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Abstract: In the present note, the authors have obtained certain

expansions of Sylvester polynomials W,(x) in terms of the Cesaro

polynomials g,(lm)(x), Bernoulli polynomials B, (x), Bateman’s

polynomials Z,(x) and Generalized Bessel polynomials ¢, (x).
Generalizations of two of our main results are also considered.
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1. Introduction

Special functions, which are the solutions of certain differential equations
play an important role in the formalism of Mathematical Physics and
Biological Sciences and have applications in the areas of Heat conduction,
Communication systems, Electro Magnetic theory, Quantum mechanics, non-
linear wave propagating and probability theory, etc. and therefore provide a
unique tool for developing simplified relativistic models of physical
problems.

A vast Mathematical literature has been constructed and developed by
Euler, Gauss, Hardy, Hermite, Ramanujan, and other classical authors.
Several expansions of some classical Special functions and polynomials are
seen in terms of other polynomials and Special functions. These types of
results are not only the expansions but also the relations between Special
functions/polynomials. and therefore are useful for developing the Special
functions theory in different areas of pure and applied Mathematics.

Also Several useful expansions of Special Functions in terms of other
functions and polynomials are seen in the book?.
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Motivated by the above expansions, we, in the present note aim to give the
expansions of Sylvester polynomials in terms of the Cesaro polynomials,
Bernoulli polynomials, Bateman’s polynomials and Generalized Bessel
polynomials. Generalizations of our main results are also considered.

The Sylvester polynomials appears in Rainville (p 302, ex. 4)! as:

(1.1) (1-*e* =37, ¥a(t™,
which may be rewritten as:
nyn+k
(12) Ty W)t = N i,
The Generating function for Cesaro polynomials is given by Agarwal? as:
(13) Treogn (Ot = (1= ™1 (1 - x6)7!

2. Preliminaries

The x™ term for Bernoulli Polynomials is given in Rainville (p. 302, ex. 1)*
as:

n_on n! By (x)
(21) X Lk=0} (n-k+1)!

The x™ term for Bateman’s Polynomials is given in Rainville (p.285, eq". 4)!
as:

n o_ 2 (=n)g (2k+1) Zi(x)
The x™ term for Generalized Bessel Polynomials is given in Rainville (p. 294,
eq". 7)! as:

(DK (c+2k) Pr(cx)
n_H, yn

(2:3) X = M 0 0 O e
Also, the following relations are given in Rainville!:

(2.4) = (1),
(2'5) (A)m+n = (A)m (/1 + m)n

_ (-Dk (=D%(@)n
(2.6) (@) g = —
(27) (Tl _ k)' — (—l)kn!

(-n)g
(2.8) (—n—s) = Fﬂ%
Ay, v, Oy
(an- (a'p)n Z_

(29) qu ﬁl' 'ﬁq’ ] Zn 0 (.Bl)n_(,gq)n
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3. Main Results

In this section, we have given total four theorems which are concerned with

the expansion of Sylvester polynomials W¥,,(x) in series of four polynomials

respectively Cesaro polynomials g,(lm)(x), Bernoulli polynomials By (x),

Bateman’s polynomials Z,, (x) and Generalized Bessel polynomials ¢,, (x):
Theorem 3.1: Expansion of Sylvester polynomials ¥,(x) in terms of

Cesaro polynomials g™ (x):
(31 WY,(x)= Yo 3F; [x,(—m+s),—n;(m+2—n+s);—1]

(=n)s (=m—1)p g™ ()
(nH?2 (m+2-n)g

™ (%), which will be useful in the

Proof: We first find the x™ term for g
derivation of our main result:
Equation (1.3) may be rewritten as:

(1—x0)"1=(1-0)"CmDye gm0

(o] [o'e] (_ - )ntn [0e]
or Y=o X"t = Zn:Om—!Zk=o gl(cm)(x)tk

n
Replacing n by (n — k) on the right-hand side we get:
oo (o] (_ _l)n—
271:0 x"th = 2n=0 Z;cl=0 ﬁ gl(cm) (x) t",
which on equating the coefficients of t™ on both sides, we get:

— m=Dn-k _(m)
X" = Yoo oo Ik (X)
or
n—yn (EnkEm-Dn (m)
X" = Lk=0 (m-n+2)n! Ik (x)
Using the above equation our right-hand side of equation (1.2), we get:
oo Yoo () gtk (-n)s(-m-1), (m)
Tn=o Pn(O" = Xokeo =™ LS=0"trimrzyom 95 )
@k (~)s(-m=1)y g™ (x) £k
k!n! (m—n+2)g n!

or Y=o Pr(Ot" = X0k —0 Xs=0

Now, replacing n by(n + s), on the right-hand side we get:

ZZ):O an(x)tn = Zik,s:O

Ok (=n=5)s(=m=1)pss g™ (x) 15K
k!(n+s)!(m+2-n—s)g(n+s)!

k_(m=Dnys (n-m-2)! ggm) (x) tnFs+k

00 n — co
or Zn:O Pn (L™ = Zn,k,szo k!(n+s)(n—m—2+s)! n!
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Further replacing n by (n — k), on the right-hand side we get:

(O (~Mm=Dnys_ie -m=2-1)1gI™ (@) "+
k! (n-k)!(n+s—k)!(n—-m—-2+s—k)!

Yneo PnOt" = ¥ s—0 Xk=0

—y® _ 3" (x)k(—n)k(—n—s)k(—7rl—1)n+s(n—m—2)!ggm)(x)t"+S
T 4ns=04k=0 (_1)k(m+2-n)k! (n+s)n!(n-m-2+s)!

or Yoo Pr(Ot" =37 s—0 3F [x,—n,(—n—5);(m+2 —n);—1]

o Em=Dngs(n-m=2)1 g™ (x) £+

n! (n+s)! (n—-m-2+s)!

Now, replacing n by (n — s), on the right-hand side we get:
Y=o Pn(0)t" = Yoo X5=0 3F1 [x,(—n+s),—n;(m+2 —n+5s);—1]

N (-m-1)p(n—-m—-2-s)! ggm)(x) tn
n! (n-s)! (n—-m-2)!

Or Yn=o ¥n(Ot" = Xno Xs=o 3F1 [x,(=n+3s),—n;(m+2 —n+s);—1]

(=n)s (=m—-1)p, g™ (x) "
(nhH2 (m+2-n)g

)

which on equating the coefficient of t™ on both sides, gives:

(—n)s (=m—1),, g™ (x)
(n)?2 (m+2-n)g

Y. (x) = X0p 3F [x,(—n+5s),—n,(m+2—n+s);—1]

’

which proves Theorem 3.1.

Theorem 3.2: Expansion of Sylvester polynomials ¥,(x) in terms of
Bernoulli polynomials By, (x):

Bs(x)
sl(n—s+1)!

3.2) Wn(x) = Xs=0 2Fo [x;(-n—s—-1);—:—-1]
Proof: Using equation (2.1) in equation (1.2), we get:

Y=o Pn(t" =X k=0

Ort™* n! Bg(x)
kn! 5=0 g1 (n—s+1)!

_ Zoo Zn (x)k Bs(x) tn+k
k=0 &5=0 1 g1 (n—s+1)!

Replacing n by (n + s), on the right-hand side we get:

() Bs(x) tMHsHE
k! s! (n+1)!

Z;.zozo Lpn(x)tn = ;.Ek,5=0

which, when n is replaced by(n — k), the right-hand side yields:

)
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. . (iBs(x) 1S
Yn=o Pn(t" = X sm0 Xk=077 (n+1-k)!

_ ' n (X)g(=n—1)g Bs(x) gnts
- Z"'5=0 Lk=o0 k(-1 sl(n+1)!

o Bg(x) ¢S
= 27’1,5:0 ZFO [x; (_n - 1); - _1] S!(Tl+1)!

Further, replacing n by (n — s), on the right-hand side of the last equation
we get:
Yim=o Pn(Ot" = Y30 Xi=0 2F0 [x;(—n—s—1);—:—1]
which on equating the coefficients of t™ on both sides, gives:
W, (0) =30y oFy [x(-n—s—1);——1] =2

sl(n—s+1)!
which is the desired result (3.2) i.e. Theorem 3.2.
Theorem 3.3: Expansion of Sylvester polynomials ¥,(x) in terms of
Bateman’s polynomials Z, (x):
(3.3) Y, (x) =X, 3F [x;(—n+5s),(—n—s—1); (n)%1]
(-n)s n!(2s+1)Zs(x)
(n+s+1)!

Proof: Using equation (2.2) in equation (1.2), we find:

Bs(x) t™
sln-s+1)! ’

X tn+k

(o) 0 ) —n)s (2s+1) Zg
Yo, W00t = Zn,k:O(xW (nh)?2 ?=0( n)s (2s+1) Zs(x)

(n+s+1)!

g (-n)s @s+1)n! Z(x)t™tk
k! (n+s+1)!

= Z?ﬁk,:o Z?:o

Replacing n by (n + s), the right-hand side we get:

. TS @ (—n-s)g (n+s)!1(2s+1) Zg(x) tn+stk
ZTL:O lpn(x)tn - nk,s=0 Sk!(n+25+1)! >

=y @Ok (1S {(n+)12(2s+1) Zg(x) tn+s+k
— 4nks=0 n!ki(n+2s+1)!

Further replacing n by (n — k), the right-hand side we get:

O (—1)5{(n+s—k)1}? (2s+1) Zs(x) t™+s

o0 n __ (o] n

Zn=o Yn (0" = Xs=0 Zik=0 k! (n—k)!(n+2s+1-k)!
—y®© _ yn Ok (C)(n-2s-Dg D{(n+5)3* (2s+1)Zs(x) t™Fs
— 4mns=04k=0 k{(-n—s)}? (n+2s+1)!

] . (=1)% {(n+s)1}?(25+1)Zg(x) t™*S

= Yns=o 3F1 [x,—n,(—n—2s = 1);(—n —s)*1 (n+25+1)!



322 Priyanka Srivastava and S. K. Raizada

Now replacing n by (n — s), the right-hand side we get:
Yaeo Pn(Ot" = X0 Xdo0 3F1 [ (-n+5),(—n— 25 - 1); ()% 1]

. (—n)s n!(2s+1)Zs(x) t™
(n+s+1)!

which on equating the coefficient of t™ on both sides, gives:
P, (x) =Y 3F; [x;(—n+5),(—n—s — 1); (n)?; 1]
N (—n)gn! (2s+1)Zs(x)
(n+s+1)!

)

)

which proves the result (3.3).

Theorem 3.4: Expansion of Sylvester polynomials ¥,(x) in terms of
Generalized Bessel polynomials v, (c, x), the following expansion exists:
(B4) W =T 5o [6 (-nts), (-n—c—5) 1]

N (=1)° (c+28)Ps(cx)
=)' (Onts+1

Proof: Using equation (2.3) in equation (1.2), and after similar steps of
calculations as in the proofs of the above theorems, we get (3.4).

4. Generalizations

Here we have considered the generalizations of our two main results i.e.
Theorem 3.1 and Theorem 3.2 as:

1. The Generalization of result (3.1) i.e. Theorem 3.1 is given by:

-1
(41) Wa(a) =Xlo ,F1 [ (-n+s),1-21—n);——]
a™(—n)s(-m-1)ng{™ (1.%)

D pni(m-n+2)g

where W, (x; a) is Generalized Sylvester Polynomials defined by Agarwal
and Manocha? as:

(4.2) 1—-t) e =y, Y,(x;a)t"

and g,([”) (4, x) is Generalized Cesaro polynomials defined by N. Ozmen and
E. Erkus-Duman* as:

(4.3) Y2 09,0t = (1 —£) ™11 — xt) ™A
2. The Generalization of result (3.2) i.e. Theorem 3.2 is given by:

(44) Wp(a) =Bl oFo [xi(=s —m)—7|+

)

(1% a®(-n)sB M (x)
n!(s+m)!
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where B(m 1)(x) is Generalized Bernoulli polynomials defined in the paper®
by the followmg generating function:
(45) Yoo B Pma)s

tMe xt

n
et_ym-1t_
Ehoh!

6. Conclusions

We conclude by submitting that the Sylvester polynomials W,,(x), which
is defined in terms of Hypergeometric functions ,F, has applications as
Sylvester Matrix in Mathematical Physics and therefore its expansions in
terms of certain expansions of Sylvester polynomials W¥,,(x) in terms of the

Cesaro polynomials g(m) (x), Bernoulli polynomials B, (x), Bateman’s
polynomials Z,,(x) and Generalized Bessel polynomials ¢,,(x). May of great
importance further what we have given in this note seems to be interesting
from the fact that the results are in terms of Generalized Hypergeometric
functions. We have also generalized our main results and got expansions of
Generalized Sylvester polynomials W, (x; a) in terms of Generalized Cesaro

polynomials m)(/l x) and in terms of Generalized Bernoulli
polynomials B(m 2 (x), which is the best part of our paper.
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