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1. Introduction 

 

A differentiable manifold is an almost product metric manifold (𝑀𝑛) of 

class 𝐶∞ which has a non-trivial tensor 𝐹𝑖
𝑗
  with indices  𝑖, 𝑗, 𝑘 = 1, 2, … . . , 𝑛, 

fulfilling the conditions3: 

(1.1)            𝐹𝑖
𝑗
𝐹𝑗

𝑘 = 𝛿𝑖
𝑘       

(1.2)            𝑔𝑖𝑗𝐹ℎ
𝑖 𝐹𝑘

𝑗
= 𝑔ℎ𝑘    

If equation (1.1) is changed by 𝐹𝑖
𝑗
𝐹𝑗

𝑘 = −𝛿𝑖
𝑘 then it is called an almost 

Hermitian manifold4 and satisfying the following two conditions: 

(1.3)             ∇𝑖𝐹𝑗
𝑖 = 0,          

(1.4)                ∇(𝑖𝐹𝑗ℎ) = 0.  

where 𝐹𝑗ℎ = 𝐹𝑗
𝑖𝑔𝑖ℎ and ∇ is covariant derivative respecting Riemannian 

metric 𝑔𝑖𝑗. Also,  𝑁𝑗𝑖
ℎ represents Nijenhuis tensor of 𝐹𝑖

𝑗
. In 𝑀𝑛, the following 

conditions are equivalents5-8: 

(1.5)         ∇𝑗𝐹𝑖
ℎ = 0,   
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(1.6)                ∇𝑗F𝑖ℎ + ∇𝑖F𝑗ℎ = 0,  

(1.7)               (𝛿𝑗
𝑚𝛿𝑖

𝑙 − 𝐹𝑗
𝑚𝐹𝑖

𝑙)∇𝑚𝐹𝑙
ℎ = 0,    

(1.8)        (𝛿𝑗
𝑚𝛿𝑖

𝑙 + 𝐹𝑗
𝑚𝐹𝑖

𝑙)∇𝑚𝐹𝑙
ℎ = 0,   

(1.9)       F𝑗𝑙 + ∇𝑗F𝑙𝑟 − ∇𝑙F𝑟𝑗 = 0.  

(1.10)    𝑁𝑖𝑗
ℎ = 𝐹𝑖

𝑙(∇𝑙𝐹𝑗
ℎ − ∇𝑗𝐹𝑙

ℎ) − 𝐹𝑗
𝑙(∇𝑙𝐹𝑖

ℎ − ∇𝑖𝐹𝑙
ℎ).   

(1.11)            𝑑𝑠2 = 𝑔λμ(𝑥ν)𝑑𝑥λ𝑑𝑥  μ + 𝑔𝑎𝑏(𝑥𝑐)𝑑𝑥𝑎𝑑𝑥𝑏 .   

(1.12)            [
{

𝑎
𝜆  𝜇} = −

1

2
𝑔𝑎𝑏𝜕𝑏𝑔𝜆𝜇 ,           {

𝑎
𝜆  𝑏

} =
1

2
𝑔𝑎𝑐𝜕𝜆𝑔𝑏𝑐

{
𝑎

𝑎 𝜆
} =

1

2
𝑔𝜆𝑦𝜕𝑎𝑔𝜇𝑦 ,           {

𝑎
𝑎  𝑏

} = −
1

2
𝑔𝜆𝑦𝜕𝜆𝑔𝑎𝑏

]  

(1.13)         ∇𝑖𝐹𝑗𝑘 + ∇𝑗𝐹𝑘𝑖 + ∇𝑘𝐹𝑖𝑗 = 0,   

This is identified that positive Riemannian metric 𝑔𝑖𝑗 in a new system of 

allotment accordingly definite almost product metric manifold9. 

 
2. Existence theorems on definite Almost Product metric Manifolds 

  

Theorem 2.1: The necessary and sufficient conditions of a differentiable 

manifold 𝑀𝑛 to be definite almost product metric manifold are following:   

(2.1)         (i).   𝑁𝑖𝑗
ℎ − 𝑁𝑖𝑗

𝑙 𝐹𝑙
ℎ = 0         or       𝑁𝑖𝑗

ℎ + 𝑁𝑖𝑗
𝑙 𝐹𝑙

ℎ = 0    

(2.2)         (ii).  𝑇𝑗𝑖ℎ = −𝑇𝑖𝑗ℎ.   

(2.3)         (iii). ∇𝑙𝐹𝑗
𝑙 = 0.      

(2.4)         (iv). 𝑀𝑖𝑗
𝑗

= 0.    

(2.5)         (v). 𝐹𝑗
𝑙𝑀𝑙𝑖

ℎ + 𝐹𝑖
𝑙𝑀𝑙𝑗

ℎ = 0.   

 Proof:  We have proved the following: 

(i) If we put:  

(2.6)               𝑀𝑖𝑗
ℎ = ∇𝑖𝐹𝑗

ℎ + 𝐹𝑖
𝑙𝐹𝑗

𝑚∇𝑙𝐹𝑚
ℎ + 𝐹𝑖

𝑙(∇𝑙𝐹𝑗
ℎ − ∇𝑗𝐹𝑙

ℎ), 

Then 𝑁𝑖𝑗
ℎ − 𝑁𝑖𝑗

𝑙 𝐹𝑙
ℎ = 0  if and only if  𝑀𝑖𝑗

ℎ = 𝑀𝑗𝑖
ℎ,   

(ii). Here, putting: 𝑇𝑗𝑖ℎ = ∇𝑗 𝐹𝑖ℎ+ 𝐹𝑗
𝑚 𝐹𝑖

𝑙  ∇𝑚 𝐹𝑙ℎ  and substitute (1.13) in the 

expression of 𝑇𝑗𝑖ℎ, we get:  

  𝑇𝑗𝑖ℎ = −(∇𝑖𝐹ℎ𝑗 + ∇ℎ𝐹𝑗𝑖) − 𝐹𝑗
𝑚𝐹𝑖

𝑙(∇𝑙𝐹ℎ𝑚 + ∇ℎ𝐹𝑚𝑙) − (∇𝑖𝐹ℎ𝑖 + 𝐹𝑗
𝑙𝐹𝑖

𝑚∇𝑚𝐹ℎ𝑙) 

     = −𝑇𝑖𝑗ℎ. 

because of  

(2.7)            ∇ℎ 𝐹𝑗𝑖 + 𝐹𝑗
𝑚 𝐹𝑖

𝑙  ∇ℎ 𝐹𝑚𝑙 = 0,  



              

           Existence Theorems on Definite Almost Product Metric Manifolds           113 

 

which follows form 𝐹𝑖
𝑙 𝐹𝑙

ℎ = 𝛿𝑖
ℎ  by covariant differentiation ∇𝑗 , and then 

contracting with 𝐹𝑙
𝑖. Conversely: 

    𝑇𝑗𝑖ℎ = ∇𝑗𝐹𝑖ℎ − 𝐹𝑗
𝑚𝐹ℎ

𝑙 ∇𝑚𝐹𝑖𝑙 = 2∇𝑗𝐹ℎ𝑖 − 𝑇𝑗ℎ𝑖 ,  i.e. 

(2.8)            2∇𝑗𝐹ℎ𝑖 = 𝑇𝑗𝑖ℎ + 𝑇𝑗ℎ𝑖.  

From which we have:  

(2.9)     2(∇𝑗𝐹ℎ𝑖 + ∇ℎ𝐹𝑖𝑗 + ∇𝑖𝐹𝑗ℎ) = 𝑇𝑗𝑖ℎ + 𝑇𝑗ℎ𝑖 + 𝑇ℎ𝑗𝑖 + 𝑇ℎ𝑖𝑗 + 𝑇𝑖ℎ𝑗 + 𝑇𝑖𝑗ℎ. 

From (2.2) in (2.4), then almost Hermitian manifold gratifying form 

equivalent to (1.13) is almost Kaehlerian manifold10. 

(iii). We have:     𝑔𝑗𝑖  𝑇𝑖𝑗ℎ. = 𝑔𝑗𝑖 ∇𝑗  𝐹𝑖ℎ+ 𝑔𝑗𝑖 𝐹𝑗
𝑚 𝐹𝑖𝑚

𝑙  𝐹𝑙ℎ 

                                          = 2 𝑔𝑗𝑖 ∇𝑗 𝐹𝑖ℎ = 2 ∇𝑗 𝐹ℎ
𝑗
 

from (1.6), we obtain:    ∇𝑗𝐹ℎ
𝑗
 = − ∇𝑗𝐹ℎ

𝑗
   ⟹  ∇𝑗𝐹ℎ

𝑗
= 0. 

(iv). From  ∇𝑘 (𝐹𝑗
𝑙 𝐹𝑙

𝑖) = 0 , we have  𝐹𝑙
𝑚 ∇𝑘 𝐹𝑚

𝑙 = 0.  On the other hand, as  

𝐹𝑖
𝑖 = constant,  we get  ∇𝑗𝐹𝑖

𝑖 = 0.   Thus 𝑀𝑗𝑖
𝑖 = − 𝐹𝑗

𝑙  ∇𝑚  𝐹𝑙
𝑚. 

Then, 𝐹𝑗
𝑙 is non-singular. 

(v).   We first note that from 𝐹𝑗
𝑙 𝐹𝑙𝑖 = 𝑔𝑗𝑖 then:  

(2.10)              𝐹𝑗
𝑙∇𝑘𝐹𝑙𝑖 + 𝐹𝑖

𝑙∇𝑘𝐹𝑗𝑙 = 0.   

Now, from (2.6), we have: 

(2.11)     𝑔ℎ𝑘(𝐹𝑗
𝑙𝑀𝑙𝑖

ℎ + 𝐹𝑖
𝑙𝑀𝑙𝑗

ℎ ) = 𝐹𝑗
𝑙(∇𝑙 𝐹𝑖𝑘 + ∇𝑖 𝐹𝑖𝑘) + 𝐹𝑖

𝑙(∇𝑗  𝐹𝑙𝑘 + ∇𝑙 𝐹𝑗𝑘).               

If  𝐹𝑗
𝑙𝑀𝑙𝑖

ℎ + 𝐹𝑖
𝑙𝑀𝑙𝑗

ℎ = 0 and from (2.10) and (2.11), we have the following:  

(2.12)      𝐹𝑗
𝑙(∇𝑙 𝐹𝑖𝑘 + ∇𝑖 𝐹𝑙𝑘 + ∇𝑘 𝐹𝑙𝑖) = −𝐹𝑖

𝑙(∇𝑗  𝐹𝑖𝑘 + ∇𝑙 𝐹𝑗𝑘 + ∇𝑘 𝐹𝑗𝑙).                                       

From (2.12), 𝑃𝑗𝑖𝑘= −𝑃𝑖𝑗𝑘. But it is evident that  𝑃𝑗𝑖𝑘=𝑃𝑗𝑘𝑖, therefore  𝑃𝑗𝑖𝑘= 0 

as (1.13) pursues 𝐹𝑖
𝑗
  is non-singular and converse is apparent. 

Theorem 2.2: The necessary and sufficient condition of an almost 

product metric manifold (𝑀𝑛) gained as of a contact manifold (𝑀̅𝑛) content 

the condition 𝛻𝑙𝐹𝑗
𝑙 = 0. and  𝛻𝑖𝐹𝑗𝑘 + 𝛻𝑗𝐹𝑘𝑖 + 𝛻𝑘𝐹𝑖𝑗 = 0, then  𝜉𝑖   is a Killing 

vector field. 

Proof: Consider a (2𝑚 + 1)-dimensional differentiate manifold (𝑀̅𝑛) by 

contact formation 𝜂, satisfying 𝜂 ∧ (d 𝜂)𝑛 ≠ 0, that there exists a (∅, 𝜉, 𝜂, 𝑔) 

formation with3:  

𝜂 = 𝜂𝑖𝑑𝑥𝑖 ,    d 𝜂 = ∅ = 
1

2
∅𝑖𝑗𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗;    (∅𝑖𝑗 = 𝜕𝑖𝜂𝑗 − 𝜕𝑗𝜂𝑖 ,   𝜕𝑖𝜂𝑗 =

𝜕𝜂𝑗

𝜕𝑥𝑖 ). 

Conditioning other closely, there exist a vector field ξ𝑖 ,  ∅𝑖
𝑗
 and 𝑔𝑖𝑗  such that: 

 rank | ∅𝑖
𝑗
|=2m, ∅𝑗

𝑖  ξ𝑗 = 0,    ∅𝑗
𝑖 𝜂𝑖, = 0,   ξ𝑗  𝜂𝑖 = 1,    ∅𝑗

𝑖  ∅𝑘
𝑗

= −𝛿𝑘
𝑖 +  ξ𝑖𝜂𝑘, 
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    𝑔𝑖𝑗 ξ𝑗 = 𝜂𝑖 ,   𝑔𝑖𝑗 ∅ℎ  
𝑖 ∅𝑘

𝑗
= 𝑔ℎ𝑘 − 𝜂ℎ𝜂𝑘 ,   ∅𝑖𝑗 = 𝑔𝑖𝑗  ∅𝑖

ℎ =  ∇𝑖𝜂𝑗 − ∇𝑗𝜂𝑖. 

Therefore obvious that:        

(2.13)            (∇𝑗𝜂𝑘)  ξ𝑘 = 0,   

and it is also known that11:    

(2.14)             ∇𝑖 ξ
𝑖 = 0,   

(2.15)            (∇𝑘𝜂𝑗)  ξ𝑘 = 0,   

(2.16)            𝐹𝑖
𝑗

= (2 ξ𝑗  𝜂𝑖 − 𝛿𝑖
𝑗
).   

From the identity (1.1) and (1.2), it is a  M𝑛  from the given 𝑀̅𝑛. 

Next, from (2.16) we have:  

      ∇ℎ𝐹𝑖
𝑗

= 2(∇ℎ ξ𝑗)𝜂𝑖 + 2 ξ𝑗(∇ℎ𝜂𝑖).  
So, by (2.14) and (2.15) we have:  

       ∇𝑗  𝐹𝑖
𝑗

= 2 (∇𝑗  ξ𝑗)𝜂𝑖 + 2 ξ𝑗(∇𝑗𝜂𝑖) = 0.  

Next, as 𝐹𝑖𝑗 = 2𝜂𝑖𝜂𝑗 − 𝑔𝑖𝑗 then we find:  

 
1

2
 ∇ℎ 𝐹𝑖𝑗 = (∇ℎ 𝜂𝑖)𝜂𝑗 + 𝜂𝑖(∇ℎ 𝜂𝑗),  

from which it follows: 

(2.17)     
1

2
(∇ℎ𝐹𝑖𝑗 + ∇𝑖𝐹𝑗ℎ + ∇𝑗𝐹ℎ𝑖) = 𝜂ℎ(∇𝑖𝜂𝑗 + ∇𝑗𝜂𝑖) 

                                          +𝜂𝑖(∇ℎ𝜂𝑗 + ∇𝑗𝜂ℎ) + 𝜂𝑗(∇𝑖𝜂ℎ + ∇ℎ𝜂𝑖).                                            

Then, applying (1.13) and comparing  ξℎ  with the equation (2.17), we get: 

(2.18)   (∇𝑖𝜂𝑗 + ∇𝑗𝜂𝑖) + 𝜂𝑖( ξℎ∇𝑘𝜂𝑗 +  ξℎ∇𝑗𝜂ℎ) + 𝜂𝑗( ξℎ∇𝑖𝜂ℎ +  ξℎ∇ℎ𝜂𝑖) = 0.         

Taking account of (2.13) and (2.15) we have from the above relation the 

following: 

(2.19)               ∇𝑖𝜂𝑗 + ∇𝑗𝜂𝑖 = 0,   

that is,  ξ𝑖   is Killing vector field and converse is apparent from (2.17). 

Theorem 2.3: In a compact orientable 𝑀𝑛 gratifying  𝛻𝑙𝐹𝑗
𝑙 = 0, if an 

insignificant projective transmutation on similar period drops  𝐹𝑖
𝑗
  invariable, 

then this is an isometry.  

Proof: The Lie derivative (ℒ𝑣) respecting an insignificant transmutation 

ν𝑖 and differentiable manifold (M𝑛) convinced (2.3). We have known that12:      

(2.20)    ℒ𝜈∇𝑗𝐹𝑖
ℎ − ∇𝑗ℒ𝜈𝐹𝑖

ℎ = 𝐹𝑖
𝑙ℒ𝜈 {

ℎ
𝑗  𝑙

} − 𝐹𝑙
ℎℒ𝜈 {

𝑙
𝑗  𝑖

}.    

Now, reduce through j and then formulate from (2.3), we get:  

(2.21)                −∇𝑙 ℒ𝜈 𝐹𝑖
𝑙 = 𝐹𝑖

𝑚 ℒ𝜈 {
𝑙

𝑙  𝑚
} − 𝐹𝑚

𝑙  ℒ𝜈 {
𝑚

𝑙   𝑖
}.  

On similar period, an insignificant projective transmutation v𝑖 drops 𝐹𝑖
𝑗
 

invariable, then we has:   

(2.22)                ℒ𝜈 {
ℎ

𝑗  𝑖
} = 𝛿𝑗

ℎ 𝛹𝑖 + 𝛿𝑖
ℎ 𝛹𝑗 ,                                                                                             
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(2.23)                 ℒ𝜈  𝐹𝑖
ℎ = 0.                                                                                                                    

Substitute these two relations in (2.21) we have:  

(2.24)                  (𝑛 𝐹𝑖
𝑚 − 𝛿𝑖

𝑚 𝐹𝑙
𝑙)𝛹𝑚 = 0.  

But we write this:     

(2.25)       (𝑛 𝐹𝑖
𝑚 − 𝛿𝑖

𝑚 𝐹𝑙
𝑙)(𝑛 𝐹𝑚

𝑡 + 𝛿𝑚
𝑡  𝐹𝑙

𝑙) = 𝛿𝑖
𝑡 {𝑛2 − (𝐹𝑙

𝑙)
2

} ≠ 0.  

As (𝐹𝑙
𝑙)

2
= (𝑛 − 2𝑝)2 < 𝑛2.  Thus 𝑛𝐹𝑖

𝑚 − 𝛿𝑖
𝑚𝐹𝑙

𝑙  is non-singular and we 

have  𝛹𝑚 = 0, from which and (2.22) we have: 

(2.26)                 𝛹𝑚 =
1

𝑛+1
∇𝑚∇𝑙  ν𝑙 = 0.    

Thus,  ∇𝑙 ν
𝑙 = constant and  ℒ𝜈 {

ℎ
𝑗  𝑖

} = 0.   

Also, if the space is compact orientable then using Green's theorem, we find: 

       ∇𝑙 ν
𝑙 = 0   and   ℒ𝜈 {

ℎ
𝑗  𝑖

} = 0.  

Hence theorem is proved.  

Theorem 2.4: In a compact orientable 𝑀𝑛 gratifying  𝛻𝑙𝐹𝑗
𝑙 = 0,  if an 

insignificant conformal transmutation on similar period drops  

𝐹𝑖
𝑗
  invariable, then this is an isometry. 

Proof: We have known that13:       

(2.27)             ℒ𝜈 {
ℎ

𝑗  𝑖
} =

1

2
𝑔ℎ𝑛(∇𝑗  ℒ𝜈 𝑔𝑛𝑖 + ∇𝑖 ℒ𝜈 𝑔𝑗𝑛 − ∇𝑛 ℒ𝜈 𝑔𝑗𝑖).                                                

Substitute (2.23) and (2.27) in (2.21) we have: 

(2.28)              𝐹𝑖
𝑚𝑔𝑙𝑛 ∇𝑚 ℒ𝜈 𝑔𝑙𝑛 − 𝐹𝑛𝑙 ∇𝑖 ℒ𝜈 𝑔𝑙𝑛 = 0.   

From ℒ𝜈 𝑔𝑙𝑛 = ∇𝑙𝑣𝑛 + ∇𝑛𝑣𝑙 = 2∅ 𝑔𝑙𝑛, we have ∇𝑖 ℒ𝜈 𝑔𝑙𝑛 = 2∅𝑖 𝑔𝑙𝑛, 

substituted this formula into (2.28) we get: 

(2.29)               𝐹𝑖
𝑚 ∇𝑚∇𝑙 𝜈

𝑙 − ∅𝑖𝐹𝑙
𝑙 = 0.     

Since ∅ = (1 𝑛⁄ )∇𝑙𝑣
𝑙and ∅𝑖 = (1 𝑛⁄ )∇𝑖∇𝑙𝑣

𝑙 , the above equation is written as  

(2.30)              (𝐹𝑖
𝑚 −

1

𝑛
𝛿𝑖

𝑚 𝐹𝑡
𝑡) ∇𝑚∇𝑙 𝑣

𝑙 = 0.    

From (2.30), we can get the proof of theorem 2.4.  

Theorem 2.5: In an almost product metric manifold 𝑀𝑛 satisfying (2.3), 

then 

(2.31)               (∇ℎ𝐹𝑗𝑖) (∇𝑗𝐹𝑖
ℎ) = 𝐻̅ − 𝑅,                                                                                             

where  𝑅𝑗𝑙 = 𝑅ℎ𝑗𝑙
ℎ ,    𝑅 = 𝑔𝑙𝑗  𝑅𝑗𝑙 , 𝐻̅𝑗𝑖 = 𝑅ℎ𝑗𝑖𝑙 𝐹

𝑙ℎ   and   𝐻̅ = 𝐹𝑗𝑖 𝐻̅𝑗𝑖 . 

Proof:  We have reduced by  ℎ, 𝑘  of following equation10:  

(2.32)             ∇𝑘∇𝑗 𝐹𝑖
ℎ − ∇𝑗∇𝑘 𝐹𝑖

ℎ = 𝑅𝑘𝑗𝑙
ℎ  𝐹𝑖

𝑙 − 𝑅𝑘𝑗𝑖 
𝑙 𝐹𝑙

ℎ,   
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and then make use of (2.3), we get: 

(2.33)                ∇𝑙∇𝑗𝐹𝑖
𝑙 = 𝑅𝑗𝑙𝐹𝑖

𝑙 − 𝐻̅𝑗𝑖 .   

Differentiate 𝐹𝑗𝑖  𝐹𝑖ℎ = 𝛿ℎ
𝑗
 with  ∇𝑗, then we have:  

(2.34)                 𝐹𝑗𝑖  ∇𝑗  𝐹𝑖ℎ = 0.  

using (2.3) in (2.34), we obtain:   

(2.35)             (∇ℎ 𝐹𝑗𝑖)(∇𝑗 𝐹𝑖
ℎ)  = −𝐹𝑗𝑖(∇ℎ∇𝑗 𝐹𝑖

ℎ). 

Also, as 𝐹𝑖
𝑙  𝐹𝑗𝑖 = 𝑔𝑙𝑗 and use equation (2.33), then we get: 

(2.36)           (∇ℎ 𝐹𝑗𝑖)(∇𝑗 𝐹𝑖
ℎ)   = −𝐹𝑗𝑖(𝑅𝑗𝑙  𝐹𝑖

𝑙 − 𝐻̅𝑗𝑖) = 𝐻̅ − 𝑅. 

Thus, theorem is proved. 
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