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Abstract: Negi! have derived some theorems on almost product and
decomposable spaces, Negi at al.? has premeditated an analytic HP-
transformation in almost Kaehlerian spaces. In this paper, we have find
out existence theorems on definite almost product metric manifolds.
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1. Introduction

A differentiable manifold is an almost product metric manifold (M™) of

class C® which has a non-trivial tensor F; with indices i,j,k = 1,2, .....,n,
fulfilling the conditions?:

(1.1) F/Ff = of

(1.2) gl-jF,l;FkJ = Gk

If equation (1.1) is changed by Fiijk = —&F then it is called an almost
Hermitian manifold* and satisfying the following two conditions:

(1.3) ViF,-i =0,

(1.4) | V(;Fjn) = 0.

where F;, = Fjg;, and Vis covariant derivative respecting Riemannian

metric g;;. Also, I\I]i‘ represents Nijenhuis tensor of Fij. In M™, the following
conditions are equivalents®®:

(1.5) V.Fh =0,
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(1.6) ViFin + V,Fj, =0,

(1.7) (6/"6f — F"F} )V F* = 0,

(1.8) (6/"6; + F"F} )V F* = 0,

(1.9) Fj + V;F, — V,F,; = 0.

(1.10) N = FH(ViF" = V;F") — F (v, FP = ViF]).

(1.11) ds? = g, (x")dxdx * + ggp(x€)dx*dx?.

(1.12) (=390 () =100
laa) =3970%00  {p} = 397000

(1.13) ViFjx + V;Fy; + Vi Fij = 0,

This is identified that positive Riemannian metric g;; in a new system of
allotment accordingly definite almost product metric manifold®.

2. Existence theorems on definite Almost Product metric Manifolds

Theorem 2.1: The necessary and sufficient conditions of a differentiable
manifold M™ to be definite almost product metric manifold are following:

(2.2) (ii). Tjip = —Tijn.
(2.3) (iii). V,F{ = 0.
(2.4) (iv). M/, = 0.
(2.5) (V). Ff M + F{M{' = 0.
Proof: We have proved the following:

(i) If we put:
(2.6) M} = V.F! + FIF"V,E): + FL(V,F = V;F),
Then N/} — Nj;F* = 0 ifand only if M} = M}},
(ii). Here, putting: Ty, = V; Fip+ F™ F} V,, Fyj, and substitute (1.13) in the
expression of Tj;,, we get:

Tjin = —(ViFpj + VnFji) = F"F{ (Vi Fum + VpFo) = (Vi + FF" Vi )

= —Tijn.

because of
(2.7) Vi Fji + F" F Vy, Fpy = 0,



Existence Theorems on Definite Almost Product Metric Manifolds 113

which follows form F}! F = 8 by covariant differentiation V;, and then
contracting with Ff. Conversely:

Tiin = ViFin — F"FaViFyy = 2V;Fy; — Tipy, 1.8,
(2.8) 2ViFpi = Tjin + Tjni.
From which we have:
(2.9)  2(VjFp; + ViFij + ViFjp) = Tjin + Tjni + Thji + Thij + Tinj + Tijn-
From (2.2) in (2.4), then almost Hermitian manifold gratifying form
equivalent to (1.13) is almost Kaehlerian manifold?°,
(|||)We have: g]l Tl]h =g]l V] Fih+ g]l F}m Fllm Flh

=291V Fy =2V, F,{

from (1.6), we obtain: V;F/ =—V;F/ = V;F/ = 0.
(iv). From V, (F} F}) = 0, we have F/" V) F} = 0. On the other hand, as
Fii = constant, we get VjFl-i = 0. Thus Mjii = - Fjl Vi F™
Then, F} is non-singular.
(v). We first note that from F} Fy; = g;; then:
(2.10) F/VFy + FlVFy = 0.
Now, from (2.6), we have:
(211) g (F'M{; + F{M[}) = F}(V, Fye + V; Fy) + F{(V; Fye + Y, Fye).
If FIM]} + F/M]; = 0 and from (2.10) and (2.11), we have the following:
(212)  F'(V, Fye + Vi Fye + Vi Fyp) = —=F}(V; Fye + V, Fye + Vi Fy).
From (2.12), Pj;x= —P;jx. But it is evident that Pj;,=P;;, therefore Pj;=0
as (1.13) pursues Fif is non-singular and converse is apparent.

Theorem 2.2: The necessary and sufficient condition of an almost
product metric manifold (M™) gained as of a contact manifold (M™) content
the condition V,F} = 0. and V;Fj, + V;Fy; + V. F;; = 0, then &' is a Killing
vector field.

Proof: Consider a (2m + 1)-dimensional differentiate manifold (M™) by
contact formation n, satisfying n A (dn)™ # 0, that there exists a (9, ¢,1, g9)
formation with?3:
n=mndx', dn=29 =§¢ijdxl Ndx?; (@i =0m; — 9jm;, O = %)-
Conditioning other closely, there exist a vector field &, (Z){ and g;; such that:

rank | ¢/|=2m, 8L &/ =0, @in, =0, ¥y, =1, 0\ 0. =5+ &,
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9, ¥ =m, gij 0% Q{;: Ghie — MMk » Dij = 9 OF = Vim; — Vim,.
Therefore obvious that:

(2.13) (Vjm) § =0,
and it is also known that!:

(2.14) V; & =0,
(2.15) (Ven;) § =0,
(2.16) F/ =(2¢n -8))

From the identity (1.1) and (1.2), itisa M™ from the given M™.
Next, from (2.16) we have:

VnF! = 2(Vy 8)n; + 28 (Vamy).
So, by (2.14) and (2.15) we have:
V,F =2(V;e ) +2¢(vm;) = 0.
NeXt, as Fl] = ZThTh - gl] then we find:
1
5 Vo Fij = (Vandn; +1:(Vin)),
from which it follows:
1
+0:(Van; + Ving) +1,(Vimy + Van)).
Then, applying (1.13) and comparing &"* with the equation (2.17), we get:
(2.18) (ij + Vj’h') +1;( eV, + Ehvjnh) +1;(E"Vi, + E'Vyn) = 0.
Taking account of (2.13) and (2.15) we have from the above relation the
following:
(219) Vin; +Vjn; =0,
that is, & is Killing vector field and converse is apparent from (2.17).
Theorem 2.3: In a compact orientable M™ gratifying Vlel =0, if an

insignificant projective transmutation on similar period drops FL.J invariable,
then this is an isometry.

Proof: The Lie derivative (£,) respecting an insignificant transmutation
vt and differentiable manifold (M™) convinced (2.3). We have known that!2:

(2.20) L,V;F —V,L,F! = FlL, {ihl} —Fl'L, {ili}'

Now, reduce through j and then formulate from (2.3), we get:
_ | _ pm LY _ m

(2.21) V,L, Fl=F"L, {l m} B { )

On similar period, an insignificant projective transmutation v drops Fl.j
invariable, then we has:

h
(2.22) LVL. i} =t + 5w,
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(2.23) L,F'=o.
Substitute these two relations in (2.21) we have:
(2.24) (n F™ — 8" F})¥,, = 0.

But we write this:

(225)  (nF" =6 F)(nEy + 65 F) = 6t {n? = (F))'} = 0.

As (F})2 = (n — 2p)? < n?. Thus nF/™ — §"F/ is non-singular and we
have ¥,, = 0, from which and (2.22) we have:

(2.26) Y = ——VpVy VP = 0.

Thus, V, v! = constant and £, {ihi} = 0.

Also, if the space is compact orientable then using Green's theorem, we find:
V,v'=0 and L, L’hi} = 0.

Hence theorem is proved.

Theorem 2.4: In a compact orientable M™ gratifying Vlel =0, if an
insignificant conformal transmutation on similar period drops

F/ invariable, then this is an isometry.
Proof: We have known that'3:

h 1
(2-27) LV{,’ i} = Eghn(vj Lv Ini T Vi ['v Ijn — Vn Lv .gji)-
Substitute (2.23) and (2.27) in (2.21) we have:
(2.28) Fimgm Vin Ly gin — F™ ViL, gin = 0.

From Lv 9in = Vlvn + anl = 2@ Jin, WE have Vi ['V Iin = qul Iin»
substituted this formula into (2.28) we get:

(2.29) F" v, Vv, vt — @,F} = 0.
Since @ = (1/n)V,vtand @; = (1/n)V;V,v!, the above equation is written as
(2.30) (Fm™ =26 FE) V¥, vt = 0.

From (2.30), we can get the proof of theorem 2.4.
Theorem 2.5: In an almost product metric manifold M™ satisfying (2.3),
then
(2.31) (ViFY) (V;F) =H-R,
where R; =R}, R=gY Ry, Hy =Ry F™ and H = F/'Hy.
Proof: We have reduced by h, k of following equation®;
(2.32) ViV; Ft =V, FI' = Rl F = Ry FI,
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and then make use of (2.3), we get:

(2.33)

V,V;F} = RyF} — H.

Differentiate F/i Fy, = &} with V; then we have:

(2.34)

Fji Vj Fih == O

using (2.3) in (2.34), we obtain:

(2.35)

(Vo FIO)(V; F) = —FI{(V,V, Fl).

Also, as F} F/t = g and use equation (2.33), then we get:

(2.36)

(Vo FFOY(V,F}) =—F/Y(Ry F} —H;)=H—R.

Thus, theorem is proved.
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