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Abstract: This paper discusses the decomposition for curvature tensor
K}kh in generalized recurrent space of fourth order. We explore the
decomposition tensors (Xil{fjkh) and (X]-‘P;;h) are generalized B-quad-
recurrent tensor under two decomposition forms. If the recurrence
covariant tensors a,,,s and u,,s have symmetry and skew-symmetric
properties, then we get various identities belong to the main space.
Moreover, new formula for Cartan's 4™ curvature tensor Kj"kh has been
obtained under the decomposition.
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1. Introduction and Preliminaries

The curvature tensor field is a fundamental concept in differential
geometry that encapsulates the intrinsic curvature of a manifold. Its
decomposition plays a crucial role in understanding the geometric and
topological properties of these spaces. In the realm of generalized spaces, the
decomposition of the curvature tensor field assumes even greater
significance, as it unveils the underlying structure and intricate relationships
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within these complex geometries. The generalized recurrence and
birecurrence properties of various curvatures tensors have been discussed!3,

Takano investigated the decomposition for the curvatures tensor in
recurrent spaces. Over the years, mathematicians have investigated the
decomposition of the curvatures tensors in recurrent spaces. Sinha and
Singh®® delved into this concept, specifically exploring and defining the
decomposition of the recurrent curvatures tensors field within a Finsler space.
Negi and Rawat'® concentrated their efforts on the decomposition of the
recurrent curvatures tensor field in Kéhlerian spaces. Additionally, some
theorems on decomposition of tachibana recurrent space and the
decomposition of the curvature tensors in first-order Einstein-Kahlerian
recurrent spaces studied by authors!’?, Mishra et al.?! studied the
decomposition of curvature tensor field R}kh (x, x) in aFinsler space equipped
with non-symmetric connection. Recently, the decomposition of various
curvatures tensors in different Finsler spaces has been studied??-26.

Building upon the concept of connection parameters ]ik, Berwald?’

introduced a covariant derivative. This derivative denoted by BkT or T} k)
operates on T-i isan arbitrary tensor and defined by authors?8-2°,

(1.1) o = — (0,T})G + T/ Gl — T} G}, .

According to Berwalds theory, the covariant drfferentra_tion of the metric
function, denoted by F, along any unit vector denoted by ¢* and any vector x*
simultaneously vanishes.

Unlike the standard covariant derivative, Berwald's covariant differentiation
of the metric tensor g;; generally does not vanish.

(1.3) 9ijaey = —2Cijinx" = =2 X" Cijpqmy -
The tensor C;j is referred to as the (h)hv-torsion tensor3%-3!
1 . 1 . . .
(14) Cijk = —akgij = Zakala]Fz
The tensor Cj is defined by 30 %2
(1-5) a) 'jsk = Cjkgis and b) stk gﬁ = Csik :
Also satisfy the following identities
(1.6) a) Cijx’ = Cux' = Cpij2° =0 b) ¢}, x* = Ci; 2% =0,

c)Chit; =0, d)Ch=C( and e) Ci g’k =C".
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The vectors x;, %' and the metric tensor g; j (x, x) satisfy

. 1 if j=k .
wn @ gye=o={y ;12 D 6igu=on.
) gug* =6k =n , d) srg"*=g"% , e) i =F?,

h) 9ij = alxj = 6] J.C'i and |) J.C'l' ': 9ij (x, X) x7.
The tensor Cartan's 4™ curvature tensor, denoted by ikn » 1S defined by
Kjikh + (s ]h)Gk + I — (0 ]k)Gh F*t'

The curvature tensor K, lkh pOSSesses the property of skew- symmetry in its last
two lower indices, which can be expressed as

(1.8) Kin = — Kk -

Represented by, the associated curvature tensor K, of tensor th IS given
by the formula

(1.9) Kijkn = grj Kikn -
The tensor jikh and its associated curvature tensor K;;, exhibit a set of
relationships, as expressed by the following equations

(1.10) @) Kjjkn + Kijux = —2C;jsHpy,
b) Kiikn + Kjkin + Kinki + 237 (CiisKue + CirsKiin + CinsKii) = 0
C) Kiyn + Kiji + Kipj =0 and  d) Kjyen + Knije + Kiinj = 0 .

The K-Ricci tensor K, curvature vector K; and curvature scalar K are
interrelated by

(1.11) @) Kj; =Ky . b) Kyex*=K; and ¢) Ky g/* =k
The Berwald curvature tensors Hjikh and torsion tensor H., are satisfy
(1.12) @) Hfip = Kfi, + % (6 min)  and b) Kfen ¥/ = Hiap,
(1.13) a) jkh = ahG ik T GirGrp + G; nGr — aijih —Gjy Fe— GrijkGrrt
and

b) Hip, = 0nGi + GGy, — 0x Gl — GhGyy
(1.14) a) 0,H., = Hlpp and b) Hjnx/ = Hiy, .
The tensor H. is given by
(1.15) a) H: = 20,G* — 3, GLx° + 2GL,G® — GIG;
and
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b) H: = HL, x* = — H}, %¥.
The H —Ricci tensor Hj;, curvature vector H, and curvature scalar H are
related by
(1.16) a) Hjy, = Hj,  b) Hy = Hy and c) (n—1)H = H].

In addition to the previously mentioned relationships, the aforementioned
tensors also fulfill the following conditions

(1.17) ) Hinomy + Hikgny + Himao =0 b) Hin = OxHy,
O Hen ¥ =Hyp , ) Hx*=@m-DH , DxH =0,
9) 9ijHk = gucH; and h) Hyy — Hyep = Higp, -

2. The Quad-Recurrence in Finsler Space under Generalized Condition

Riemannian spaces are a special case of Finsler spaces, which provide a
distance function that assigns a non-negative real number for all point and
non-zero tangent vector in a manifold. Recurrent Finsler spaces are
characterized by the existence of a non-zero vector V that satisfies a specific
equation involving the Finsler connection.

This paper delves into a specific class of Finsler spaces, Finsler manifolds
exhibiting a generalized K-quad recurrent structure, characterized by fourth-
order curvature tensors and a non-metric connection. The authors establish
formulas for both the 4th-order recurrent curvature tensors. They then
proceed to analyze the properties of these newly derived tensors, ultimately
achieving some noteworthy results.

We consider a Finsler space denoted by F,. In this space, Cartan's 4™

curvature tensor, denoted by Kjy, , exhibits a generalized fourth recurrence

property with Berwald's connection parameter Gp,. Mathematically, this
property is expressed by the following condition

(21)  Kjen@yimmys) = Gimns Kjien + bunns (5296 = 6kn)
— 2X" i (85 Cjxes — 6]iths)(r) — 259015 (85, Cjen — 51ithn)(q)
= 281 (8} Cjen = 8k Cinn) (5 ~ 2% uns (8o = 8k Cjnm)
= 2871 (8hCjem = 8kCinm) ) ~ 227 @158 G = B G ),

= 222 11y(83Cjiem = 6k Cjtm) (o)
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Where  aumns = Cumn(s) + Cimn As ANA byns = Cimnlis + dimn(s) are non-
zero covariant tensor of fourth-order, 0,5 = byns) and Mg = Apn(s) are
non-zero covariant tensors of third-order, ;5 = (5 is non-zero covariant
tensor of second-order, (I)(m)(n)(s) is Berwald's fourth-order covariant
derivative with respect to x!, x™, x™ and x*, respectively.

Definition 2.1. A Finsler space F,where Cartan's 4" curvature tensor

jikh fulfills the condition (2.1), will be referred to as a generalized K-
quad-recurrent space. Here, a;,ns and by,,s represent non-zero vector
fields. Additionally, a tensor satisfying a specific condition will be referred to
as a generalized B-quad-recurrent tensor. For brevity, we will denote such a
space and tensor as GK(gy — QRF, and GB - QR , respectively.

3. Decomposition of Contravariant Vector X!(x, x) and Covariant
Tensor Wi, (x, x)

In differential geometry, contravariant vectors and covariant tensors are
two fundamental concepts used to represent physical quantities and their
transformations under coordinate changes. A contravariant vector is a vector
that transforms in the opposite direction as a change of coordinates, while a
covariant tensor is a tensor that transforms in the same direction as a change
of coordinates.

The decomposition of a contravariant vector and a covariant tensor is a
technique for expressing them in terms of their components in a particular
basis. This decomposition is useful for analyzing the behavior of these
quantities under coordinate transformations and for performing calculations
in differential geometry.

We consider the decomposition of Cartan's fourth curvature tensor in the form

(3.1) Kjien = X"Wjn,

where the decomposition ¥, satisfies the following
(3:2) Wikn = —Wjnk -

(3.3) Winx) = =W x! = =Wy
(3.4) XWon + X' Whp; + X W = 0.
(3.5) Wirn + Prnj + Prjr = 0.

Transvecting (3.1) by %/, using (3.3), (1.2c) and (1.12b), we get
(3.6) Hi, = X' Wy, .
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Differentiating (3.1), covariantly with respect to x!,x™,x™ and x5 in the
sense of Berwald, we get
3.7) Kenwimms = X Pien) g myonycey
Leveraging the covariant constancy of X*, we can rewrite above equation as
(3.8) Kinwmme = X" Pirnmmms)-
In view of equation (2.1), using (3.1) in equation (3.7), we get
B9) XY O = Umns(X Wikn) + bimns(51.9x — 6£9;n)

- zxrdlmn(s;lc}ks - 612561'hs)(r) - 232:qglms (S;LC]'kn - SILchhn)(q)

- qublm(6;lc}kn - é‘llccjhn)(q)(s) - ZJ.CPnlns(éillekm - 'SIlchhm)(P)

- praln(ailz'cj'km - (Sllécj]hm)(l;)(s) - ZXPQ)ln((SfLLCjkm - 6llccjhm)(P)(n)

Therefore, we conclude

Theorem 3.1. In GK(g) — QRE, , under the decomposition (3.1), if Xtis
covariant constant, then the decomposition tensor (X i‘ijh) is a generalized
B-quad-recurrent.

Transvecting (3.9) by x/, using (1.2c), 3.3), (1.6a) and (1.7i), we get

(3.10) (X'Win) )yimy(m)(s) = Amns X Pin + bimns (S — Sp%p) -
Since X' is a covariant constant, we can rewrite the above equation as

(B.11) X' Winwiymymy(s) = DimnsX Wren + Oimnsnk — Dimnskh »

where @fmnshk = blmnsé‘filxlg ) (D%mnskh = blmnsgll;xh .
Now, Assuming the tensor @, eXhibits a skew-symmetric in the fifth and
sixth indices, then (3.11) becomes

(3.12) Xilpkh(l)(m)(n)(s) = almninlpkh +2 Q)%mnshk
or

(3.13) (Xilpkh)(l)(m)(n)(s) = almns(Xqukh) + 2 Q)imnshk :
In conclusion, we can determine
Theorem 3.2. In GK gy — QRF, , under the decomposition (3.1), and if

tensor @ ... is skew-symmetric, then the decomposition tensor X'W,, is
non vanishing.

In view of (3.11) and if tensor @¢ ..., is symmetric, we get
(3.14) Xilpkh(l)(m)(n)(s) = almninlpkh-
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Above equation can also represent the equation in the following form

(3.15) X"Yrn) @yamymyes) = mns (X Wrn),

Differentiating (1.17a), covariantly with respect to x™, x™ and x° in the
sense of Berwald, we get

Hiw) amyms) + Had gomms + Hid mamms = 0.

By using the equation (3.6) in above equation, can be rewritten as
(3.16) (X' ¥ ) yamymys) T X ™t Daomms) + X Wi ) wyamymys) = 0-
Using (3.15) in the above equation we get
(3.17) X' (@imnsPrn + QGemnsPh + pmnsPue) = 0.
Above equation can be written as
(318) almnsqjkh + akmnS‘Phl + ahmnsl'plk = 0, Whel’e Xi * 0.
Therefore, we can say

Theorem 3.3. In GK(5)-QRFE,, under the decomposition (3.1) and if Xtis

covariant constant, and tensor @, ..., is symmetric, then the decomposition
tensor W, satisfy the identity (3.18).

Applying cyclic rotation to the indices [, m, k, and h in equation (3.18),
yields

(3-19) Anins Pk + AminsYrn + Akins Yrm = 0.
(3-20) AknnsYim + AnnsPmk + Amnns Y = 0
and

(3-21) AmiensPhi + AnknsWYim + Aikens Pmn = 0.

By using the property of skew-symmetric for the decomposition
tensor W, in its lower indices and adding (3.18), (3.19), (3.20) and (3.21),
we get
(3-22) (almns + amlns)q}kh + (akmns + amkns)lphl

+(ahlns + alhns)l}lmk + (akhns + ahkns)lplm

+(@hmns — Amnns)Yrr + (Qrins — Qiens) Pmn = 0.
Assuming the recurrence covariant tensor ap,,s exhibits symmetry with
respect to its first and second indices, the above equation can be rewritten as
(3.23) QmnsPrn + Amins P hi + QennsYim + QhinsWme = 0.
Thus, we conclude

Theorem 3.4. In GK() — QRE,, under the decomposition (3.1) and

assuming X' is covariant constant and a;,,,,s is symmetric, the identity (3.23),
holds for the decomposition tensor W,.
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Similarly, by cyclically rotating the indices [, m, k, and h in (3.23), we
obtain the following equivalent equation

(3-24) AmnksPhi + AnnksPim + QriksPmn + QmesPan = 0.
(3-25) AnknsWYim + AinsYmn + GmnsPrk + Amnns¥Pra = 0.

(3-26) AknisWYmn + AnmisWPak + GmnisWen + ankis¥Yhm =0
and
(3-27) Anims Prk + UnmsYin + QGems P + @GkenmsYin = 0.

Adding (3.23), (3.24), (3.25), (3.26) and (3.27), we get
(3-28) [(almns + alnms)qjkh + (amkns + amnks)lphl
+(@nnics T nicns)Yim + (Qkins + nis) Pmn + (Apmis + Qhims) Pkl
+ [ankmsqjhl + akhmsqjln + almhsank + amnlslpkh ]
+ [aknnsWim + AninsPmi + AGmnns Wil
HansWYmn + CGmiksVYan + ankisPhml = 0.
If the recurrence covariant tensor a;,,,,,s is symmetric w. r. t. its first, second
and third indices i.e., Aynns = Amnst = Ansim, WE Can express the above
equation in the following equivalent form
[ahiksWPmn + AmiksPnn + Ankis Y rm]
+[akhnsqjlm + alhnsqjmk + amhnslpkl]
+2[almnslpkh + amnkswhl + ankhslplm + akhlslpmn + ahlmslpnk ] = 0.
By using the equations (3.18) and (3.23) in above equation we get
(3-29) almnsqjkh + amnksqjhl + ankhslplm + akhlslpmn + ahlmslpnk =0.
Thus, we conclude

Theorem 3.5. In GK gy — QRE, , under the decomposition (3.1) and if X¢
is covariant constant and under the condition that aj,,s IS Symmetric in its
first, second, and third indices, the decomposition tensor W, satisfies the
identity (3.29).

By using the property of skew-symmetric for the decomposition
tensor Wy, in its lower indices in (3.18), we get

(3.30) Qimns Prn + QGemns Pri — AGhmns Pia = 0.
multiplying above equation by X!, we get

Aimns Xilpkh = Apmns X Wi — QGemns Xt Wh.
By using the equations (3.6) in above equation, we get

| i i
almnsHkh - ahmnsHkl - akmnsth-
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By contracting the indices i and | in the above equation and utilizing formula
(1.16b), we obtain the following equation

aimnsHILch = ApmnsHi — QemnsHn-
Above equation can be written as

(3.31) Hi, = alH, — alHp,
a i a i

Where hmns — a;.l ’ kmns — all(
Aimns Aimns

Therefore, we conclude

Theorem 3.6. In GK(5)-QRE, , under decomposition (3.1) and if Xtis
covariant constant, the h(v)-torsion tensor H},, is defined by formula (3.31).

4. Decomposition of Covariant Vector X;(x, x ) and Mixed Tensor
Wien(x, %)

The decomposition of a covariant vector and a mixed tensor is a technique
for expressing them in terms of their components in a particular basis. This
decomposition is useful for analyzing the behavior of these quantities under
coordinate transformations and for performing calculations in differential
geometry.

We consider the decomposition of Cartan's 4" curvatures tensor in the form

(4.1) en = X Wi

where the decomposition tensor W&, satisfies the following
(4.2) XiWin + XiWhj + X Wh = 0,
(4.3) XWhy, = —X;Why.

From equations (4.2) and (4.3), the decomposition tensor W&, satisfies the
following

(4.4) XWin = Xn Wi — Xk Wi
Transvecting (4.1) by %/, using (X; */ = X), (1.2c) and (1.12b), we get
(4.5) HL, = XWi,.

Upon contracting the indices i and h in the above equation (4.1) and
employing formula (1.11a), we get the following equation

(4.6) Kjx= X; W,
Differentiating (4.1), covariantly w. r. t. x!,x™,x™ and x* in the sense of
Berwald, assume that X; is independent of xt, x™, x™ and x5, we get
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Kiknwymms = XiPrknmmms-
In view of equation (2.1), using (4.1) in above equation, we get
(4-7) (leP;‘h)(l)(m)'(n)(S) = C?lmns lep;ch + ulmns(é‘-fllgjk - 6;%9,‘};)
_zxrulmn(sfllcjks - 612561'hs)(r) - 2jcqulms (S;LC]'kn - SILchhn)(q)
_prulns(S;lC}km - Sllccjhm)(p) - 2J.Cqulm((S}lLCjkn - SIlchhn)(q)(S)
Thus, we conclude
Theorem 4.1. In GK(g) — QRE,, under the decomposition (4.1), the
decomposition tensor leP}ch ) is a generalized B —quad-recurrent.
Transvecting (4.7) by %/, using (X; %/ = X), (1.2c), (1.6a) and (1.7i), we get

4.8) (XY memms = Xmns XPhn + Wmns(%c8h — 8 %n).
Contracting the indices i and h in (4.8), using (¥}; = W) and (1.7c), we get
(4.9) XY Omymys) = TUmnsX Wi + Umns(m — DXy
Transvecting by x* (4.9), using (W,x* = W) and (1.7e), we get

(4.10) XY mymys) = UmnsX Y + Upmns(n — DF2.

The equations (4.9) and (4.10) show that, the decomposition tensor
(X ¥},) and decomposition curvature scalar (X W) cannot be simultaneously
zero, as this would lead to the contradictory condition of u,,s = 0. In
conclusion, we get

Theorem 4.2. In GKg) — QRE,, under the decomposition (4.1), the
decomposition tensors (XW¥,) and (X¥) are non-vanishing.

Differentiating (1.17a), covariantly w. r. t. x™,x™ and x® in sense of
Berwald, we get

(4.11)  (Hin) oymymys) + HiD gommys) + Hid mmmmys) = 0-
By using the equation (4.5) in the above equation, we get

i i i _
(412) (x kah)(o(m)(n)(s) + (X lp’”)wxmxn)(s) +(x qJ”f)ch)(m)(n)(s) =0
Using (4.8) in (4.12), we get

(4-13) Aimns tilich + Amns XlP;Ll + Ahmns leék + ulmns(xk&il - 611;55}1)

+ ukmns(xh(sli - 5}11 J'Cl) + uhmns(xlfslic - (Sll J.Ck) = 0.
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Considering in equation (4.3), we can rewrite the above equation as
Ximns X lp}ch = Apmns X Lp;cl — Agmns X LIJ;ll t Upmnns (812 Xp — J.Cké‘}ll )
t Ukmns (6;1 xl - xh(sll ) t Unmns (611 J.Ck - J.CZ(SIi: )

Contracting the indices i and [ in the aforementioned equation and applying
formula (1.7c), we obtain

Aimns XLIJ;.ch = Qpmns le;'ci - aKmnlep;u' + ukmnsxh - J.Ckuvhrrms
+ Umns xh -n xhukmns + N Upmns xk - xkuhmns :
Multiplying above equation by X; , we have
Aimns X Xij;ch = Qpmns X lep;'ci — Agmns X XjLP;ILi
+(n—2) [Xjuhmnsxk - ijhukmns]-

Using (4.1) and (4.6) in above equation, we have

i (n-2) . .
aimnsKjkh - ahmnsKjk - akmnsth + X [Xjuhmnsxk - ijhukmns]-

Above equation can be written as
. . . ( _2) £ . .
(4.14)  Kjpp = apKj — ai K + nT [Xjuhx, — Xj%nug],

where  p} = -fmns

Ximns QAimns Aimns Aimns

In conclusion, we get
Theorem 4.3. In GKg) — QRE,, under the decomposition (4.1), the
Cartan's 4" curvature tensor jikh defined by formula (4.14).

By cyclically rotating the indices m, k and h in (4.13), we obtain the
following equivalent equation, which reflects the transformation induced by
the permutation of the indices

(4-15) Apins X Lpink + Umins X llJIich + Apins X lp;'zm + Unins (xm6ll{ - (Srlnxk)
+ Umins (xk6;1 - Sllcxh) + Ugins (xhdrln - Sﬁxm) =0.
(4-16) Ahns X ‘{ng + Aipns X lIJink + Amans X lIJIicl + ukhns(xlarin - 6lixm)

+ Uihns (xm6lic - Srl'nxk) + Umhns (xk6li - 5};7&1) =0
and
(4-17) amknsXLp;Ll + ahknsXLP;'m + Aikns leinh + umkns(xh&i - 5!2551)

+ uhkns(xl(srin - 6lixm) + Uikns (xm(sill - 6rlnxh) =0.
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By using the property of skew-symmetric for the decomposition tensor Wi,
in its lower indices and adding (4.13), (4.15), (4.16) and (4.17), we get

(4-18) (almns + amlns)XqJ;'ch + (akmns + amkns)X lIJ;Ll
+(ahlns + alhns)X LIJ;nk + (akhns + ahkns)XlP%m
+(ahmns - amhns) X lp;'d + (aklns - alkns)XlP;'nh = 0.

Assuming the recurrence covariant tensors @uuns and Uppns POSSESS
symmetry with respect to their first and second indices, we can express the
above equation in the following equivalent form

(4-19) almnsXLp;.ch + amknsXLp;ll + akhnsqugm + ahlnleP;'nk
+ulmns(5ck6iil - SIl;xh) + umkns(xhsli - Siilxl)
+ukhns(x161in - 5{56"1) + uhlns(xmsli - 51inxk) =0.

Therefore, we conclude

Theorem 4.4. In GK gy — QRF, , under the decomposition (4.1), if the

recurrence covariant tensors ;s and u;,,s are possess symmetry with
respect to their first and second indices, then we have the identity (4.19).

By cyclic rotation of the indices [,m,n, k and h in (4.19), we get
(4.20)  ApnksX Wiy + AppisX W + ApiesX Whan + AmiesX Wl
+umnks(5fh5zi - 5}1551) + unhks(ffl&in - 55’%)
Fups(Xm S — 85%) + wmis (4,05 — 8i%,) = 0.
(4.21)  Quins X T + ransX Tin + Cimns X Trge + nnns X Tiy
TUnkhs (5515rin - 5{5%) + Ugins (5Cm51i1 — 5rinfcn)
Fymns (X Of — 5%y ) + Umnns (%6 — 81%,) = 0,
(4.22) s XY + AnmusX P + OnnisX Pien + UiisX Phom
s (XmOh — Spxn) + Unmus (%8 — Spki)

+umnls(5ck6fil - 5};56,1) + unkls(xhé‘rin - 5Il;jcm) =0
and

(4-23) ahlmsX lp;'zk + alnmsxlp;'ch + ankmlep;'zl + aukhmsXqJ;n
+uhlm5(xn6lic - 51256,() + ulnms(xké‘fil - 611.(55}1)

+unkms(5ch6li - 6}1551) + ukhms(xl61§z - 5lixn) =0.
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By adding (4.19), (4.20), (4.21), (4.22) and (4.23), we get
(4.24)  [(@imns + @inms) XPin + (@miens + Cnnies) X Phy
+(@nnks + Cnns) XPim + (Qiins + Xenis) X Phin
+(@nmis + Anims) X Wi + Wimns + Unms) (e 8h — Sin)
+(Umkns + umnks)(fthzi - 5}i19'51) + (Unpis + unkhs)(xl&in - 51i9'5m)
+(Ugrps + ukhls)(ffm@il - 51in5fn) + ( Unmis + Unims) (nSk — 511'15%)]
+[ankmsX Wi+ AenmsXWPhy + Cimps X Phy + CimnisX Pl
Flniems (Xn0F — 8£%)) + Unms (%68 — 61%,)
Fpnns (Xn Sk — 85%1) + Ummus (X0 — L% ]
+ [@rnnsXWPim + QninsXPhk + TmnnsX iy + Uihns (%165 — 81%)
+ uhzns(ffm&i - 5rin55k) + Umnhs (*k&i - 511;551)]
H s X Tin + UmisXWhn + OuictsX Phan + Uniies (Km S — S
Fmps (6n O — 5% )+ Unprs (X Ok — Sp%m)] = 0.
If the recurrence covariant tensors @y,,s and u;,,s are symmetric with

respect to their first, second and third indicators, then the equation above can
be equivalently expressed as

(4.25) CennsXWhn + CinnsXWhge + Unins X Wiy + Winns (%160 — 613

+ ulhns(xm&i - 5rin5fk) t Umhns (5%5{ - 511;551) + apies X Phan
Fmies X Prn + AnirsX Phm + Uniies (Xm i — Sinn)
ks (Xn8h — 8% + Unirs (XnGhn — Ejdm) + AnjmsX Wy
+Wnms X P + AnimsX Whie + Ainms XWhn

+ Uniems (Xn 8] — 83Xy + Wichms (X18% — 81%y) + Upims (% — Gprc)

+ Upnms (X1 0h — 84kn) + 2[WmnsX Pien + CnniesX®hy + Ciens X Pim
+ Aeus X Pinn + Anims X Prse + Wimns (%ic8F, — Sixn)
s (Xn8] = Op%1) + Unins (%165 — 6 %m)

+ukhls(xm51i1 - Srlnxn) + Unims (xn5llc - (Srllxk)] =0.
Using equations (4.13) and (4.19) in above equation, we get
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(4-26) almnsXLp;.ch + amnksxqjid + ankthlpém + akhlsXqJ%.fnn
+ahlmsXLp;lk * Uimns (xk5;1 - 6Il<xh) + Umnks (xh(?ll - 6;lxl)
+unkhs(xl67in - 6llxm) =0.

In conclusion, we get

Theorem 4.5. In GK5)-QRE,, under the decomposition (4.1), if the
recurrence covariant tensors a;,,,s and u;,,,s are symmetric in first, second

and third indicators, the decomposition tensor X W¢, satisfies the identity
(4.26).

5. Conclusion

The decomposition tensors (X'W;x,) and (Xj‘}’;h) are a generalized B-
quad-recurrent tensor under two decomposition forms have been obtained.
Also, we prove the decomposition for different tensors are non-vanishing in
GK(zy — QRE,.
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