒−𝑦)

−𝑘
∞
𝑘=0 ∑

(𝜂′)
𝑙
(𝛿′)

𝑙

(𝜉′)𝑙𝑙!
(1 − 𝑡 (

𝑥−𝑎

𝑐−𝑎
) 𝑒−𝑦)

−𝑙
∞
𝑙=0  

  ∗ ∑
(𝜂′′)

𝑚
(𝛿′′)

𝑚

(𝜉′′)𝑚𝑚!
(1 − 𝑟 (

𝑥−𝑎

𝑐−𝑎
) 𝑒−𝑦)

−𝑚
∞
𝑚=0 𝑑𝑥 

Proof: It is easy to prove the assertions of Theorem 3.16 and of Theorem 

3.15.  

3.5 Derivative formula: 

Theorem 3.17: The Following differential formula for 

Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′;𝑝,𝑞
(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞) holds: 

 (3.29)  
𝑑𝑘+𝑙+𝑚

𝑑𝑧𝑘𝑑𝑡𝑙𝑑𝑟𝑚 {Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′,𝑝,𝑞
(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞)} 

 =
(𝜇)𝑘+𝑙+𝑚(𝜂)𝑘(𝜂′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝑣)𝑘+𝑙(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚
 

 ∗ Φμ+k+l+m,,δ+k,δ′+l,δ′′+m ;ν+k+l+m,ξ+k,ξ′+l,ξ′′+m;p,q(𝑧, t, r, s, a + 𝑘 + 𝐼 + 𝑚; 𝑝, 𝑞) 

(𝑚 𝜖 ℕ) 

Proof: Consider the derivative of (2.7) with respect to z, t, r, we obtain: 

  
𝑑𝑘+𝑙+𝑚

𝑑𝑧𝑘𝑑𝑡𝑙𝑑𝑟𝑚
{Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′;𝑝,𝑞

(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞)} 

  = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
𝐵𝑝𝑞(𝜇+𝑘+𝑙+𝑚,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑟𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

   ∗  
𝑧𝑘−1𝑡𝑙−1𝑟𝑚−1

(𝑘−1)!(𝑙−1)!(𝑚−1)!
,     

which upon replacing k by k+1 and l by l+1 in above equation and 
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employing the identity  

(3.30)          𝐵(𝜇, 𝜈 − 𝜇) =
𝜈

𝜇
𝐵(𝜇 + 1, 𝜈 − 𝜇),          𝜈𝑚+1 = 𝜈(𝜈 + 1)𝑚, 

leads to the derivative formula 

  
𝑑

𝑑𝑧 𝑑𝑡 𝑑𝑟
{Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′,𝑝,𝑞

(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞)} 

  =
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚
 

  ∗ Φμ+1,η+1,η′+1,𝜂′′+1,δ+1,δ′+1,𝛿′′+1;ν+1,ξ+1,ξ′+1,𝜉′′+1;p,q
(z, t, r, s, a + 1; p, q) 

Recursive application of this procedure provides the required results (3.29). 

3.6 Mellin transform of the Hurwitz-Lerch Zeta Function:  

Theorem 3.18: For ℜ(𝑝)  > 0, ℜ(𝑞)  > 0, ℜ(𝜑)  > 0, ℜ(𝜓)  > 0,  
ℜ(𝜇 + 𝑘 + 𝑙 + 𝑚 + 𝜑)  > 0, ℜ(𝜈 + 𝑘 + 𝑙 + 𝑚 + 𝜑)  > 0,  then the Mellin 

transform of the function Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′;𝑝,𝑞
(𝑘, 𝑙, 𝑚, 𝑠, 𝑎; 𝑝, 𝑞) is 

given by 

(3.31) 𝑀 {Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} 

 =
Γ(𝜑)Γ(𝜓)𝐵 (𝜇+𝜑,𝜈−𝜇+𝜓)

𝐵(𝜇,𝜈−𝜇)
Φ𝜇+𝜑,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈+𝜑+𝜓,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎) 

Proof: Using (2.7) in (3.15), we obtain: 

 𝑀 {Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} 

 = ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
{Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝, 𝑞}𝑑𝑝 𝑑𝑞 

 = ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
∑

(𝜂)𝑘(𝜂′)
𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
𝐵𝑝,𝑞(𝜇+𝑘+𝑙+𝑚,𝜈−𝜇)

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

        ∗  
𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
 𝑑𝑝 𝑑𝑞 

 = ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
 

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚𝐵(𝜇,𝜈−𝜇)(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

𝑧𝑘𝑡𝑙

𝑘!𝑙!
 

        ∗ ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙 + 𝑚, 𝜈 − 𝜇)𝑑𝑝 𝑑𝑞 

Employing the underlying well-known integral representations12: 

 ∫ ∫ 𝑝𝜑−1𝑞𝜓−1∞

0

∞

0
𝐵𝑝,𝑞(𝜇 + 𝑘 + 𝑙 + 𝑚, 𝜈 − 𝜇)𝑑𝑝 𝑑𝑞 

= Γ(𝜑)Γ(𝜓)𝐵(𝜇 + 𝑘 + 𝑙 + 𝑚 + 𝜑, 𝜈 − 𝜇 + 𝜓)(ℜ(𝜑) > 0, ℜ(𝜓) > 0) 
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we obtain: 

 𝑀 {Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓}
𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
𝑑𝑝 𝑑𝑞 

 =
Γ(𝜑)Γ(𝜓)

𝐵(𝜇,𝜈−𝜇)
∑

(𝜂)𝑘(𝜂′)
𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
𝐵𝑝,𝑞(𝜇+𝑘+𝑙+𝜑,𝜈−𝜇+𝜓)

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

    =
Γ(𝜑)Γ(𝜓)𝐵(𝜇+𝜑,𝜈−𝜇+𝜓)

𝐵(𝜇,𝜈−𝜇)
 

     ∗ ∑
(𝜂)𝑘(𝜂′)

𝑙
(𝜂′′)

𝑚
(𝛿)𝑘(𝛿′)

𝑙
(𝛿′′)

𝑚
 (𝜇+𝜑)𝑘+𝑙+𝑚

(𝜉)𝑘(𝜉′)𝑙(𝜉′′)𝑚(𝜑+𝜈+𝜓)𝑘(𝜑+𝜈+𝜓)𝑙(𝑘+𝑙+𝑚+𝑎)𝑠
∞
𝑘,𝑙,𝑚=0  

𝑧𝑘𝑡𝑙𝑟𝑚

𝑘!𝑙!𝑚!
 

 𝑀 {Φ𝜇,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎; 𝑝, 𝑞): 𝑝 → 𝜑, 𝑞 → 𝜓} 

 =
Γ(𝜑)Γ(𝜓)𝐵 (𝜇+𝜑,𝜈−𝜇+𝜓)

𝐵(𝜇,𝜈−𝜇)
Φ𝜇+𝜑,𝜂,𝜂′,𝜂′′,𝛿,𝛿′,𝛿′′;𝜈+𝜑+𝜓,𝜉,𝜉′,𝜉′′(𝑧, 𝑡, 𝑟, 𝑠, 𝑎) 

which proves Theorem 3.18. 

 

References 
 

1. J. Choi, D. S. Jang, H. M. Srivastava; A generalization of the Hurwitz–Lerch 

zeta function, Integral Transforms Spec. Funct., 19 (2008), 65-79.  

2. M. Garg, K, Jain, S. L. Kalla; A further study of general Hurwitz–Lerch zeta 

function, Algebras Groups Geom., 25 (2008), 311-319.  

3. R. Nadeem, T. Usman, K. S. Nisar, D. Baleanue;  Analytical properties of the 

Hurwitz-Lerch Zeta function, Advances in Difference Equations, 466 (2020). 

4. R. K. Parmar, R. K. Raina; On a certain extension of the Hurwitz–Lerch zeta 

function, An. Univ. Vest. Timi¸s., Ser. Mat.-Inform., 2 (2014), 157-170.  

5. H. M. Srivastava, J. Choi; Series Associated with the Zeta and Related 

Functions, Kluwer Acedemic, Dordrecht, 2001.  

6. H. M. Srivastava; Generating relations and other results associated with 

some families of the extended Hurwitz–Lerch zeta functions, SpringerPlus, 

2013.  

7. H. M. Srivastava, M. J. Luo, R. K. Raina; New results involving a class of 

generalized Hurwitz–Lerch zeta functions and their applications, Turk. J. 

Anal. Number Theory 1-1 (2013), 26-35.  

8. G. Rahman, K. S. Nisar, M. Arshad; A new extension of Hurwitz–Lerch Zeta 

function, arXiv:1802.07823 (2018). 

9. G. Rahman, K. S. Nisar, S. A. Mubeen; (p,v)-extension of Hurwitz–Lerch 

Zeta function and its properties. Preprints, (2018) 

https://doi.org/10.20944/preprints201803.0008.v1. 

10. E. D. Rainville; Special Functions; The Macmillan Company: New York, 

USA, 1960.  



              

            A Study of Generalized Hurwitz-Lerch Zeta Function              145 

 
11. R. K. Raina, P. K. Chhajed; Certain results involving a class of functions 

associated with the Hurwitz zeta function, Acta Math. Univ. Comen., 73 

(2004), 89-100. 

12. J. Choi, A. K. Rathie, R. K. Parmar; Extension of extended beta, 

hypergeometric and confluent hypergeometric functions, Honam Math. J., 

36-2 (2014), 357-385. 

13. M. A. Pathan, O. Daman; Further generalizations of Hurwitz-Lerch Zeta 

function, Math. Sci. Res. J., 16 (2012), 251-259. 

14. J. Choi, R. K. Parmar; An extension of the generalized Hurwitz-Lerch Zeta 

function of two variable, Filomat, 31 (2017), 91-96. 

15. K. S. Nisar; Further extension of the generalized Hurwitz–Lerch zeta 

function of two variables, Mathematics, 48-7 (2019). 

16. H. M. Srivastava, P. W. Karlsson; Multiple Gaussian Hypergeometric Series, 

Halsted, New York, 1985. 

17. H. M. Srivastava, J. Choi; Zeta and q-Zeta Functions and Associated Series 

and Integrals, Elsevier, Amsterdam, 2012.  

18. S. D. Lin, H. M. Srivastava; Some families of the Hurwitz–Lerch zeta 

functions and associated fractional derivative and other integral 

representations, Appl. Math. Comput., 154 (2004), 725-733.  

 


